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Abstract. A model is proposed describing the effect of crack bridging on the fracture toughness 

of ceramic-based nanocomposites reinforced with hybrid graphene/alumina nanofibers. Within 

the model, a mode I crack propagates normally to a system of aligned inclusions, whose pullout 

from the ceramic matrix in the wake of the crack toughens the composite. The dependences of 

the fracture toughness on the graphene content and the sizes of the inclusions are calculated in 

the exemplary case of yttria stabilized zirconia based composites. The calculations predict that 

if crack bridging is the dominant mechanism during crack growth, the maximum toughening 

can be achieved in the case of long nanofibers provided that the latter do not rupture and adhere 

well to the matrix. The model shows good correlation with the experimental data at low 

graphene concentrations. 
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Introduction 

Structural ceramic materials are an actively developed field of research for advanced 

engineering applications due to their excellent properties such as high strength, chemical 

inertness, high temperature stability, and good wear performance [1–5]. However, monolithic 

ceramics tend to be mechanically unreliable, which limits their use in applications where 

damage tolerance is a main requirement [6–9]. Therefore, a wide range of reinforcing and/or 

toughening agents have been incorporated into ceramic matrices in attempt to produce tough 

ceramic-matrix composites [9–12]. Due to their superior mechanical, optical and thermal 

properties, high electrical conductivity and a large specific surface area, nanosized allotropes 

of carbon, such as carbon nanotubes (CNT) and graphene nanoplatelets (GNPs), are excellent 

nanofillers in ceramic-matrix composites [9–12]. 

For example, the incorporation of either CNTs or GNPs into ceramic-matrix composites 

has been shown to significantly improve fracture toughness and flexural strength [8,9,13]. The 

authors of Ref. [9] found an increase in the fracture toughness of silicon nitride by 135 percent 

by adding 1.5 volume percent of GNPs. Such a dramatic increase in fracture toughness was 

explained [14] primarily by the formation of dense ensembles of graphene sheets that surround 

individual grains and cause a change in the direction of growing cracks. Lee et al. [15] observed 
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a 2.5-fold increase of the fracture toughness of alumina after the addition of 2 vol. % of reduced 

graphene oxide. Another example of a significant increase in fracture toughness is tantalum 

carbide [16], in which GNPs increased the fracture toughness by 99 percent. At the same time, 

many similar studies of ceramics toughened by GNPs have not demonstrated such strong 

toughening. 

Recently, the novel type of hybrid nanofillers representing alumina (Al2O3) nanofibers of 

several nanometres in diameter encapsulated with multi-layered graphene shells have been 

introduced [17–19]. Experimental studies [17–19] demonstrated that the presence of these 

nanofillers results in simultaneous improvement in indentation fracture toughness and hardness, 

as well as significantly improved electrical properties. 

Electron microscopy observations (see, e.g., reviews [6,20–22]) of cracks and fracture 

surfaces of ceramic/graphene composites highlight a very important role of crack bridging 

combined with inclusions pull-out in the toughening of ceramic/graphene composites. The 

important role of crack bridging is further supported by the character of crack resistance 

curves [20] (which demonstrate a significant increase of the fracture toughness with the crack 

length). Therefore, in the following, we will employ the method developed in our previous 

works [23,24] for the description of the effect of crack bridging in ceramic composites 

reinforced with hybrid graphene/alumina nanofibers on their fracture toughness, depending on 

the volume fraction and geometric parameters of inclusions. 

 

Model of crack bridging in ceramic nanocomposite reinforced with hybrid 

graphene/alumina fibers 

Let us consider crack propagation in a deformed composite specimen reinforced with inclusions 

in a form of hybrid graphene/alumina nanofibers (nanofibers in a shell of multilayer graphene; 

see Fig. 1). To do so, we use the approach developed in our earlier works [23,24]. In the 

framework of this approach, we consider a model straight semi-infinite mode I crack 

intersecting a system of identical inclusions (with the equal length l and radius r) perpendicular 

to the crack plane (Fig. 2). In the region behind the crack tip where the distance between the 

crack surfaces is smaller than the inclusion length l, referred to as the crack-bridging zone, 

inclusions form bridges between crack surfaces. The friction between the inclusions and the 

ceramic matrix produces the bridging forces, acting at each matrix/inclusion interface (Fig. 2). 

These forces create a resistance to the crack opening, thereby increasing fracture toughness of 

the composite. 

 

 
 

Fig. 1. Schematic representation of hybrid nanofiber 
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Fig. 2. (a) Crack in a ceramic composite reinforced with aligned hybrid nanofibers. The 

traction in the crack-bridging zone is discretized into a series of concentrated forces )( ixf . 

(b) Illustration of calculation scheme. Crack bridging zone is divided into a system of 

identical layers with width ld . Each layer produces integral bridging force )( if   

 

Following the approach of the model [24] we assume that centers of inclusions are 

arranged randomly relative to the crack plane. Consequently, the friction forces are different at 

upper and lower crack surfaces. However, the pullout process is controlled by a smaller force 

(at the side where the inclusion immersion depth into the matrix is smaller). It is obvious that 

the initial depth of immersion may vary from 0 to l/2. In order to account for the random 

arrangement of inclusions, we assume that the initial depth of their immersion into the matrix 

is equal to the mean immersion depth, i.e., l/4. Friction forces are distributed along cylindrical 

lateral surfaces of inclusions, but it is convenient to replace them with the equivalent 

concentrated loads applied along inclusion axes (Fig. 2(a)). Then, in a Cartesian coordinate 

system (x, y), with the origin at the bridging zone boundary (Fig. 2) the friction forces at the 

matrix/inclusion interface boundaries are written as follows [24]:  

0 ( ) 2 ( ) ( )
4

i i i

l
f x x r v x

 
= − 

 
. (1) 

Here ix  are the coordinates of the inclusions (their centers) (i takes the integers from 1 to 

n, where n is the total number of inclusions in the crack-bridging zone), )( ixv  is the crack 

opening displacement at the position ixx =  (which is equal to the pull-out length of the platelet 

at the same location), )( ix  is the average shear stress at the interface between the bridging 

platelet and the matrix. In the following, we assume that the stress )( ix  does not depend on 

the crack opening displacement at the point ixx =  and put 0)(  =ix , where 0  is a material 

constant. 

Since inclusions are randomly distributed in the material, we do not know their 

coordinates, and therefore cannot directly determine the forces f0. Nevertheless, we can describe 

these forces with the help of the following procedure developed in works [23,24]. We divide 
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the crack-bridging zone into a system of N identical layers whose width ld  in the crack growth 

direction is small compared to the length br  of the crack bridging zone (see Fig. 2(b)). In this 

case, the crack opening displacements v  can be considered constant within each layer. We 

approximate an ensemble of the concentrated forces acting within each layer at the 

matrix/inclusion interfaces by a single concentrated force )( iF   defined as the sum of the forces 

created by all the inclusions contained within this layer. We also assume that the forces )( iF   

act in the middle section of each layer at the positions given by the coordinates (in the coordinate 

system shown in Fig. 2(b)) 

li di )2/1( −= , Ni ,...,2,1= . (2) 

The forces )( iF   can be expressed as 

0( ) 2 ( )
4

i i gr

l
F r v x N 

 
= − 

 
. (3) 

Here the factor 02 [ / 4 ( )]ir l v −  represents the force, given by formula (1), 
grN  is the 

average number of inclusions within one layer. If we assume uniform distribution of inclusions 

within composite, then 
grN  is the same in all layers and can be estimated as follows. If the crack 

width (in the direction normal to Fig. 2 plane) is W then all inclusions intersecting the crack 

plane are contained within a parallelepiped with dimensions Wdl l 2  and volume 

WldV l2= . The total volume of graphene 
grV  inside this parallelepiped is equal 

0 2gr gr grV N V N rlh= = , where 0 2V rlh=  is the volume of single graphene shell covering the 

inclusion (h is graphene shell thickness). Volume fraction c of graphene by definition 

/ / ( )gr gr lс V V N rh dW= = . From here we find 

2 l
gr

cd W
N

rh
= . (4) 

From Eqs. (3) and (4) we derive force )( iF  : 

0( ) [ 4 ( )].
2

l
i i

cd W
F l v

h
  = −  (5) 

And force the forces per unit length of the layers in the direction of the z-axis (see Fig. 

2b) are given as 

0( ) ( ) / [ 4 ( )].
2

l
i i i

cd
f F W l v

h
   = = −  (6) 

These forces are exactly half in magnitude compared to forces in case of composites 

reinforced with flat graphene nanoplatelets [23,24] which is expected because in present case 

graphene sheets contact with matrix by one side only instead of both. 

The fracture toughness ICK  of the composite can be written [23–25] as 
br

IIIC KKK −= 0 , (7) 

where  
0

IK  is the fracture toughness without the toughening effect of crack-bridging inclusions 

and 
br

IK  is the total stress intensity factor created by the bridging forces, which is negative. The 

stress intensity factor 
br

IK   is expressed [23–25] as 

0 0

1

4 ( )2

2

N
l i

IC I

i br i

cd l v
K K

h

 

  =

−
= −

−
 . (8) 

The absolute value of 
br

IK  increases with increasing br , eventually reaching saturation 

when the crack enters the steady-state propagation mode [25], in which the crack propagates 
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but the crack-bridging zone is kept at a constant length. In the steady-state mode, a new platelet 

bridge formed at the right end of the crack-bridging zone is always accompanied by a complete 

pull-out of a platelet at the left end. 

In order to use formula (8), one should calculate the crack opening displacements )( iv  . 

This is achieved by solving the following system on N linear equations [23–25]: 

 

0

0

1

0

1

4 4 ( )
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. . 4 ( ) ln .
2

N
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

 (9) 

Here, E is the Young’s modulus and p.v. stands for discrete Cauchy principal value  

(the definition and the instructions on how to calculate p.v. can be found in the Appendix of 

Ref. [20]). The length of the bridging zone appearing in formula (9) is defined as br lNd = . 

For definiteness, we also initially put 3ld l= , in which case the relation l brd   should be 

satisfied, as a rule. (In the latter case ICK  should not depend on ld .) To calculate the number 

N  of the layers, we solve the system of linear equations (9) for various N  until the relation 

1( ) / 4v l   is satisfied (we find the value of N that gives )( 1v  as close to l / 4 as possible). If 

for the calculated value of N , the relation l brd   is not fulfilled, we decrease the value of 

ld  and repeat the calculations. If the solution of system (9) gives ( ) 0iv    in a small region 

very close to the crack tip, we put ( ) 0iv  =  in this region. After solving equations (9), for 

specified values of 
0

IK  and 0 , we can calculate the fracture toughness ICK  of the composite 

using formulae (7) and (8). 

 

Results and discussion 

In this section, we calculate the dependences of the fracture toughness of ceramic/graphene 

composites on various parameters in the exemplary case of yttria stabilized zirconia  

(YSZ)-based composite reinforced with hybrid alumina fibers using the experimental data from 

Ref. [19]. All the calculations are performed for the steady-state crack propagation mode 

characterized by sufficiently large crack lengths (see the previous section). We calibrated our 

model using experimental data [19] for the case of low graphene contents (when fracture 

toughness is not expected to decay due to increasing porosity, typical of the ceramic/graphene 

composites with a high graphene concentration). For the YSZ specimens with characteristic 

fibers dimensions 1l =  μm and 7r =  nm, experimental results [19] are as follows: 
0 5.73IK =  MPa·m1/2; 0/ 1.09IC IK K = =  for c = 0.2 vol.% and 1.21 =  for c = 0.6 vol.%. 

Using the value of the Young modulus 577=E  GPa for unreinforced YSZ [26] and the 

values of other parameters specified above, we obtained good fit to experimental data [19] at 

0 370 =  MPa. In this case, our calculations give: 1.08   and 1.22 for c = 0.2 and 0.6 vol. %, 

respectively. At high graphene concentrations, however, the calculated toughening ratio 
0/ IIC KK=  considerably exceeds the experimental values, which can be attributed to an 

increase in porosity or the activation of other mechanisms reducing fracture toughness. For 

example, for c = 1 vol.% our model gives, 1.33   whereas the measured fracture toughness 

is about the same as that of unreinforced YSZ ( 1.01  ). 

Now we can plot the dependences of the toughening ratio 0/ IIC KK=  on various 

parameters (c, l) to obtain theoretical estimates for the crack-bridging induced toughening. 
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Below we put 0 370 =  MPa, 577=E  GPa [26] and 
0 5.73IK =  MPa·m1/2 [19]. Figure 3 shows 

the dependences of the toughening ratio   on the graphene volume fraction c for various values 

of the inclusion length l  (Fig. 3(a)). The curves in Fig. 3(a) are calculated for 2.5h =  nm and 

3.5r =  nm. Figure 3 demonstrates that the toughening ratio   increases with increasing the 

graphene content c  in the composite, and the normalized increase in fracture toughness due to 

graphene 0 0( ) / 1IC I IK K K − = −  scales with the graphene volume fraction c  approximately as 

0.81 ~ c − . 

Figure 3(b) shows the dependences of the toughening ratio   on the nanofiber length l 

for various values of the graphene volume fraction c. Figure 3(b) demonstrates that the 

toughening ratio   increases with increasing platelet length. Although for a fixed graphene 

volume fraction c , a higher platelet length means fewer inclusions in the composite, the fact 

that a longer inclusion is much harder to pull out from the matrix due to a larger area of the 

interface between the inclusion and the matrix easily beats the former factor. 

 

 
                                    (a)                                                                               (b) 

Fig. 3. Dependences of the toughening ratio   of YSZ-matrix composite reinforced with 

graphenized alumina nanofibers on (a) the graphene volume fraction c and graphene shell 

thickness 2.5h =  nm and various values of the nanofiber length l; (b) the nanofiber length l 

and various values of graphene volume fraction c 

 

Figure 3 demonstrate that if crack bridging is the dominant mechanism controlling crack 

propagation in YSZ/graphene composites, it can increase fracture toughness by up to ~100 %, 

depending on the amount of graphene in the composite and platelet dimensions. This toughness 

improvement is comparable with the typical experimentally observed toughening values for 

hybrid nanofibers, CNTs and GNPs [19,27,29] (usually about 20–60 %). 

 

Concluding remarks 

Thus, we have suggested a model describing the effect of crack bridging on the fracture 

toughness of ceramic nanocomposite reinforced with graphenized alumina nanofibers (hybrid 

nanofibers with alumina core wrapped in a shell of multilayer graphene). Within the model, a 

mode I crack propagates normally to a system of aligned inclusions, whose pullout from the 

ceramic matrix in the wake of the crack toughens the composite. For the exemplary case of 

YSZ-matrix composite reinforced with graphenized alumina nanofibers, we have demonstrated 

that the crack-bridging-induced fracture toughness enhancement 
0

IC IK K−  scales with the 

graphene volume fraction c  approximately as 
0 0.8~IC IK K c− . The calculations also revealed 

that, for a specified graphene volume fraction, longer fibers produce better crack-bridging-
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related toughening than smaller ones.   

At the same time, for a specified volume fraction of graphene, large inclusions are 

characterized by higher average spacing, which can result in a less uniform distribution and 

thereby reduce the fracture toughness of the composite. In addition, if the inclusions do not 

adhere very well to the matrix, long inclusions produce weak interfaces that can themselves 

initiate fracture or promote the propagation of existing cracks. For example, in 

alumina/graphene composites, an increase in the length of GNPs can activate sliding over the 

alumina/graphene interfaces near crack tips, which was shown to reduce fracture toughness 

[29]. Thus, the structural design of tough ceramic/graphene composites requires a simultaneous 

account for multiple crack propagation mechanisms. This will be the subject of the further 

investigations of the authors. 
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