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Abstract. The present investigation is concerned with the reflection and transmission at
elastic half-space and a two-temperature generalized thermoelastic half-space with fractional
order derivative. The governing equations in the context of the theory of two-temperature
generalized thermoelasticity using the methodology of fractional calculus are used to
investigate the problem. The incident wave is assumed to be striking at the plane interface
after propagating through the elastic solid half-space. It is found that the amplitude ratios of
various reflected and refracted waves are functions of the angle of incidence and frequency of
the incident wave. These amplitude ratios are influenced by the fractional-order thermoelastic
properties of media. The expressions of amplitude ratios and energy ratios have been
computed numerically for a particular model. The variations of energy ratios with the angle of
incidence are shown graphically. The conservation of energy at the interface is verified.
Keywords: fractional, temperature, elastic, reflection, transmission

1. Introduction

In recent years, several interesting models have been developed by using fractional calculus to
study the physical processes particularly in the area of heat conduction, diffusion,
viscoelasticity, mechanics of solids, control theory, electricity, etc. It has been realized that
the use of fractional order derivatives and integrals leads to the formulation of certain physical
problems which is more economical and useful than the classical approach. There exist many
materials and physical situations like amorphous media, colloids, glassy and porous materials,
manmade and biological materials/polymers, transient loading, etc., where the classical
thermoelasticity is based on Fourier type heat conduction breaks down. In such cases, one
needs to use a generalized thermoelasticity theory based on an anomalous heat conduction
model involving time-fractional (non-integer order) derivatives.

The first application of fractional derivatives was given by Abel [1] who applied
fractional calculus in the solution of an integral equation that arises in the formulation of the
tautochrone problem. Caputo [2] gave the definition of fractional derivatives of order of
absolutely continuous function. Caputo and Mainardi [3], Caputo and Mainardi [4], and
Caputo [5] found good agreement with experimental results when using fractional derivatives
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for the description of viscoelastic materials and established the connection between fractional
derivatives and the theory of linear viscoelasticity.

Oldham and Spanier [6] studied the fractional calculus and proved the generalization of
the concept of derivative and integral to a non-integer order. A theoretical basis for the
application of fractional calculus to viscoelasticity was given by Bagley and Torvik [7].
Applications of fractional calculus to the theory of viscoelasticity were given by Koeller [8].
Kochubei [9] studied the problem of fractional order diffusion.

Rossikhin and Shitikova [10] presented applications of fractional calculus to various
problems of mechanics of solids. Gorenflo and Mainardi [11] discussed the integral
differential equations of fractional orders, fractals, and fractional calculus in continuum
mechanics. Mainardi and Gorenflo [12] investigated the problem of Mittag-Leffler-type
function in the fractional evolution process. Povstenko [13] proposed a quasi-static uncoupled
theory of thermoelasticity based on the heat conduction equation with a time-fractional
derivative of order a. Because the heat conduction equation in the case interpolates the
parabolic equation ( ) and the wave equation ( ), this theory interpolates a classical
thermoelasticity and a thermoelasticity without energy dissipation. He also obtained the
stresses corresponding to the fundamental solutions of a Cauchy problem for the fractional
heat conduction equation for one-dimensional and two-dimensional cases.

Povstenko [14] investigated the nonlocal generalizations of the Fourier law and heat
conduction by using time and space fractional derivatives. Jiang and Xu [15] obtained a
fractional heat conduction equation with a time-fractional derivative in the general orthogonal
curvilinear coordinate and also in another orthogonal coordinate system. Povstenko [16]
investigated the fractional radial heat conduction in an infinite medium with a cylindrical
cavity and associated thermal stresses.

Ezzat [17] constructed a new model of the magneto-thermoelasticity theory in the
context of a new consideration of heat conduction with fractional derivative. Ezzat [18]
studied the problem of the state space approach to thermoelectric fluid with fractional order
heat transfer. The Laplace transform and state-space techniques were used to solve a one-
dimensional application for a conducting half-space of thermoelectric elastic material.
Povstenko [19] investigated the generalized Cattaneo-type equations with time-fractional
derivatives and formulated the theory of thermal stresses. Biswas and Sen [20] proposed a
scheme for optimal control and a pseudo state space representation for a particular type of
fractional dynamical equation.

Borejko [21] discussed the reflection and transmission coefficients for three-
dimensional plane waves in elastic media. Wu and Lundberg [22] investigated the problem of
reflection and transmission of the energy of harmonic elastic waves in a bent bar. Sinha and
Elsibai [23] discussed the reflection and refraction of thermoelastic waves at an interface of
two semi-infinite media with two relaxation times. Sharma and Gogna [24] discussed the
problem of reflection and transmission of plane harmonic waves at an interface between
elastic solid and porous solid saturated by viscous liquid. Tomar and Arora [25] studied the
reflection and transmission of elastic waves at an elastic/porous solid saturated by immiscible
fluids. Kumar and Sarthi [26] discussed the reflection and transmission of thermoelastic plane
waves at an interface of thermoelastic media without energy dissipation.

The two-temperature theory (2TT) of thermoelasticity proposes that heat conduction in
deformable media depends upon two distinct temperatures, the conductive temperature and
the thermodynamic temperature (Chen and Gurtin [27]; Chen et al. [28]; Warren and Chen
[29]).While under certain conditions these two-temperatures can be equal. In time-dependent
problems, however, in particular, those involving wave propagation, and are generally
different (Warren and Chen [29]). The key element that sets the 2TT apart from the classical
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theory of thermoelasticity (CTE) is the (theory specific) material parameter . Specifically, if,
then and the field equations of the 2TT reduce to those of CTE.

Warren and Chen [29] investigated wave propagation in the two-temperature theory of
thermoelasticity. Quintanilla [30] proved some theorems in thermoelasticity with two-
temperatures. Recently, Puri and Jordan [31] studied the propagation of plane waves under
two-temperatures.

Youssef [32] studied the induced temperature and stress field in an elastic half-space
under the purview of the two-temperature generalized thermoelasticity theory. The half-space
continuum is considered to be made of an isotropic homogeneous thermoelastic material, the
bounding plane surface being subjected to ramp-type heating. Uniqueness and growth of
solutions in two-temperature generalized thermoelastic theories were given by Magana and
Quintanilla [33].

The convolutional variational principle, reciprocal and uniqueness theorems in linear
fractional two-temperature thermoelasticity were given by El-Karamany and Ezzat [34]. They
proposed two models where the fractional derivatives and integrals are used to modify the
Cattaneo heat conduction law in the context of the two-temperature thermoelasticity theory.
They also proved uniqueness and reciprocal theorems and the convolutional variational
principle to prove a uniqueness theorem with no restrictions imposed on the elasticity or
thermal conductivity tensors except symmetry conditions. Fractional order coupled
thermoelasticity results follow from this model. Indeitsev, Vakulenko, Mochalova and
Abramian [35] studied the transport and deformation wave processes in solids. A two-
temperature model of optical excitation of acoustic waves in conductors was discussed by
Indeitsev and Osipova [36].

In the present paper, the reflection and transmission phenomenon at a plane interface
between an elastic solid medium and a fractional-order thermoelastic half-space with two-
temperature generalized thermoelasticity theory has been analyzed. In fractional order
generalized thermoelastic solid medium with two temperatures, potential functions are
introduced to represent two longitudinal waves and one transverse wave. The amplitude ratios
of various reflected and refracted waves to that of incident waves are derived. The amplitude
ratios are further used to find the expressions of energy ratios of various reflected and
refracted waves to that of the incident wave. The graphical representation is given for these
energy ratios for a different direction of propagation and different fractional orders. The law
of conservation of energy at the interface is verified.

2. Governing Equations
Following Ezzat and El-Karamany [37], the basic equations of fractional order theory of
thermoelasticity with two temperatures for an isotropic and homogeneous elastic medium in
the absence of body forces and heat sources are:
the constitutive equation (Stress-Strain and temperature relations) is given by
oy = 2ue; + (Aey —yT)9y, 1)
the heat conduction equations

K(I),ii = %[1 + %s:a J(pCET + e, ), (2)

where 1“ is the fractional integral of the function f(t) of order « defined by Miller and
Ross [38].

11 (1) = L‘%f (t)dr,0 < a < 2,

the equations of motion
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) o%u
(/1+y)V-u+/1Vu—yVT=p¥, (3)
the relation between heat conduction and dynamic heat is given by
T =(1-av?)¢, (4)
the strain displacement relations
1
& = E(uw +Uj;), (%)

where y = (32+ 2u)e,; 2,u are the Lame's constants, « is the coefficient of thermal linear
expansion, u, are the components of the displacement vector u, T=60-17, is small

temperature increment, a is the two-temperature parameter, T, is the reference temperature of
T

the body chosen such that << 1, 0 is the absolute temperature of the medium, p is the

0

density assumed to be independent of time, o,,¢, are the components of the stress and strain

respectively, e, is the dilatation, C. is the specific heat at constant strain, K is the coefficient
of thermal conductivity.

3. Formulation of the problem

We consider an isotropic elastic solid half-space (Medium 1) lying over a homogeneous
isotropic, fractional order generalized thermoelastic half-space with two temperature
(Medium I1). The origin of the Cartesian coordinate system (x,,x,,x,) IS taken at any point on

the plane surface(interface) and x, -axis points vertically downwards into Medium Il which is

thus represented by x,>0. We choose x, -axis in the direction of wave propagation so that all

particles on a line parallel to x,-axis are equally displaced. Therefore all the field quantities

are independent of x,. For two dimensional problem, we take

u=(u,0u). 6)
We define the following dimensionless quantities

X = Comxul = Conuy,t' = Cozfﬂ,uf = Conuy’

' ¢

= Clprol == P03 7

0 0 ’7 0 ij pCOZ ¢ pCOZ J ( )
T = h' h re O-ije ’ ef *e

= T_: = C_I’[’O-u - C2 »Ljj = pCO ijo iy T pCOPij ’
0 0 0

B, = aC’n* = a(C, / K)* 1s the temperature discrepancy,
where

002:/1"'2/1, :pCE. (8)

n
p K
Upon introducing the quantities (7) in equations (2)-(3) with the aid of (4) and (6), after
suppressing the primes take the form
o’u,

(B = 1)+ Vi - (1= B9 pSE = 5 ©)
([)’2—])%+V2u1—(1— V) g_dz’z/;z aa:s’ (10)
2f _[14 ()0 N0 0 e ov-u

Vf_£1+ 2 ataj(at(l povi) t e O j (11)

where
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2 2
K = 4 ’ﬂz:i+2’u’b:&’vz:a_2+6_2361:%+%._
pCe u u OX;  OX3 ox;  Ox,
We introduce the potential functions ¢ and y, through the relations
o 9% _ow o _0h 0wy (12)

Lo, X 0 o, o,
Substituting equation (12) in the equations (9)-(11), we obtain

2 2 62 2

p(v S Ja - mv e, (13
2y _ g2 OV _

Vi, - B o2 0, (14)
2¢ _ (To)aﬁ (Q _ 2 0o )

V2 f _[1+ ” at“] 6t(1 BV?) f tre Vi) (15)

For the propagation of harmonic waves in x, - x, plane, we assume
(0w 03 (3, x5,1) = {d_l"/71=$}eiiwr’ (16)

where « is the angular frequency of vibrations of material particles.
Substituting the value of ¢,y, and ¢ from equation (16) into the equations (13)-(15)

after simplification, we obtain

[AV* + BV? + C]$ =0, (17)
where

A= p - RB, — fykR,

B = fw’ + RB — RB,0° + KR,

C = Rfo?,

R = [ia) —@(—iw)a”}

The general solution of equation (16) can be written as

51 = (I_)u + 4_312: (18)
where the potentials ¢,, i=1,2 are solutions of wave equations, given by
{vz N \‘;’_i}qqi _0,i=1.2. (19)

Here v,,v, are the velocities of two longitudinal waves, that is, P and T(Thermal) waves
and are derived from the roots of quadratic equations in V?, given by

CV* - Bo’V* + Ao* = 0- (20)
From equation (14) with the aid of (16), we obtain
2
{W+%%@=a (21)

where v, = % is the velocity of a transverse wave.
Using equation (15), (19) with the aid of (16) and (18), we obtain
{¢1:¢} = Z{l’ n; }(I)li’ (22)
where
(z’a) - (T(")a(—ia))a”jxw2
n = - L i=1,2. (23)
[vz + (iw + (T")(—iw)a”J(l — B, V? )J V2
o
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The basic equations of homogeneous isotropic elastic solid are written as

2,.e
(2 + )V -ut vt = OO0 (24)

where #,u° are the Lame's constants, u® is the displacement vector, ,° is the density
corresponding to medium |.
For two dimensional problem u° = (u,0,uy), the displacement components u; and u;

are related by potentials ¢ and ¢ as
e _ 6¢l _ 61//1 ’u; — %4_%’ (25)
X, OX, OXy 0%

where ¢ and y¢ satisfy the wave equations

U,

e 1 re

Vi =i, (26)

2 e 1 .0 27
Vi, = Fl/lla ( )
where ¢ =% p =B 4o = |2 P gt (28)

G G p p
The stress-strain relation in an isotropic elastic medium is given by

e _ e e e e
Gij =2u eij + A ik éij’ (29)
where

e 1 e e
& = E(“LJ +uj; ),

e,° s the dilatation.

4. Reflection and Transmission

We consider a harmonic wave (P or SV) propagating through the isotropic elastic solid half-
space and is incident at the interface x, =0. Corresponding to this incident wave, two
homogeneous waves (P and SV) are reflected in isotropic elastic solid half-space and three
inhomogeneous waves (P, T, and SV) are refracted in isotropic fractional-order thermoelastic
solid half-space as shown in Fig. 1.

Incident wave(P or SV) SV

Transmitted waves

=]

Elastic solid
half-space x,< 0

contact surface x,= 0

X -axis
Thermoelastic
solid half-space x,> 0

P Reflected waves
3

X,-axis

Fig. 1. Geometry of the problem
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In elastic solid half-space, the potential functions satisfying equations (26), (27) can be
written as

i - e

[iw{(xlsinﬁo +x4c056), )/ﬂ—t}]

ia){(xlsinﬁo +x3c056; )/a—t}] ia){(xlsinf)l+x3c0S91)/(x—t}]

+ Alee{ , (30)

iw{(x,5in6, +x5c050, )/ f—
ve = Bee 4 el stz i (31)

The coefficients A®(B,%), A° and B are amplitudes of the incident P (or SV), reflected
P, and reflected SV waves respectively.

Following Borcherdt [39], in isotropic fractional-order thermoelastic half-space with
two temperature, the potential functions satisfying equations (19) and (21) can be written as
{fla f} _ i{lﬂ n } Bie(A-r)e{i(PivF—wt)}’ (32)

i=1
y, = Byl ela7 ) (33)

The coefficients B, i=123 are the amplitudes of refracted P, T, and SV waves

respectively. The propagation vector P,i=123and attenuation factor A,i=123 are

given by

B =&y + dVpky A = &%, — dV,%,,1=1,2,3, (34)
where

AV, = Vi, +idV, = p.v.[\‘/"—z— ézj, i=1,2,3. (35)

and¢ = &, +i¢ is the complex wave number. The subscripts R and | denote the real and
imaginary parts of the corresponding complex number and p.v. stands for the principal value
of the complex quantity derived from the square root. &, > 0 ensures propagation in positive
x,-direction. The complex wave number ¢in the isotropic fractional-order thermoelastic
medium is given by

5=|Pi|sin9i'—i|;1i|sin(0i'—yi),i=1, 2,3, (36)
where y,, i=1, 2, 3 is the angle between the propagation and attenuation vector and ¢, i=1, 2,
3 is the angle of transmission in medium I1.

5. Boundary conditions
The boundary conditions to be satisfied at the interface x, =0 are as follows

a) Stress conditions

Oy = 04, (37)

03" = O, (38)
b) Displacement conditions

u’ =u, (39)

U’ =u,, (40)
c) Thermal condition

aT

" hT =0, (41)

where h is the heat transfer coefficient.

h — 0 corresponds to the insulated boundary and h — « corresponds to the isothermal
boundary. Making use of potentials given by equations (30)-(33), we find that the boundary
conditions are satisfied if and only if
g = wsing,  wsind,  wsind, ’ (42)

Vv, a B
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where
v - {a,for incident P-wave
0 B, for incident SV-wave
and¢, =0-
It means that waves are attenuating only in x, -direction. From equation (36), it implies
that if |A| #0,then y =06/, i=1, 2, 3,that is, attenuated vectors for the four refracted waves are
directed along the x, -axis.

Using equations (30)-(33) in the boundary conditions (37)-(41) with the aid of equations
(12) (25), (42), (43), we get a system of five non-homogeneous equations

Zdu i = G (44)

Where Z,,J=1, 2,3, 4,5 are the ratios of amplitudes of reflected P-, reflected SV-, refracted
P-, refracted T- and refracted SV-waves to that of the amplitude of the incident wave.

d, = 2u° (éRj peCozydlz =2u’ éR é:z fR dV”

3 d21 — 2 e SR e
[0
oAV &Y ¢ av, \’ ¢ dv
dy, = u |:(7ﬂj _(;R) i|,dz5 = /1|:(;Rj _(jj ody = ;Radsz = ?ﬂ,

(43)

/1
,ds =2
w w

dv dv, ¢ ¢
d35 — 3 d41 = _7’d42 — >R ’d45 = __R’dsl = d52 = d55 :O,
2 N\ 1+ 4+ By (av,)
dy; =/1(%R) +pCOZ(%J +/"702( : 20( ) )”j dy; ‘2”§R
Yy w w
g dv
dyj = —=%.d,; = —,

_w
idv, h)(1 A
ds; = ”i(j+gj(g+wﬂ§(g) J,j =3,4.

1 1 1
dv, i_(f_rejz 2 (1 sin’g, )2 4V, (1 sin®f, )2
0] o’ 1) o’ v, " B’ V,’ ’

and
1
dv. 1 sinfg, )2 .
—L —pv| =-=""A, =123
w P (VZ V02 ] J

Here p.v. is calculated with restriction dv, >0 to satisfy decay condition in fractional
order thermoelastic medium. The coefficients g,,i=1, 2, 3 on the right side of the
equation (44) are given by

(a) For incident P-waveg, = (-1)'d, (i=1,2,3,4, j=1), g, =0. (45)
(b) For incident SV-wave g, = (-1)'"d, (i =1,2,3,4, j = 2), g, =0. (46)

Now we consider a surface element of the unit area at the interface between two media.
The reason for this consideration is to calculate the partition of the energy of the incident
wave among the reflected and refracted waves on both sides of the surface. Following
Achenbach [40], the energy flux across the surface element, that is, the rate at which the
energy is communicated per unit area of the surface is represented as
P" = ao,.l.1, 47)
where ¢, is the stress tensor, 1 are the direction cosines of the unit normal I outward to the
surface element, and v, are the components of the particle velocity.
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The time average of P over a period, denoted by (P*), represents the average energy

transmission per unit surface area per unit time. Thus, on the surface with normal along
x, -direction, the average energy intensities of the waves in the elastic solid are given by

(P) = Re(o);, - Re(ii5 ) + Re(o)y, - Re(i5). (48)

Following Achenbach [40], for any two complex functions f and g, we have
1

(Re(T)-Re(g)) = JRe(f ) (49)
The expressions for energy ratios E,, i = 1, 2, 3 for the reflected P- and reflected SV-

are given by

Ei=—<Pi—*e>, i=1,2, (50)
(R°)

where

*e 1 w4pecg e|? e 1 w4pec(§ e|?
(P, >=ET|A1| Re(cos6, ).(P; )=3 5 |Bf| Re(cosb,), (51)
and

(a) For incident P-wave

(A7) = %w“pecé ‘| cost), (52)
(44
b) For incident SV- wave
(
(B = -2 22 oo, (53)

2

are the average energy intensities of the reflected P-, reflected SV-, incident P-, and incident
SV-waves respectively. In equation (50), the negative sign is taken because the direction of
reflected waves is opposite to that of the incident wave.

For fractional-order thermoelastic solid with two temperature, the average intensities of
the waves on the surface with normal along x, -direction, are given by

(P) = Re(o)) - Re(i") + Re(0)S) - Re(u)). (54)

The expressmns for energy ratios for the reflected P-,reflected T- and reflected SV-
waves are given by

E, :<<|:—>>Ij =1,2,3, (55)
where ) _ ;
_ E . \Y

(pij*>:_%4Re Zu%%% [ijj (_] (\?j 8, |

e %Uw“ﬂo N )]

([ av, dv, v & & |
(7i) = -5 re 2 acicieolo 58, |

el J ()5 J

o’ &Y & & (dv jz &, dv, dV, &odv, dv ) -
P Y=-—"0R 2R | 2R _Z2R| 773 )R8 1 2R3 JARB B, |,
<3J> 2 eH#[(wj o o\ o 0w o o +pcow o o I

(Ps) = —%AREH#((d—:f] —(%Rj J%J QZ; is avs }B 33}, i,j=1.2.
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The diagonal entries of the energy matrix E, in equation (61) represents the energy
ratios of P, T, SV waves respectively, whereas sum of the non-diagonal entries of g, gives the
share of interaction energy among all refracted waves in the medium and is given by

3 3
Een = Z(Z E, - E, j (56)
i=1\j=1
The energy ratiosk,, i =1, 2, diagonal entries and non-diagonal entries of the energy
matrix g, that is, E,,E, E;and E.Yyield the conservation of incident energy across the

interface, through the relation
E,+E, +E, +E, +E4 +Epr =1 (57)

6. Numerical results and discussion
We now represent some numerical results following Sherief and Saleh [41], the physical data
for which is given below:
2=776x10"Kgm™ s, u=386x10°Kgm™*s? T, =0.293x 10°K,
C. =.3831x10°JKg'*K™", @, = 1.78 x 10°K*
h=0,p=28954x10°Kgm™, K = 0.383 x 10°Wm K.

Following Bullen [42], the numerical data of granite in an elastic medium is given by
p° =265x10°Kgm>,a° =527 x10°ms™, p° = 3.17 x 10°ms™".

The software Matlab 7.0.4 has been used to determine the values of energy ratios
E.i=12 and an energy matrix E; i, j =123 defined in the previous section for different
values of incident angle(¢,)ranging from o to 89°for fixed frequency w =2xmx 100 Hz.

corresponding to incident P and SV waves, the variation of these energy ratios with respect to
the angle of incidence has been plotted in Figs. 2-7 and Figs. 8-13 respectively. In all the
figures, the slant and squares correspond to Generalized Thermoelasticity(GTE) and Two
Temperature Generalized Thermoelasticity(TTGTE) theories for « = 0.5 whereas horizontal
lines and dots correspond to Generalized Thermoelasticity(GTE) and Two Temperature
Generalized Thermoelasticity(TTGTE) theories for « = 1.8.

Incident P wave. It is clear from Fig. 2 that the values of energy ratio E, first decrease

from 0 to8o° and increases rapidly in 80° < g, < 90° for both GTE and TTGTE theory and both
fractional orders. Figure 3 shows that for GTE and both fractional orders E, increases in the
range 0 < 6, < 60° and then decreases for 60° < 6, < 90°. Also for TTGTE, E, attains minimum
at ¢, = 50°. Figure 4 indicates that for « = 7.8 (GTE and TTGTE) and « =0.5 (TTGTE),
values of E,, are nearly equal to zero whereas for « = 0.5 (GTE), E,, increases for 0 < ¢, < 50°
and decreases fors0° <@, < 90°. Figure 5 depicts that E,, for « =18 (TTGTE) increases
smoothly in the range 0<#¢, <20° and then decreases for 20°<6, <90°. For «=0.518
(GTE), E,, attains value nearly equal to 3 in the range 0 < ¢, < 60° and decreases rapidly and
attains a minimum in the range 60° <6, <90°. Also for « =05 (TTGTE), it attains the
minimum value. Figure 6 depicts the same behavior and variation for E, as E, with
difference in magnitude values for both the theories (GTE and TTGTE) and both fractional
orders. Magnitude values in case of E, are higher than E,,. Figure 7 shows that values of E,,
are minimum for « = 0.5 (TTGTE) than other theories. It is noticed that the sum of the values
of energy ratios E,E,,E,,E,,E, and E,., is found to be exactly unity at each value of é.
which proves the law of conservation of energy at the interface.

Incident SV wave. From Figure 8, it is evident that for both fractional orders E,

increases smoothly in the range 0 <, < 40° and then rapidly decreases at ¢, = 40° and attains
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the minimum value elsewhere for both GTE and TTGTE theories. Figure 9 shows that E, first
decreases in the range 0 <6, < 30°, fluctuates in 30° < ¢, < 50° and increases smoothly for
50° < 6, < 90°. From Fig. 10 and Fig. 11, it is noticed that E, and E, depict the same
behavior and variation for both theories and fractional orders as Fig. 4 shows for E,,, but
magnitude values of E, are higher than E,. Figure 12 indicates that E, decreases for
0 < 6, < 40° attains the minimum value at 6, = 40°, again increases and finally decreases to 0.
Figure 13 indicates that for « = 0.5 (GTE) and « =0.5,1.8 (TTGTE), E., attains minimum
value nearly to 0, while for « =178 (GTE), E,, increases for 0 <@g, < 30° then decreases

rapidly and attains minimum value elsewhere. In all the figures a very small change occurs for
a=0.518 (TTGTE). Therefore the curves corresponding to « = 0.5,7.8 (TTGTE) coincide.

—m—GTE 005
l —e—GTE a=1.8
TTGTE 0=0.5
0.0010 r-w-g - :;,\V\VT —v—TTGTE 0=1.8
“m Ve V¥-v-w-¥¥
\.\.\
0.0008 N &
.\
I\ .\
2. 0.0006 NI h
3 “lrpe. |
* S i NS
L] |
L LN
0.0004 -} ° = v\
[ ) ||
] \. \l b 4
e \\
0.0002 e W /-
AN
1 *e \'\v\ g
\.\ N e /
0.0000 -} So ¥y
T T T I T I ) | ' !
0 20 60 60 80 100

0
Fig. 2. Variation of energy ratio E; w.r.t. angle of incidence6, for P wave



12 Rajneesh Kumar, Puneet Bansal, Vandana Gupta

—a—GTE o=0.5
—o—GTE o=1.8
1 TTGTE o=0.5
0.0010 —v—TTGTE 018
- -
- 2\
u [ ] o \
® o °
© 00008 / \ o \
—i = | /
* o 1 N\ L N Y
L / -0 l \
0.0006 = Wl JEAN
4 / ./ /v
u / ¥
- - /. /
0.0004 | ¥ ¥¥-¥ v—v-:/,\vw . i
- *
1 / o ¥ /
a o w /
0.0002 - e e ¥
! & N '/
/=f./. \ /
0.0000 --8-8- hd
T T T T 1
0 20 40 60 80 100
eO
Fig. 3. Variation of energy ratio E, w.r.t. angle of incidence 6, for P wave
0.005
S —m—GTE =05
0.004 - Y m —e-GTEa=18
/ TTGTE a=05
i /l \ —v—TTGTE o=1.8
o /l u
& 0003 - \
— M
* — ./l/. ]
— _m-0
n e \
0.002 l\
i |
N
.\
0.001 - '\_\_
“H-
. .\.\.\I\.\.
“m
\
0 20 40 60 80 100
90

Fig. 4. Variation of energy ratio E;; w.r.t. angle of incidence 6, for P wave



Reflection and transmission at the interface of an elastic and two-temperature generalized thermoelastic...

74
H-g
_/' \ —m—GTE =05
6 - o " —o—GTE o=18
s \ TTGTE 0205
" u —v—TTGTE o=1.8
5 —.—l—l'.’. \
\
4]
N | |
(V]
L \.\
3- .
R R ey . \.\.\.\I—.\.
AMAAAAAREES S W -
2] ¥ .
\v\ \

- \ |

0000000000000 00000 VIV VIYIYIYy POyl

T T T T T T T T 1

0 20 40 60 80 100

S

0

Fig. 5. Variation of energy ratio E,, w.r.t. angle of incidence 6, for P wave

0000061 [“a"GTE 005 oo,
e GTE o138 o \
TTGTE a=0.5 o °
0.00005 - —v—TTGTE o=1.8 m-N ./
J ./ \ ./ .’.\. [ )
\ o - \
0.00004 / ) - .
u \lx’ " '/V/'\
S 000003 o . g
x / [ /
uf 4 /
| |
/
0.00002 V/V*V/V‘V’V*V/V\v_v\ / /v
| /'\' )
_/ " ¥ /
0.00001 - A v S
M \v ¥
4 - _®
et \v/ .
0.00000 -r--f'/
T T T T T T T T T T 1
0 20 40 60 80 100
e0

Fig. 6. Variation of energy ratio E33 w.r.t. angle of incidence 6, for P wave

13



14

Rajneesh Kumar, Puneet Bansal, Vandana Gupta

b ooee NV -y
0.000 »-e-0-0-0 o70—o—o—o—ofo—o—o—o—ofofg/o—o—:—:—:f:fof:—:—z/:j/'
| Y, /
/ ||
-0.002 /V'V'fv . /
aa s S 20 5 o a i au"
—~m-
-0.004 - o
) 1 ).
o u
—
-0.006
¥, _/
W hmay /
-0.008 4 - " “uGIE 05
- —e—GIE =18
J \.\ TIGIE 0=0.5
[ —v—TIGIE o=L.
0010 . / ML
N\
~ .\.\ /.
-0.012 1 .
T I T I T I T I T 1
0 20 40 60 80 100
e0

0.0007
0.0006 /I
¥
//
0.0005 4 /'
n')o 0.0004 bl /.\ —n—GTE  o=05,
— /. —e-GTE  o=18
* % TTGTE o035
LW 0.00034 /V/° —v-TTGTE =18
¥
0.0002 /
0.0001
0.0000 T—Y'/ I 2SS SRR RS2 Rt 2 222
T T T T T T T T T T 1
0 20 40 60 80 100
00

Fig. 8. Variation of energy ratio E; w.r.t. angle of incidence 6, for SV wave



Reflection and transmission at the interface of an elastic and two-temperature generalized thermoelastic...

0.0010 .
“m GTE 05,
e GIE  o=l18 y
0.0008 TIGTE 005
i —v—TTGTE 0=1.8 ¢
n /3
«  0.0006- /°/'/
5 o
L A
_ P 1
0.0004 \ \ ~0-0-0- ./. !/'/
] s N !"/r
0.0002 -
_'_"'5 3-
oy
0.0000 - LR
T I T I T I T I T 1
0 20 40 60 80 100
e0

Fig. 9. Variation of energy ratio E, w.r.t. angle of incidence 6, for SV wave

0.00040
0.00035 ]
0.00030
i ]
0.00025
™ _ —m—GTE 0=05
o i —e—GTE0=18
_)\<—| 0.00020 TTGTE 0=05
= 1 —v—TTGTE o=1.8
L~ 0.00015 !
. I/.\. /I
0.00010 / -
J n n
0.00005 /./ \.\
|
/. .\I........-
0.00000 —v-ﬂfvafvafvafvafvafvfvafvafvfvafvafvafvafv#%v
-0.00005 . : . : . : . : . |
0 20 40 60 80 100
e0

Fig. 10. Variation of energy ratio E;; w.r.t. angle of incidence 6, for SV wave

15



16 Rajneesh Kumar, Puneet Bansal, Vandana Gupta

2.0
|
1.5+
! . —8—GTE 005
—e-GTE =18
1.0- TTGTE 005
LLfQI' '\ —v—TTGTE o-138
|
0.5+ \
u .\
S 'R
| n-mE .\.\.\I\
,l/._v—v-v .\.\.‘.\.‘l\.
00 4-v-o-¥8TFT e 0o vvvvvrvvrvrvrrvvvvveryi
T I T I T I T I T 1

0 20 40 60 80 100

Fig. 11. Variation of energy ratio E,, w.r.t. angle of incidence 6, for SV wave

—m— GTE 0=05
0.00010 — —e— GTEa-18

] S, TTGTE 005

'-':'E':i\"'\ n s -\.\. —v— TTGTE o=1.8
0.00008 - NN . Y-¥-¥ /V/v::/./"::x\x\l\

\.\. \ b 4 ./. = R A
] X 3
oy |/ R\

Fig. 12. Variation of energy ratio Es3 w.r.t. angle of incidence 6, for SV wave



Reflection and transmission at the interface of an elastic and two-temperature generalized thermoelastic... 17

0 ooool -9 g—o,./o/r"/.i.\x o
. 99905 ¥ X ¥--w_ g%
i S A e s L
1 Q'A'{. lfl‘./.-._._
-0.0005 \a "
/
| |
/
-0.0010 "
®
o ) /
Py = .
% -0.0015-
L
—m— GTE o=0.5
—0— GTE o=1.8
-0.0020 TIGTE a=05
—v— TTGTE o=1.8
-0.0025
| |
-0.0030 . . - | - . ' ' ' !
0 20 40 60 80 100
0
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7. Conclusion

In the present article, the phenomenon of reflection and transmission of obliquely incident
elastic wave at the interface between an elastic solid half-space and two-temperature
generalized thermoelastic solid half-space with fractional order derivative has been studied.
The three waves in thermoelastic solid medium are identified and explained through different
wave equations in terms of displacement potentials. The energy ratios of different reflected
and refracted waves to that of incident wave are computed numerically and presented
graphically with respect to the angle of incidence for fractional order  =0.5 and « =1.8 for
both GTE and TTGTE theory. For fractional order « =0.5, the values of energy ratios are
higher than « =1.8. From numerical results, we conclude that the effect of angle of incidence
and fractional order and two-temperature theory on the energy ratios of the reflected and
refracted waves are significant. The sum of all energy ratios of the reflected waves, refracted
waves, and interference between refracted waves is verified to be always unity which ensures
the law of conservation of incident energy at the interface.
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