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Abstract. The article considers the process of deformation of thin-walled pipes using complex-
shaped tooling. The article solves the actual problem of elastic and plastic deformation of pipe
blanks in the stamping process, taking into account physical nonlinearity since the power law
of hardening is taken into account, as well as the compressibility of the material at the stage of
elasticity. When determining the stress and strain state during the deformation of thin-walled
pipe blanks using axisymmetric tooling, the method of variable elasticity parameters was used,
which allows taking into account not only the change in thickness during deformation but also
the compressibility and nonlinearity of the hardening of the material. Integral equations are
obtained for various processes: crimping and drawing, distribution, and broaching of a pipe
billet. The described processes differ in the way the external load is applied. For all processes,
two sections with different directions of curvature in the meridional section can be
distinguished. The solution for determining the stress and strain state of the pipe, in accordance
with the method of variable elasticity parameters, is proposed to be carried out by the method
of successive approximations according to the constructed recurrent scheme.
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Introduction
One of the most important tasks in the development of technological processes of deformation
of thin-walled pipes, such as distribution and broaching, crimping, and drawing, is to determine
the stress-strain state taking into account the nonlinear plasticity of the material. In most known
solutions of similar processes, ideally rigid plastic material or a material with linear hardening
is considered [1-4], which leads to significant errors.

In this article, when determining the stress-strain state during the deformation of thin-
walled pipes using axisymmetric tooling, we will use the method of variable elasticity
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parameters [4,5], which allows us to take into account not only the change in thickness during
the deformation but also the compressibility and nonlinearity of the hardening of the material.

The most profound issues of deformation of shell elements of complex shapes in the
processes of shaping were considered in [1-9]. New technological methods of metal processing
by pressure using broaching, and issues of roughness during broaching and drawing are
considered in the works [10,11]. The use of stretching models for shell-type elements is
considered in [12]. The problems of distribution and crimping, and the peculiarities of stress
distribution during rolling are investigated in the works [13,14]. The issues of stamping blanks
of complex shapes are considered in [15]. Numerical methods for estimating the stress-strain
state of shell elements are considered in articles [16-19].

Methods
To implement the method of variable elasticity parameters, it is necessary to have an analytical
expression defining the deformation diagram. Analysis of existing methods of approximation
of deformation diagrams proposed by N.N. Malinin [4], M.I. Lysov [6], and other researchers
[7,8] showed that usually, this curve is well approximated either by a power dependence o; =
Ae;™, or linear-power dependence

3Ge;npu e; < e;r
P {Aei” npu e; > e;r’
where G = E/2(1+ p) — modulus of elasticity of the second kind, e; — intensity of
logarithmic strains, e;, — intensity of logarithmic strains corresponding to the yield strength,
A, n — approximating coefficients of the power function, E — Young's module, u — Poisson's
ratio.

Let us consider the process of deformation of thin-walled pipes using complex-shaped
tooling. Depending on the loading scheme, when increasing the diameter of the pipe using a
punch, these operations will be called distribution and broaching, when reducing the diameter
using a matrix — crimping (compression) and drawing [4]. In Figure 1(a) and Figure 2 with the
application of forces, the distribution, and crimping schemes are shown from above,
respectively, with the application of forces from below — broaching and drawing.

In the general case, the equilibrium equations of a thin-walled axisymmetric shell (the
shell can be both concave and convex), taking into account the specific friction force acting
from the side of the tooling and being under pressure (pressure can be directed both inward and
outward) in relation to the tangent and normal to the surface of the element in question, can be
represented in the following form [3,4,8]:

;—p(UmPS) —0pS t % = 0; 0

4Im 4 % _ 4
Rm = Rpg S
where g, is the meridional main normal stress; gy is the circumferential main normal stress; g
is the specific pressure acting from the side of the tooling along the normal to the shell element
in question; R,, is the meridional radius of curvature of the median surface of the shell (the sign
(+) is set if the direction of the normal curve in the meridional section coincides with the
direction of the specific pressure, otherwise we put the sign (-));Ry is the circumferential radius
of curvature of the median surface of the shell (we put the sign (+) if the direction of the normal
of the curve in the circumferential section coincides with the direction of the specific pressure,
otherwise we put the sign (-));qs = fq is the specific friction force acting on the part of the
tooling on the element in question shells (we put the sign (+) if the given friction force is
directed in the direction of increasing p, otherwise we put the sign (-));f is the coefficient of
friction; S is the thickness of the shell; « is the angle between the tangent to the shell element
and its axis of symmetry; p is the radius of the circle of the median surface of the shell in a
section perpendicular to the axis of the shell.

)
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The circumferential radius of curvature of the median surface of the shell is determined
by the formula
Rg = p/cosa.

To define R,,,, we express the curvature of the shell in the meridional direction by « and

p [l
1 |da B da| _
Km—Rm =l = dp sina.
Having determined the value of the radii, we write down an equation that allows us to
determine the specific pressure:
q= (iO'g %+ Om |Z—Z| sin a) S. (2)
Let us consider the processes of distribution and broaching of a pipe billet (Fig. 1(a)).
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Fig. 1. The general case of distribution and broaching of a pipe billet

In general, it is possible to distinguish two sections with different directions of curvature
in the meridional section (Fig. 1(b,c)).

For the first section (Fig. 1b), the system of equations (1) can be represented as:
L (6pS) — oS — U2 —
dp mP 6 sina (3)

cosa

0;
da| .
q=(c79 — Om |E|sma)5.
Substituting the second equation of the system (3) into the first, and performing simple
transformations, it is possible to obtain an equilibrium equation for the first part in the process
of distribution and broaching:
da

d(omS) _ og(1+fctg a)—am(1+fp|a|)s @)

dp P
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For the second section (Fig. 1(c)), the system of equations (3) will have the form:

4 - _4rP _ .
dp (01pS) = 045 sina 0; 5
cosa da| . ( )
q=(09 + oy |E|sma)5,
and the equation of equilibrium, respectively
g9 (1+fctg a)—om(1—fp|2%))
d(omS) — 4 |dp| S. (6)

dp p
Let us consider the process of crimping and drawing a pipe billet (Fig. 2(a)). When
applying forces to the billet from above, we have a crimping scheme, and when applied from
below, drawing.

As in the case of distribution and broaching, when crimping and drawing, two sections
with different directions of curvature in the meridional section can be distinguished

(Fig. 2(b,c)).
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Fig. 2. The general case of crimping and drawing of a pipe billet

For the first section (Fig. 2(b)), the system of equations (1) can be represented as:

i _ AdrrP _ .
” (opS) — 0gS + e 0;
_ (_ cosa’ |da’| . ')S (7)
q=\—-oy Om |5 ]5Ina’)S.

Substituting the second equation of the system (7) into the first, and performing simple
transformations, it is possible to obtain the equilibrium equation for the first section in the
process of crimping and drawing:

A(0mS) ag(1+fctg a’)—am(l—fp|%|)

- . S. (8)
For the second section (Fig. 2(c)), the system of equations (7) will have the form (9):
:—p(ampS) — S + P —

sina’

, , )
cosa da’| . '
q—(—ag p +Jm|dp|sma)5,
and the equation of equilibrium, respectively
og(1+fctg a’)—om(1+fp da’ )
d(omS) _ dp S (10)

dp P
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Analysis of equations (4), (6), (8), and (10) shows that for all cases of distribution and
broaching, crimping, and drawing, one equilibrium equation can be written as

d(ops) _ T8(H/ctg @) om(12f |5 |)

11
dp p ’ ( )

where « is the angle between the tangent to the shell element and its axis of symmetry (for
distribution and broaching, the angle is counted from the axis of symmetry counterclockwise,
for crimping and drawing — clockwise); a sign (-) is placed in the bracket of the second layer if
the shell is convex in the meridional section and a sign (+) if concave (Figs. 1, 2).

Considering that for a convex hull aIwaysZ—Z < 0, and for the concave — 3—:; > 0, the

equilibrium equation for all cases of deformation of thin-walled pipes using axisymmetric
tooling can be written as follows:

d(O'mS) :O'Q(l +fCtg a) O'm(1+fpdp c
dp

p
To solve this equation by the method of variable elasticity parameters, it is advisable to
switch to integral equations [5].

Let us write equation (11) in the form:

da
d(omS) A +7p %) g9S(1 + fctg a)
dp + (onS) = .
This equation can be considered a linear inhomogeneous equation of the first degree
Y’ + A(p)Y = B(p), (12)

da
where Y = ¢,,,S, A(p) = (1+fp%), B(p) = GeSUtfctg @)
Such an equation can be solved by the Bernoulli method
Y =U(p)V(p),
where U(p) = explf —A(p)dp 1,V (p) = [ 5B dp +C.

Thus, the general solution of equation (12) can be written as:

]

_ p 09S(1+fctg @)
owS = U(p) | [}, 25 5% dp + €| (13)

Using equation (13) and the stress-strain coupling equations, in the form:
E*
Im = U ) (em + ll*ee);\

Og = (1 *2) (69 + I'L*em)J}

where E* and u* — variable elasticity parameters.

In this case, taking into account the boundary conditions, it is possible to write the integral
equation of equilibrium in deformations:
em = —U'eg +

(1 H 2)U(p) [° E'S(1+fctg a) .
[ Po (1-u*2)pU(p) ( €p + U em) dp + UmPoSPo] (14)

where Umpo and S, — the meridional stress and thickness of the deformable pipe at one of the
boundaries, and the function U(p) defined by the equation:
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1+ fp 3 1
0 = e |- [ 10

dp| = [—)exp (=fa).

Substituting the obtained expression into equation (14), we write down the integral
equation of equilibrium in deformations for all cases of deformation of cylindrical pipes in
axisymmetric matrices of complex shape:

(1—p?)

E S pexp(fa)
p E*S(1+fctg a)exp(fa) «
« [ FEREEEEIRUD (e + e dp + O, Sp | (15)

Let us conSIder the order of solving the problem of determining the stress-strain state
during the deformation of cylindrical pipes in matrices of complex shape. To solve the integral
equation (15), it is necessary to know the function of the angle change o depending on p: a =
a(p).

In the case of the deformation of cylindrical pipes using axisymmetric tooling,
circumferential deformations can be considered known and depend only on the coordinate of
the point in question:

p
eg = In (R—o) (16)
where R, — is the initial radius of the median surface of the pipe.

The boundary conditions are determined at the pipe edge opposite to the force application.

The solution for determining the stress-strain state of the pipe, in accordance with the
method of variable elasticity parameters, is carried out by the method of successive
approximations according to the recurrent scheme using equation (14) for the given boundary
conditions:

ko1 . (1-
e (D) <R0> s @y
UPE*(k)S(k)(l + fetg a(p))exp(fa(p)) ( , (_) N ,u*(k)e(k)) dpto S l,
2o (1 _ *(k)Z) RO m mpo*Po
where the values with index (k) and (k+1) denote, respectively, their values in the k-th and
(k+1)-th approximations.

Numerical integration during crimping and distribution is carried out from R to R,, and
during drawing and broaching from R, to R. If the matrix or punch is of variable curvature,
integration is carried out in two sections.

As the calculations have shown, the results of the calculations do not depend on the choice
of the values of the initial approximation, therefore, in the initial approximation we take:
el = 0; SO =5y; E*® =36; p*©@ =y,
where S, — initial pipe thickness.

Then the deformations are calculated by the thickness of the pipe:

(D) _ u ( <£)+e<"“))
N VECEEY m )

This strain is necessary to determine the intensity of strains
After determining the strain state, the stress state of the pipe is determined using the
equations of the relationship between stresses and deformations:

*

em = —Ueg

*(k)Z)
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E*(®)

O V) = (1 - ,u*(k)Z) (em(kﬂ) + H*(k)ee(kﬂ))i)
E*()

004 = oy (6o + i Wen D).

Next, the intensity of stresses and the intensity of deformations are determined and the
value is specified E.., using the equation of approximation of the deformation diagram by a
power function:

A (ei(k+1))"

(k+1) _
Esec - ei(k“)
Then the value of the variable elasticity parameters is specified [4]:
(k+1)
E*(k+1) — Esec

1-2 ‘
1 + 3E U Esec(k+1)
1 1-2pp +n)
«(k+1) _ 2 3E Tsec
- 1-2 '
1+ =7 K Egp (D)
To control the convergence of the process, the values of stress intensities are compared:
(k+1) _ 4.(K) .
|o*l 0; | < Ag;.

The calculation is continued until the specified accuracy is reached.

U

Research results

To verify the reliability of the obtained integral equations, a calculation and comparison were
carried out with the well-known analytical solution for crimping a pipe billet in a curved matrix
with a constant radius in the meridional direction (Fig. 3), described in [3, p. 387].

—3

a

Fig. 3. Scheme of crimping a pipe billet in a curved matrix with a constant radius in the
meridional direction

The analytical calculation was carried out for absolutely plastic material and the Tresca-
Saint-Venant plasticity condition was used.

Using the designations we have adopted and the deformation scheme (Fig. 2), we obtain
the following relations:
a=Ry—Ry,; p=Rycosa+a; dp=—R,sinada. (17)
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Taking into account the accepted ratios, the analytical solution determining the
dependence of stresses on the angle o can be represented as:
Ry, exp (—fa) .

O = —orB((1+ fa) cosa — (1 + fay) cos ag + 2f (sinag — sin a)) * (Rpcosa+a)’

Og = _O-Tﬂ'
where o, — meridional stresses, gy — circumferential stresses, g — coefficient taking into
account the influence of the average main stress (1 < 8 < 2//3).

In order to obtain by the method of variable elasticity parameters of the solution
depending on the angle a, it iS necessary for equations (15), (16) to replace the current radius p
with the current angle a, using the given relations (16) and to integrate along the angle a:

N 1-u*?) exp(—fa) a  E*SRy(sina+fcosa)exp(fa) "
Ry cosa+a
cp = In (Bn22) as)

Further determination of the stress-strain state is carried out according to the algorithm
described above.
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Fig. 4. Comparison of the results of calculations obtained by the method of variable elasticity
parameters without taking into account changes in thickness with an analytical solution
without taking into account changes in thickness:
1 — analytical solution for g = 1 for g,,,/o7: 2 — analytical solution for g = 2/+/3 for g,,, /07 ;
3 —solution by the method of variable elasticity parameters for a,,,/o;; 4 — analytical solution
for B = 1 for o5/ 0r; 5 — analytical solution for 8 = 2/+/3 for a4/ 0y ; 6 — analytical solution
for oy /oy

Figure 4 shows the results of calculations for an absolutely plastic material obtained
analytically at two extreme values of g and by the method of variable elasticity parameters
without taking into account thickness changes.

As expected, the results obtained by the method of variable elasticity parameters using
equations (18 and 19) lie between the results obtained for the extreme values of 5. Moreover,

the smallest difference between the two solutions is observed when g = 2//3.
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Figure 5 shows the results of calculations for an absolutely plastic material obtained
analytically without taking into account changes in thickness and by the method of variable
elasticity parameters taking into account changes in thickness.

As can be seen from the comparison of Figs. 4 and 5, calculations without taking into
account the thickness change give an underestimated value of the required deformation force
by more than 20 %.

O 0y . . . a(rad)
o o7 0.736 0.631 0.526 0.421 0.515 021 0.]05 0

-0.1 \

-0.2 \

_OJ \

0 Y

-04 N 1

3

-0.5 ‘\.. \ 5

-0.6 '\‘ -y - \‘

-0.7 . R e -

-0.8 \-

-0.9

3
-1
4 e
-1t -"‘?.‘_ —

Fig. 5. Comparison of the results of calculations obtained by the method of variable elasticity
parameters, taking into account the change in thickness, with an analytical solution without
taking into account the change in thickness:

1 — analytical solution without taking into account the change in thickness at 8 = 2/+/3 for
om/ or; 2 —solution by the method of variable elasticity parameters taking into account the
change in thickness for a,, /o7 ; 3 — analytical solution without taking into account the change
in thickness at 8 = 2/+/3 for oy /07 ; 4 — solution by the method of variable elasticity
parameters taking into account the change in thickness for a5/ 07

Conclusion

A comparison of the results of calculations obtained by the method of variable elasticity
parameters with the known analytical solution showed the reliability of the obtained integral
equations. With the well-known equation of a curve forming the shape of a curved matrix or a
curved punch, as well as with a well-known material deformation diagram, the obtained integral
equations allow solving the problems of deformation of pipe blanks by the method of variable
elasticity parameters, taking into account changes in thickness and nonlinear plasticity.

References

1. Gorbunov MN. Technology of procurement and stamping works in aircraft production.
Moscow: Mechanical Engineering; 1981.

2. Gorbunov MN. Stamping parts from tubular blanks. Moscow: Mashinostroenie; 1960.

3. Storozhev MV, Popov EA. Theory of metal processing by pressure. Moscow:
Mashinostroenie; 1977.

4. Malinin NN. Applied theory of plasticity and creep. Moscow: Mechanical Engineering; 1975.
5. Birger IA. Round plates and shells of rotation. Moscow: Mechanical Engineering; 1961.



Integral equations of deformation of cylindrical workpieces in axisymmetric matrices of complex shape 121

6. Lysov MI. Theory and calculation of processes of manufacturing parts by bending methods.
Moscow: Mashinostroenie; 1966.

7. Polukhin PI. Resistance to plastic deformation of metals and alloys. Moscow: Metallurgiya;
1983.

8. Chumadin AS. Theory and calculations of sheet stamping processes. Moscow: MAI; 2014.

9. Vygodsky MY. Handbook of Mathematics. Moscow: PHIZMATLIT, 1965.

10. Shepelenko 1V, Posviatenko EK, Nemyrovskyi YB, Cherkun VV, Rybak IP. Creation of
new technological methods for surface engineering based on broaching. Problems of Tribology.
2022; 27: 6-12.

11. Krazer M. Innovative broaching technology. Zeitschrifi fiir wirtschaftlichen Fabrikbetrieb.
2022;93(11): 542-545.

12. Martinovic J, Peterka J. Technology of broaching — research of the roughness and machine
capability. MM Science Journal. 2021;6: 5452-5459.

13. Grigoryeva A, Khromov A, Grigoryev Y. Tensile Model of a Shell-Type Flat Plate at
Different Displacement Velocity Fields. In: Shakirova OG, Bashkov OV, Khusainov AA. (eds)
Current Problems and Ways of Industry Development: Equipment and Technologies. Lecture
Notes in Networks and Systems. Cham: Springer; 2021. p.147-156.

14. Wen C, Dong X, Hao J, Yang F, Hu X. Analysis of the stress distribution of crimped
pultruded composite rods subjected to traction. Composites Part B: Engineering. 2013;50: 362—
370.

15. Ha H, Choi E, Park S. Investigating stress distribution of crimped SMA fibers during pullout
behavior using experimental testing and a finite element model. Composite Structures.
2021;272: 114254.

16. Roberov I, Kokhan L, Morozov Y, Borisov A. Stamping complex surfaces by rolling. Steel
in Translation. 2009;39: 11-14.

17. Radchenko V, Shishkin D. Numerical method for calculating the stress-strain state in a
prismatic surface-hardened spacemen with a notch in elastic and elastoplastic formulations.
Izvestiya of Saratov University. Series: Mathematics. Mechanics. Informatics. 2021;21: 503-
519. (In Russian)

18. Bondar I, Burombaev S, Aldekeeva D. Calculation of Stress-Strain State of Overpasses.
World of Transport and Transportation. 2019;17(1): 58-69. In-Russian

19. Korneev V, Korneev S, llichev V, Vaskova M. The calculation of stress-strain state flat
shell. Actual directions of scientific researches of the XXI century: theory and practice. 2015;3:
283-287.

20. Grinko D, Khoroshev A, Zemlyanoy M. Calculation of Stress-strain State of the
Microtunneling Shield Housing. Materials Science and Engineering. 2019;680: 012033.

THE AUTHORS

Andrianov |.K. Feoktistov S.1.
e-mail: ivan_andrianov_90@mail.ru e-mail: serg_feo@mail.ru


https://doi.org/10.31891/2079-1372-2022-104-2-6-12
https://doi.org/10.1515/zwf-1998-0294
https://doi.org/10.17973/MMSJ.2021_12_2021187
https://doi.org/10.1007/978-3-030-69421-0_16
https://doi.org/10.1007/978-3-030-69421-0_16
https://doi.org/10.1016/j.compositesb.2013.02.039
https://doi.org/10.1016/j.compstruct.2021.114254
https://doi.org/10.3103/S0967091209010045
https://doi.org/10.3103/S0967091209010045
https://doi.org/10.18500/1816-9791-2021-21-4-503-519
https://doi.org/10.30932/1992-3252-2019-17-1-58-69
https://doi.org/10.1088/1757-899X/680/1/012033
https://orcid.org/0000-0001-8732-9615

