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ABSTRACT

A generalization for the physically nonlinear Maxwell-type constitutive equation is proposed with two
material functions for non-aging rheonomic materials, which have been studied analytically in previous
articles to elucidate its properties and application. To extend the set of basic rheological phenomena that it
simulates, we propose to add the third strain component expressed as the Boltzmann-Volterra linear integral
operator governed by an arbitrary creep function. To generalize and conveniently tune the constitutive
relation, to fit it to various materials and various lists of phenomena (test data), we introduce a weighting
factor (i.e. nonlinearity factor) into the equation. This allows us to crossbreed primary physically nonlinear
Maxwell-type model with the linear viscoelasticity equation in an arbitrary proportion, to construct a hybrid
model and to regulate prominence of different phenomena described by the two constitutive equations we
crossbred. General expression for stress-strain curves at constant stress rate and for the creep and recovery
curves families obtained using the proposed hybrid constitutive equation are derived and analyzed. The basic
properties of the stress-strain curves and the creep-recovery curves are studied assuming three material
functions are arbitrary. They are also compared to the properties obtained using primary Maxwell-type model
and linear viscoelasticity theory. New properties are found that allow the hybrid model to tune the form of
the stress-strain curves and the creep-recovery curves and to simulate additional effects observed in constant
stress rate tests and creep-recovery tests of various materials at different stress rates and stress levels.
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Introduction

The problem of reliable modeling of thermomechanical behavior and fracture of materials
and structures, the issues of construction or selection of adequate constitutive equations
(CEs) for viscoelastoplastic materials (out of dozens and hundreds proposed in the
literature), analysis of their properties and the scope of application, sphere of influence
of material functions (MFs) and phenomenological limitations on them, development of
identification and certification techniques, still remain relevant in mechanics, materials
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science and the practice of engineering calculations. For a reasonable choice of the CE,
determination of its possibilities and the scope of application, for competent processing
of experimental data and identification of MFs and parameters of the chosen CE it is
necessary to study analytically general properties of loading and unloading curves,
relaxation curves, creep curves under stepwise loading programs generated by the CE
with arbitrary MFs [1-10]. It is also necessary to investigate the influence of loading
parameters and characteristics of MFs, to identify the necessary conditions (indicators) of
applicability of the CE to the modeled material.

In the series of papers [4-10] (and others) such an analysis was performed for a
physically nonlinear CE:
g(t) =E"1F(o(t)) +n? fOtV(O'(T))dT, oré =E"[F' (o) + 1,7V (0)],t > 0, (1)
connecting (in one-dimensional case) the strain &(t) with the history of stress changes
o(t), T € [0;t], in isothermal deformation processes of stable rheonomic materials (stress
and time are assume to be dimensionless). The CE (1) includes two increasing MFs F(x),
V(x), x € (w_,w,) (their constraints are given in the next section) and two constants:
E,n > 0. The elastic modulus E and the viscosity coefficient n are explicitly extracted
from the MF to account for the effect of temperature in the form E = E(T), n =n(T) [5].
The CE (1) is based on the decomposition of the total strain into the sum of elastic and
viscoplastic components: € = ¢, + &, &, = F(0)/E, &, = V(o) /1.

It is aimed at describing a set of effects typical of non-aging materials with heredity
and plasticity, high rate sensitivity and, possibly, tension-compression asymmetry.
The CE (1) combines relative simplicity and wide scope of applicability: it generalizes a
number of classical models (due to the arbitrariness of MFs F(x) and V (x)) and describes
a very wide range of rheological effects typical of many rheonomic materials exhibiting
viscoelastic and plastic properties [4-10].

The CE (1) generalizes (includes) the classical power-law models of viscous flow
and creep (see the surveys and the references on these topics in works [4,5,8]), the
Herschel-Bulkley and Shvedov-Bingham rheological models, and the special case of the
Sokolovsky-Malvern model. In the case of F(x) =0, V(x) = x|x|*1, n > 1, the CE (1)
gives the power law of flow (Norton-Bailey model), the most popular (due to its
simplicity) in the theory of creep, viscoplasticity, hydrodynamics of non-Newtonian fluids
and the rheology of polymers [11-41]. It has been used to model the dependence of
steady-state creep rate on stress [11-19,24,25,29], power-law fluid flows (in particular,
those associated with oil production) [20-24], superplastic flow of materials [32-40],
and the motion of avalanches and mudflows [41]. Setting F(x) = x and V(x) = x|x|"*1,
we obtain a model with linear elasticity and power-law viscosity, which has been used in
a number of works to describe the creep curves, to model superplasticity and to solve
specific problems [8-10,13,34,42-45]. In [46,47], the CE, related to the CE (1), was used
as the basis for a nonlinear model for describing the shear strain of thixotropic
viscoelastic fluids, which takes into account the influence of the kinetics of formation and
destruction of intermolecular bonds and associates of macromolecules on viscosity and
shear modulus and the influence of the deformation process to this kinetics. The general
tensor formulation of nonlinear Maxwell-type CEs for (severe strain of) viscoelastic
media, related to the CE (1), the description of kinematics, thermodynamic aspects and
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methods of specifying the CRs were studied in [48-53]. Those papers focused on
describing the behavior of fluids and discussed experiments and effects inherent in fluids
(polymer melts and solutions, etc.). However, they did not consider creep, relaxation and
stress-strain curves generated by the CE, did not ask many questions specific to
mechanics of deformable solids, and did not analyze the corresponding
phenomenological constraints on the MFs and parameters of the CE (1) and methods for
their identification. The CE (1) with arbitrary MFs F(x) and V(x) has not been
systematically investigated and validated before the works [4-10].

Thus, the CE (1) generalizes several commonly used models and describes a wide
range of rheological effects (see the next section and [4-10] for more details). However,
along with many advantages, it has some features that limit its scope of applicability.
Thus, the CE (1) is not capable of describing some effects observed during the
deformation of many materials. For example, in [7,8] the following was proved:

1. the CE (1) models only creep at a constant rate (steady-state creep, characteristic of
many ductile metals, polymers in a viscous-flow state and materials in a state of
superplasticity) and is not capable of describing the stages of transient and accelerated
creep, as well as limited creep, characteristic, for example, of many polymers;

2. the CE (1) does not describe recovery after complete unloading ("reverse creep”, "elastic
aftereffect”), i.e. the process of gradual relaxation of the accumulated strain reaching a
certain constant level at large values of time, as it is observed in tests of many materials
(for example, for cross-linked polymers and for bone tissue, reverse creep curves tend to
the asymptote ¢ = 0). The CE (1) describes only the instantaneous recovery of the elastic
part of strain. The "highly elastic" component of strain, which ensures gradual decrease,
is completely absent in model (1);

3. under cyclic loading beyond the elastic limit, the CE (1) always gives ratcheting at a
constant rate: “unlimited” increase in plastic strain without stabilization and adaptability,
cyclic weakening.

Due to the abundance of advantages and possibilities of the CE (1), as well as the
presence of several disadvantages, it is advisable to generalize the CE in such a way as
to preserve the advantages, but eliminate the noted disadvantages and expand the range
of rheological effects described by it and its scope of applicability. This is precisely the
main purpose of this article (see the next sections).

The most important types of uniaxial tests, which make it possible to capture and
examine various aspects of material behavior, to detect signs of nonlinearity in its
behavior and to gather sufficiently rich information for the selection and identification of
the CE, are the tests on loading (shear, tension, compression) at a constant rate a(t) = bt
and on creep at a constant stress and recovery after unloading (reverse creep)
[4,7,11-17,54-56] for different stress levels and durations of the loading stage 4,T > 0,
i.e. study of the response (t; d,T) of a material (specimen) to a rectangular stress pulse:
o(t;6,T) =a[h(t)—h(t—-T)],t >0, (2)
where h(t) is the Heaviside function, instantaneous unloading and endurance at the
o(t)=0,t>T.

Another objective of this article is to derive equations for the curves family and
creep-recovery curves generated by the new CE (4) with three arbitrary MFs under loadings
in the form (2). We also aim to study the influence of loading parameters and
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characteristics of all MFs, in particular, to identify new qualitative properties (effects),
which make it possible to describe a more general CE (4) in comparison with the CE (1).
In the future, the properties found will be used to develop methods for identifying
the CE (4) and searching for its applicability indicators using experimental creep and
recovery curves of materials, as was done for the CE (1) in [4-10,56].

On restrictions on MFs of the CE (1) and its scope of applicability

The MF F defines in the CE (1) the elastic strain &,(o). The minimum primary constraints
onitare:F(x),x € (w_,w,4) is a continuous (strictly) increasing function with a piecewise
continuous derivative, such that F(0) = 0. These conditions ensure that the signs of
stress and elastic strain ¢,(o) coincide and that the condition £,(0) = 0 is met. From
the strictly increasing F(x) it follows that €, (]o|) and the energy of elastic strain increase
with increasing |o| and the existence of the inverse to F function f. The viscosity function
V(x)/n in the CE (1) controls the viscoplastic properties: it governs the material memory,
the rate of dissipation, relaxation rate, creep and plastic strain accumulation rate,
the sensitivity of stress (in particular, the instantaneous modulus and flow stress) to the
strain rate, and the long-term strength [4-10]. The minimum constraints on it are: V(x)
is a continuous (non-strictly) increasing function on the interval (w_,w,), such that
V' (0) = 0. These constraints on the MF provide, in particular, an increase in strain-stress
curves and creep curves, a decrease in relaxation and long-term strength curves, a
description of the complex of rheological effects typical of viscoelastoplastic materials
(see below), and the thermodynamic consistency of the CR, i.e., the positivity of the stress
work a(7) in an arbitrary deformation process and the non-negativity and increasing of
dissipation W[t,a(7)]: W(t) = a(t)V(a(t))/n > 0. If w, and w_ are finite, they can be
interpreted as tensile strength at tension and compression (as material parameters).
Mathematical properties of the operator (1), literature reviews and related to (1) models
used in the theory of creep, superplasticity and polymer mechanics, taking into account
the effect of temperature and generalization of the CE (1) to the triaxial stress state are
given in [4-10].

In [4-10] and others, were analytically studied the equations of the basic quasi-
static curves families generated by the CE (1) with arbitrary MFs F(x) and V (x): relaxation
and creep curves with arbitrary initial loading to a given level stage, creep under stepwise
loading, long-term strength, stress-strain curves at constant and piecewise constant
strain or loading rates, under cyclic loading. The general properties of these curves were
studied depending on the characteristics of MFs and parameters of loading programs:
intervals of monotonicity and convexity, inflection points, responses to discontinuities in
the input process (jumps and breaks), asymptotics and two-sided estimates of theoretical
curves, the nature of the convergence of their families to limit curves at the tendency of
the parameters of loading programs (strain or loading rate, duration of the initial stage
of loading, etc.) to zero and infinity, conditions for memory decay, the effect of
permutation of loading stages on asymptotics and residual strain, etc. As a result of
comparing the discovered properties of the theoretical curves with typical qualitative
properties of test curves for a wide class of viscoelastoplastic materials (with a target list
of mechanical effects), the necessary additional constraints on MFs were derived to
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ensure adequate modeling of the main rheological effects, and theoretical and
experimental applicability indicators of the CE (1) were identified, as well as those effects
that it fundamentally cannot describe at any MFs.

A systematic study of the CE (1), carried out in a series of works [4-10] and others,
showed that it can be used to describe a set of basic rheological effects typical of
viscoelastoplastic materials with memory, high sensitivity to loading rate, and, possibly,
tension-compression asymmetry. They are characterized by the following features of
mechanical behavior:

1. increasing loading curves at a constant rate, which can be either convex upward or may
have an inflection point;

2. positive rate sensitivity;

3. monotonous decrease and convexity of the unloading curve or the presence of a
maximum point or inflection point on it (depending on the rate and level of loading),

4. lack of recovery (strain relaxation) after a stress pulse exceeding the elastic limit and
complete unloading;

5. significant influence of the duration and rate of loading on the magnitude of plastic
strain;

6. pronounced stage of flow at constant stress in stress-strain curves with constant rate
and (increasing) dependence of the flow stress on rate;

7. "unlimited” increase in plastic strain under cyclic loading beyond the elastic limit
(ratcheting without stabilization and adaptability, cyclic weakening);

8. creep at a constant rate;

9. stress relaxation to zero or non-zero value;

10. increase in compliance and rate sensitivity, an increase in the dissipation rate,
relaxation rate, creep and ratcheting rates with increasing temperature.

Such materials (in certain deformation modes) include, for example, many polymers,
their melts and solutions, solid fuels, asphalt concrete, high-modulus polyethylene yarns,
geofabrics and geogrids, ice and frozen soils, titanium and aluminum alloys, carbon and
ceramic materials at high temperatures, etc.

The analysis of the properties of theoretical curves generated by the CE (1) [4-10]
showed that two main cases should be distinguish, in which the CE (1) (or the modeled
material) behaves differently. In the first case, |V(x)| >0 forallx #0,2) V(x) =0 ata
certain interval Z: = [o_,0,] € (w_,wy), 0_ <0, 0, = 0, g, # o_ (by definition, o_ and
o, are the lower and upper bounds of the set of zeros of the MF V (x)). In the second case,
as long as a(t) € Z, the CE models the elastic behavior of the material: the dissipation is
small and there is no hysteresis loop on the loading-unloading curve, the relaxation and
creep are absent, the stress-strain curve does not depend on the loading (or strain) rate
at € € [e_, e, ], where e.:= F(03)/E). Thus, o_ and o, play the role of elastic limits (and
creep thresholds) of the material under compression and tension. At ¢ > o, (or o < 0_)
the dissipation is significant and viscoplastic properties also begin to appear.
For example, in [10], the elastic limit equal to one tenth of the tensile strength was found
from the testing data of a complex polyester yarn and the methods of identification of
the CE (1), developed in [8], were tested.

The use of a MF of the second kind, i.e. with g, > 0, is very convenient for taking
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into account the features of the manifestation of nonlinear viscoelastoplastic properties
in testing data of a particular material, namely, for connecting the nonlinear
viscoplasticity model (1) to the linear viscoplasticity CE (3) and surgical adjustment of this
connection. Due to the material parameters o, and w it is possible to add to the CE (3)
the nonlinear viscoplasticity, starting from any stress ¢ = o, > 0 and in any proportion.

Generalization of the CE (1) by crossbreeding with the linear viscoelasticity CE

A natural way to generalize the CE (1) in such a way as to preserve its advantages, but
eliminate the noted disadvantages and expand the range of rheological effects described
by it and its scope of applicability, is to add to the CE (1) a third strain component -
viscoelastic, highly elastic strain, i.e, to sequentially attach to the nonlinear Maxwell-type
model a linear viscoelastic element (a parallel connection is also promising, but will entail
a distortion of the good properties already presented in the CE (1)): € = €, + &, + €pe. This
viscoelastic element can be chosen differently: a Scott-Blair fractal element can be added,
Voigt or Kelvin models, etc. But it seems most reasonable to maximize the
communication in this direction, i.e, to add a term governed not by two or three
parameters, but expressed in general form by the linear Boltzmann-Volterra integral
operator with an arbitrary creep function (CF):

e(t) = [ (t —7)do(2), a(t) = [ R(t — 1) de(7), t > 0. (3)

If, of course, it is possible to analyze in sufficient depth the properties of such a
complex CE, depending on three arbitrary MFs, and to learn how to adjust these
properties in order to describe typical material testing data. For generality and
convenience of model control, its adjustment to different materials and lists of modeled
effects, we introduce a weighting factor w € [0; 1] (nonlinearity factor), which allows us
to “mix” the CE (1) and the linear viscoelasticity operator (3) (and the effects modeled by
them) in any proportions:

e(t) = wET'F(a(t)) + wn ™' [V (a(D)dT + (1 — w) [, (¢t — 1) do(2), t > 0. (4)

Thus, the new CE (4) is a hybrid (and simultaneous generalization) of the nonlinear
CE (1) and the linear viscoelasticity CE (3) (at w = 0, the nonlinearity is switched off and
the linear viscoelasticity CE is obtained, and at w = 1 the CE (1) is obtained). It is the
parameter w that allows us to adjust the contributions of the CE (1) and the CE (3) and
thus to adjust the severity of the effects they model.

Further, we assume minimal constraints on the CF [1(t),t > 0, in the CE (4), inherited
from the viscoelasticity CE (3) [1]: it is positive, differentiable, increasing and convex
upward by (0; o). For example, the following CF:

In=At"ue(0;1),A>0, (5)
defines the so-called “fractal” element of "fractional” models with the fractional
differentiation operator. It has the property I1(0) = 0, which characterizes irregular
viscoelastic models (the corresponding relaxation function has a singularity at t = 0:
R(t) = Bt™") [54]. The following CFs family:

n)=at+pf—ye* 1>0,0,8=>0,y €[0,p], (6)
generates at y € (0; ), o, > 0 all four regular structural models of four elements (they
are equivalent), and at @ = 0 it generates two regular models of three elements (Kelvin
and Poynting-Thomson models). Since I1(0) = S — y, then the CF (6) generates irregular
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models when y = B:at AB = 0 it is the Newtonian fluid, at « = 0 it is the Voigt model, at
a > 0 it generates both singular models of three elements. At y = 0 (6) it gives the linear
Maxwell-type model. These CFs will be used to illustrate the properties of the creep and
recovery curves generated by the CE (4). The case y < 0 in (6) violates the constraint
I1(t) < 0, which entails an increase in the recovery curve (15) (a contradiction with
experimental data).

The generalization of the CE (4) to the triaxial stress state in the case of isotropic
media can be carried out according to the same standard scheme as the generalization of
the CE (1), based on the postulate about the absence of cross-influence of the spherical
and deviatoric parts of the stress and strain tensors a(t) and &(t) to each other
(i.e., independence of volumetric strain from tangential stresses, and shear strains from
average stress) and the postulate about the proportionality of deviators s = o — gy,
e=¢&—¢gl|[9]:
£(t) = 2e()a(t) sy (t) +50(D)5y,

e(t) = Mo = E"'F(a(t)) + 0~ [, V(o (1))dx, 7)
6(t) = Moo = Eq*Fo(00(6)) + 115 [ Vo(oo(1))dl7,

where 6y(t) = 03;(t)/3, 380 = 0(t) = £5(), 5(t) = Csyy55))°5, £(t) = Ceyjei)° are the
average stress, volumetric strain and the intensity of stresses and strains. This CE
expresses &(t) through the history of a(t) and is governed by two pairs of MFs F(x), V (x)
and Fy(x), Vy(x), whose constraints are described in the previous section, and the
parameters E, n, Ey, no > 0. The CE (7) can be crossbred according to the described
scheme with the general linear viscoelasticity CE for isotropic media:

3
gij(t) = eij + 806ij’ el-j(t) = Ensij(t)’ 0= H()O'O, (8)

My = [{11(t = 1) dy (), Moy = [, Mo(t —7) dy(x), t > 0, (9)
with two arbitrary MFs [I(t) and I1,(t) (functions of shear and volumetric creep), i.e.,
consider the CE expressing £(t) through the history of a(t) as follows:
£:j(t) = ej(£) +30(D)8y,

cosiy(0) +3 (1= w)Is;(®), (10)
0 =wM,o, + (1 —w)Iyo,

The CE (10), like the CEs (7) and (8), describes the processes of isothermal
deformation of non-aging isotropic viscoelastic media by connecting the histories of
changes in the components of the deviators s, e and the first invariants g, (t) and &, (t)
of the stress tensors a(t) and small strains &(t) at an arbitrary point of the body.
The CE (10) contains six MFs: three governing the change in shape (F, V, IT1) and three
governing the volumetric strain (or only one or two in the case of simplifications
associated, for example, with the postulation of an elastic or linearly viscoelastic relation
between the volumetric strain and the average stress).

A systematic study of the three-dimensional CE (10) and the study of the
possibilities for modeling triaxial effects (in particular, the scenarios for changes in time
of the transverse strain coefficient under creep and other types of loading, the influence
of volumetric strain and hydrostatic pressure on the tension-compression curve [9,56]) -
these are the topics of subsequent articles. The analysis should begin with the one-

_3
eij—EW
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dimensional operator (4). In the case of uniaxial (“pure”) shear, when only the components
01, = 0,4 Of the stress tensor are nonzero, there will be g,(t) = 0, s(t) = o(t), and from
the CE (10) it follows, that 8(t) =0, e(t) = &(t), only the components &;, = &,; are
nonzero and they are connected to g,,(t) by an operator in the form (4). Therefore,
all statements proved below about the creep and strain curves generated by the uniaxial
CE (4) are automatically transferred to the CE (10) in the case of shear, as well as in the
case of hydrostatic loading without shape change: for the volumetric creep curves 8(t, ;)
and loading curves o,(6, b) families all properties are preserved when the triple of MFs
F, V, IT are replaced by the MFs F, V,, I1,.

Creep curves generated by the CE (1) and the CE (4)

At the stress a(t) = o h(t), t > 0, the CE (1) generates the creep curves family:

e(t,6) = r(6)t + cF(6), or e(t,6) = c[V(6)T7 't + F(6)] (11)
where ¢ = E71, r(6) =~V (6) = ct7WV(6), 1,.:=n/E is the relaxation time of the
linear Maxwell-type model with V(x) = F(x) =x (7, is convenient to use for
dimensionless time).

If V(x) =0 on a certain segment [o_,0,], 0_ <0, o, >0, then at ¢ € [0_, 0]
the CE (1) models (nonlinearly) the elastic behavior of the material and at ¢ € [o_, 7]
the creep is absent (the elastic limits for compression and tension coincide with the creep
thresholds).

If V(6) # 0, then all creep curves are linear in time at t > 0, i.e,, for any MFs, the
CE (1) models only creep at a constant rate (as does the linear Maxwell-type model),
the rate |r(d)| increases with the increase of |g|. Since V(a) > 0 at ¢ > 0 and increases,
the creep curve (11) increases along t (at ¢ > 0) and along &, which is observed in tests
of stable materials.

A pronounced stage of creep at a constant rate is characteristic of many plastic
metals, polymers in a viscous-flow state, and materials in a state of superplasticity. The
creep curves of polymers have a stage of steady-state creep only at sufficiently high
temperatures, when the polymer is in a viscous-flow state. The CE (1) is not capable of
describing the stages of transient and accelerated creep, as well as limited creep,
characteristic, for example, of many polymers.

For example, Fig. 1(a) shows the creep and recovery curves of 110x2Z50 complex
polyester yarn under tension according to program (2), carried out in 2019 by O.N.
Stolyarov and A.V. Khokhlov at the Peter the Great St. Petersburg Polytechnic University
(on the Instron 5965 universal measuring complex). The basic characteristics of the yarn
were measured beforehand. Linear density of the yarn 6 = 220 tex, specific density of the
yarn material y = 1360 kg/m?®, elastic modulus 15.3*1.1 GPa, breaking force
N, =150+ 5 N (tensile strength g, = 960 + 35 MPa, relative strength of the yarn is
0.7 N/tex), relative elongation at break is 11 + 0.75 % (based on the results of ten tests
to break with a crosshead rate of 50 mm/min). Figure 1(a) shows creep and recovery
curves of yarn specimens (the length of the working part of the specimen is 100 mm)
for different stress levels: the curve i corresponds to the stress ¢ = g; = ig,/10 (from
10 to 50 % of the tensile strength). The ideal program (2) was implemented as follows:
"instantaneous” loading (more precisely, very fast: within 1-3sec, at a rate of
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1500 N/min) of the specimen to a given stress level &, holding for a time t, = 4t,
t = 3600 sec (1 hour), "instantaneous” unloading and subsequent holding at (almost) zero
stress (2 N) for a time of 2t to analyze the recovery process.
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Fig. 1. Test creep and recovery curves at different tensile loads for a polyester yarn (a) and polyamide-6 (b)

The data of these tests the CE (1) approximates well except for the initial segments
of the creep curve and the recovery stage. However, the data from tests of polyamide-6
under tension (Fig. 1(b)) the CE (1) cannot describe for the reasons mentioned above
(creep at an unstable rate, pronounced reverse creep). S.B. Sapozhnikov at the South Ural
State University (in August 2022) carried out these (preliminary) tests according to the
following program. Rapid loading up to ¢ = ; = 10; 20; 25; 30 MPa, observation of creep
at constant stress for 4 hours (curves 1-4), "instant” unloading and observation of
recovery at (almost) zero stress for 4 hours. To select the stress levels, preliminary tests
to failure were carried out at different loading rates and the conditional tensile strength
of polyamide-6 was found in the range of loading rates from 0.5 to 50 MPa/min and
o, = 60 + 5 MPa (true stress at the break g, = 80 + 10 MPa, relative elongation at break
is from 20 to 50%). For polyamides and similar materials, the proposed CE (4) is useful.

Since the response of the linear CE (3) to the loading program a(t) = a h(t), has
the form ¢(t,a) = all(t), then the CE (4) generates the creep curves family:

e(t, o) =wr(o)t +wcF(o) + (1 —w)all(t) . (12)

Since w € [0; 1], then the creep curves family (12) increases along &, which
coincides with the typical properties of creep curves of structurally stable materials.
At ¢ > 0 the additional term (1 — w)all(t) increases along t and is convex upward (since
I1(t) is increasing and convex upward). Therefore, the creep curve (12) increases along t
and is convex upward at t > 0, as in linear viscoelasticity, but no longer depends linearly
on the stress level ¢ (since the first two terms do not have this property). At w > 0.5
the influence of the first term on the creep rate and the accumulation of irreversible
(residual) strain is significant, and it is possible to make the creep curve as close as desired
to the straight-line creep curve (11) by increasing w. On the contrary, at w = 0 it is
possible to make the relative contribution of terms nonlinear along o™as small as desired
and give the creep curves family any shapes characteristic of linear viscoelasticity.
The convexity of the creep curve (12) means that the CE (4), like the linear viscoelasticity
CR, is not capable of describing accelerated creep (the third stage of creep).
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Fig. 2. Creep curves for four stress levels ¢ = 0.1; 0.2; 0.3; 0.4 (curves 1-4), generated by several models
of the form (4) with F(x) = x, V(x) = x|x|, E = 50, n = 50 and three different weighting factors
w = 0;0.5; 1 (red, black, and light blue curves): (a) three models with the creep function (5) with u = 1/3,
A = 0.03; (b) three models with the creep function (6), « = 0, § = 0.07, y = 0.05, 4 = 0.25

Figure 2(a) shows the creep curves of the three CE (4) with F(x) = x, V(x) = x|x|,
E =50,n =50 (thent, =1), 1 = At*,u = 1/3, A = 0.03 with three different weighting
factors w=20;0.5;1 (red, black, and light blue curves) for four stress levels
¢ = 0.1;0.2; 0.3; 0.4 (curves 1-4). Dimensionless time is plotted along the abscissa axis:
the considered qualitative properties of the curves do not depend on its scaling, ¢ and E
are dimensionless by dividing by one tenth the quasi-static tensile strength at a standard
rate. Since I1(0) = 0, the initial value of the creep curve £(0) = wcF (o).

Figure 2(b) shows the creep curves of the three CE (4) with the same MFs F(x) = x,
V(x) = x|x|, E = 50,n = 50 (7, = 1) and three weighting factors w = 0; 0.5; 1 (red, black,
and light blue curves) for the same ¢ = 0.1; 0.2; 0.3; 0.4 (curves 1-4), but with a different
CF:in the form (6) with a = 0, 8 = 0.07, y = 0.05, A = 0.25. That is, to modify the CE (1)
with the same MFs, the Kelvin model with retardation time 1/4 = 4 = 41, and relaxation
time (8 —vy)/(BN) = 8/7 was used. Its CF is limited, I1(o) = S, the creep curves of this
model (red lines) tend at t — oo to asymptotes € = 6. This example clearly shows how
significantly the creep curves of the CE (4) differ from the creep curves of the CE (1) due
to the introduction of an additional strain component (and the MF [I, that governs it).
Obviously, changing the “hybridization” parameter w € [0; 1] provides a wide range of
possibilities to adjust the shape of the creep curves of the CE (4) (Fig. 2(b) shows in blue
the creep curves 3,4, generated by the CR (4) with the same MFs, but with w = 0.1).
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Creep and recovery curves

The creep and recovery curves, generated by the CE (1), are its responses to a rectangular
stress pulse (2) with parameters T > 0, ¢ > o, = 0. Substituting Eq. (2) into Eq. (1) gives
the equation for the creep and recovery curves family:
e(t;a,T)=r(@)t+cF(d)att<T,e(t;0,T)=p(6,T)att>T, (13)
r(6) =~V (6), p(6,T) =n V(6T = ct;V(6)T. (14)

The strain jump at the point t = T is equal to —cF(6), c = E™1, at t > T the strain
becomes constant and equal to the creep strain p(g,T) accumulated over time T.
At complete unloading, only the elastic strain (4+0) = cF(d) disappears, and the entire
accumulated creep strain turns out to be irreversible, plastic. This is precisely the
behavior that many metals (and other materials) exhibit at sufficiently high temperatures.
Thus, the CE (1) does not describe "reverse creep’, i.e., the process of gradual relaxation
of the accumulated strain to some constant level at large values of time, as is observed
in tests of many materials. The CE (1) describes only the instantaneous recovery (the
limiting, idealized case) of elastic strain. The "highly elastic" component of strain, which
ensures gradual decrease, is completely absent in model (1). The residual strain p(a,T)
is proportional to the duration of the loading stage T, depends only on the MF V (as does
the creep rate r(a)) and increases with increasing ¢.

Due to (13), the trace left by a finite stress pulse (2) is never erased, i.e., the memory
of model (1) is not fading, but is "permanent”. The inability to describe materials with
fading memory is a disadvantage of the CE (1), which narrows the range of modeled
materials and processes.

However, this indicates that the CE (1) may be capable of describing not only
viscoelasticity, but also viscoplasticity. This hypothesis is confirmed by the presence of
horizontal asymptotes in the stress-strain curves generated by the CE (1) at a constant
strain rate, horizontal asymptotes, i.e., flow segments at constant stress (without
subsequent strengthening), as is observed in materials in a state of superplasticity [32-40]
(they are characterized by creep at a constant rate and the absence of recovery after
unloading).

The MF F does not affect the creep rate, its jumps and plastic strain p(a,t,), and V
does not affect instant strain jumps. This allows to determine the MFs yV (x) and F(x)/E
separately based on the material creep and recovery curves [7].

The response of the linear CE (3) to a rectangular stress pulse (2) has the form:
e)=aSt;T),S(&;T):=H)R() -t —-T)h(t—T),t > 0.

At the point t = T the creep and recovery curve &(t) has a jump —aI1(0), and £(t)
has a jump —&11(0). In the interval t > T the equation of creep and recovery curves has
the following form:
et;0,T)=cS;T),S(ET)=00)—-0(t—-T),t>T. (15)

From the (non-strict) requirement that the recovery curve (15) decreases (with any T7)
it follows that I1(t) does not increase [54]. Therefore, a constraint should be imposed on
the CF in the CE (1): I1(t) has no downward convexity segments. Since I1(t) decreases on
the ray t > 0 and I1(t) > 0, there exists a limit v: = I1() > 0. Since the function (15) is
decreasing and positive (bounded from below), it has at t = oo a limit &, = 0, and
€w = 0S(o0,T). It is easy to prove that S(oo,T) = vT [54], i.e, in the case of v > 0 after
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complete unloading (infinitely long), the residual strain &,, = 6vT remains. This means
that at v > 0, the memory of the integral operator I, defining the CE (3), does not fade.

It can be proven that v > 0 for all regular structural models with even number of
elements and all singular models with odd number of elements. If the CF is bounded (as
for all regular structural models of an even number of elements), then v = 0 and ¢, = 0.
It can also be v = 0 for an unbounded CF, for example, for a power-law CF IT = AtY,
u € (0;1),A>0. For models (6) v=a and S(t;T) = aT + ue *, u=yE* -1);
in particular, v > 0 at a > 0 (for the Maxwell-type model and its sequential connection
with the Voigt model); for the Maxwell-type model and Newtonian fluid y = 0 and
e(t) =o0aT = constatt > T, i.e. there is no recovery at all. For the Voigt (singular two-
element model) and Kelvin (regular three-element model) models a = 0, and therefore
the creep and recovery curve (15) has the form e(t) = 6ue ¢, and &5, = 0.

The creep and recovery curve of the CE (4) is obtained by combining the responses
(13) and (15) of the CE (1) and the linear CE (3) to the stress pulse (2):att < T &(t;0,T)
is given by equation (12), and att > T:
e(t;a,T) =wp(a,T)+ (1 —w)aS(&;T),St;T)=01) -1t —-T),t >T. (16)

Obviously, both terms (16) increase in absolute value with increasing |&|, and
|e(t; ,T)| increases along || and decreases along tatt > T (since S(t; T) decreases). These
properties reflect typical qualitative properties of creep and recovery curves of structurally
stable materials, i.e., the CE (4) adequately describes the recovery effect, in contrast to the
CE (1). At t — oo there is a limit (residual strain, horizontal asymptote for (16)):
£(3,T) = wp(6,T) + (1 —w)évT = wn V()T + (1 —w)évT, vi= () = 0. (17)

It is proportional to the duration of the loading stage T (this is one of the applicability
indicators of the CE (4)), does not depend on the MF F and increases with increasing &. If
the CF is chosen so that v = 0, then the residual strain (16) can be made as small as
desired by decreasing the parameter w, and thus “remove” the residual strain given by
the CE (1), if the CE is adjusted to the testing data of a specific material requires this.

At the point t =T the creep and recovery curve (12), (16) has a jump
—wcF(6) — (1 —w)II(0)4. It is equal in absolute value to the jump &(0+;4,T) =
=wcF (o) + (1 —w)II(0)d at the point t = 0. The equality of these jumps is another
applicability indicator of the CE (4): this property is not always satisfied in material tests. If
I1(0) = 0 (such linear models are called irregular, they have many specific properties [54];
these include, in particular, the Voigt model, the fractal element and all their successive
connections), then the creep and recovery curve (15) is continuous at the pointt = T, and
the jump of the creep and recovery curve (12), (16) is equal to —wcF () and it can be
made as small as desired by decreasing w.

Figure 3(a) shows the creep and recovery curves of three CE (4) with F(x) = x,
V(x) = x|x|, E =50, n = 50 (then t,, = 1), the CF (5) with u = 1/3, A = 0.03 and three
weighting factors w = 0; 0.5; 1 (red, black and light blue curves) for loadings (2) with
T = 10 and three stresses ¢ = 0.1; 0.2; 0.3 (curves 1-3). Since I1(0) = 0, the creep and
recovery curves of the (linear) CE with c w = 0 are continuous at the point t = T and the
jump of any creep and recovery curve of the model with w = 0.5 (black curves) is half the
jump of the creep and recovery curve of the model with w = 1 (i.e. model (1)) for the
same ¢. Since v = [I(o0) = 0, for all creep and recovery curves the (linear) CE with
w=0, £&,(,T)=0, i.e. they converge at t - o to a common asymptote ¢ = 0.
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Therefore, the residual strain €, (4, T) of the model with w = 0.5 is two times smaller
than that of the model (1) (the asymptotes of curves 1-3 are shown as dash-dotted
straight lines), and the recovery is slow (in comparison, for example, with Fig. 3(b)). This
example clearly shows how significantly different the creep and recovery curves of the
CE (4) are from the creep and recovery curves of the CE (1) due to the introduction of an
additional strain component (and the MF I, that controls it).

(@) (b)
Fig. 3. Creep and recovery curves for three stress levels ¢ = 0.1; 0.2; 0.3 (curves 1-3) generated by several
models of the form (4) with F(x) = x, V(x) = x|x|, E = 50, n = 50 and three different weighting factors
w = 0;0.5; 1 (red, black, and light blue curves): (a) three models with the creep function (5) with u = 1/3,
A = 0.03; (b) three models with the creep function (6) with ¢ = 0, § = 0.07, y = 0.05, 4 = 0.25

Figure 3(b) shows the creep and recovery curves of three CR (4) with the same MFs
F(x) =x, V(x) = x|x|, E =50, n =50 (r, = 1) with three different weighting factors
w = 0;0.5;1 (red, black and light blue curves) for loadings (2) with T = 10 and three
stress levels ¢ = 0.1;0.2; 0.3 (curves 1-3), but with a different CF: in the form (6) with
a=0,8=0.077vy =0.05 1= 0.25. That is, to modify the CE (1) with the same MFs, the
Kelvin model with retardation time 1/1 = 4 = 4z, is used; its CF is limited, [1(o) = f,
) =p—-v,StT) =y —1)e ™ and the creep and recovery curves of this model
(red lines) have jumps I1(0) = (8 —y)o atthe pointst =0andt =T, and at t — oo they
tend to common asymptote € =0 (for any material parameters and any &, since
£, = 6vT = 0) with a rate e~** (much faster than the model in Fig. 3(a)).

It should be noted that the results of this section allow us to derive the equation of
creep curves of the CE (4) under arbitrary stepwise loading (with any number of stress
stages) by analogy with those obtained in articles [4,7,54].

General properties of stress-strain curves generated by the linear

viscoelasticity CE
The loading o(t) = bt at a constant rate b > 0 (for definiteness, we consider the case
b > 0), the linear CE (3) maps into following strain: &(t,b) = bQ(t) = btO(t),

Q(t) = [, (1) d, O(8) = t71Q(t), t > 0.
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Excluding the parameter t gives the loading curves generated by the CE (3) under
loading o (t) = bt:

g(o,b) = bQ(o/b) = ©(c/b)a, o = 0. (18)

The properties of averaging @(t) are similar to the properties of the CF [55, 56]:
O(t) is an increasing smooth function at t > 0, I1(t)/2 < O(t) < II(t/2) < II(t) (since
I1(t) is increasing and convex upward), @(0+) = I1(0), O (o) =II(0), @(0+) =
11(0+)/2, and Q has the following properties: Q(0) = 0, Q() = oo, Q(t) = II(t) > 0,
Q) =1I(t) >0,Q(t) =I(t) <0m0.5(II(t) + 11(0)) < Q(t)/t < I(t/2) < I (t),t > 0.

To obtain the equations of loading curves (18) in the form o = g (g,b), it is necessary to
introduce into consideration the function P(x), x > 0 inverse to the increasing function Q:
o(g,b) = bP(g/b), e,b > 0. (19)

From the positivity and increase of the CF, it follows that P is an increasing upward
convex function, P(0) =0, P(o) = o, P'(0+) = 1/11(0) (in particular, P'(0+) = oo,
if [1(0) = 0), P'() = 1/I1(), the function P(x)/x is decreasing and P(x)/x > P'(x)
at x > 0 [3]. From the constraints IT > 0 and [T < 0 on the CF and the properties of the
functions Q and P, the following general properties of the loading curves (19) follow.

The tangent and secant moduli of the stress-strain curves (19) are:
o.(e,b) =1/e,(0,b) =1/lI(a/b) and o/ =1/0(c/b) (since the uniaxial CE (3)
coincides with the linear viscoelasticity CE for the components of the deviators of the
stress and strain tensors, they can be considered shear moduli, although similar
properties can be derived for loading curves in tension or compression [56]). Since
e;(a,b) > 0 and a; > 0, any loading curve (18) increases along g, and the loading curve
o = a(g,b) increases along € at any b. Since the CF increases, ¢, (g, b) increases along o
and decreases along b, and a; (¢, b) decreases along € and increases along b. Therefore,
for any b > 0 the loading curves (18) are convex downward, and the loading curves in the
form (19) are convex upward on the semi-axis € > 0. The upward convexity of the loading
curve up to the beginning of fracture or to the yield point is characteristic of many
polymers, asphalt concretes, metals and alloys [11,18,19,24,27,28,32-34].

The stress-strain curves family (18) decreases along b, since @(t) > 0 and @(a/b)
decreases along b, and the loading curves family in the form (19) increases along b (the
higher the rate, the higher lies the loading curve o = a(¢, b)), i.e. the CE (3) models only
positive rate sensitivity.

The stress-strain curve (18) depends on b, but the instantaneous modulus (shear modulus
G or volumetric modulus K) does not depend on the loading rate: G:= 6}(0,b) = I[1(0)~1
(for models with I1(0) = 0 it will be G = o0). At € — oo the tangent and secant moduli
tend to the common limit G, = R(o) = 1/I1() = 0 (if the CF is limited, then G, > 0;
if the CF is not limited, then G, = 0). Thus, the long-term modulus G, also does not
depend on the loading rate.

Any stress-strain curve (18) lies "above" (along the e axis) the straight line
e =11(0)a, since O(t) > O(0+) =11(0), and all the stress-strain curves in the form
o(e, b) lie below (along the o axis) this straight line. More precisely, in the case of
I1(0) # 0 (for reqular models), two-sided estimates are valid for all loading curves (18) and (19):
I1(0)o < g(o;b) < ()0, G < a(g, b) < Ge. (20)

At b — +oo the stress-strain curves family € (o;b) of any regular model converges from above
(and the family o (¢, b) from below) to the straight line € = ¢ /G uniformly on any segment of
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the o axis [55]: suple — o/G| = supo|@(o/b) — 11(0)| = w|O(w/b) —I1(0)| = 0, since
[0,w] [0,w]

O(t) > 0 and ©(0+) = I1(0). Therefore, the straight line o = Ge is the instant loading
curve of the CE (3) in the case of I1(0) # 0. The stress-strain curves family at a constant
strain rate also converges to it [55]. If [1(0) = 0 (as in the CF (5)), then G = oo, the tangent
to any loading curve (18) at zero is horizontal, and the tangent to the loading curve in the
form (19) is vertical, and the loading curves family (18) uniformly converges at b - +oo
to the straight line ¢ = 0.

At b — 0 the stress-strain curves family (18) always converges (from above) to the
straight line ¢ = G,.¢ (equilibrium loading curve) uniformly on any segment of the semi-
axis € > 0. This is also true in the case of unbounded or singular relaxation functions.

The stress-strain curve (18) has an asymptote at o — o only when the CF is limited
and the integral Y:= f0+°°[17(00) —IlI(r)] dt converges (obviously, Y > 0)[55], its
equation: & = [I(o0)o — bY, or 0 = G, (€ + Yb). All the stress-strain curves o (¢, b) tend to
an asymptote from below. Its angular coefficient is equal to the long-term modulus G,
and does not depend on b. The question of the existence of asymptotes for the stress-
strain curves is not purely abstract, since reaching an asymptote (straightening of stress-
strain curves, “linear hardening” mode) can occur in the operating range of strains and
stresses.

For example, for models (6) Q = 0.5at? + Bt — yA~1(1 — e~*t), and the stress-strain
curves family (18) has the following form:

e(o,b) = 0.5ab™16% + Bo — YA 'h(1 — e *9/?) ¢ > 0. (21)

The instantaneous modulus G =1/(B —y); for models with y = [ (singular)
G=o. If a=0, ie, for Voigt (with y =p) and Kelvin (y € (0;8)) models, then
()= <o, Y=y/A, G, =1/B, and each loading curve has an asymptote
o =B"1(e+y\'bh) at e » oo. If @ > 0, then [I(0) = oo and the loading curve (21) have
no asymptotes. For the Maxwell-type model (the CF (6) with y =0, a, >0) G =1/,
G, = 0 and the loading curves family converges at b — 0 to the function o = 0.

Figure 4(a) shows the stress-strain curves (21) of the Kelvin model (the CF (6) with
a=0)atA=0.1,=1y=09(thenlI(0) =L -y, G6=1/(F—y) =10,G, =1/ =1,
retardation time 7 = 1/4 = 10, relaxation time 7, = (1 —vy/B)t = 0.17) for the rates
b = 0.001;0.01; 0.1; 1 (black loading curves 1-4). Each loading curve o (¢, b) at € = oo has
an asymptote ¢ = G, (& + ytb). The dash-dotted red straight lines 0 and oo are the
instantaneous and equilibrium stress-strain curves o = Ge and ¢ = G,¢&, appearing in
estimate (20); the family of loading curves of Kelvin model with any value of A converges
to them at b — oo and b — 0. For comparison, the stress-strain curves (21) of the Voigt
model withy = 8 = 1, the same A = 0.1 and retardation time t = 10 (blue dashed loading
curves 17°-4") are given. For it, [1(0) = 0 (and the model is singular, since the relaxation
function contains the term né(t) with the delta-function), G = o, G, =1/ =1, the
equilibrium loading curve o = G ¢ coincides with the straight line 0, at b — oo the family
€(o,b) converges to € = 0, and the loading curves a(g,b) converge to the vertical semi-
axis (i.e. the instantaneous loading curve does not exist). Each stress-strain curve at
€ = oo has an asymptote o = G,€ + b, parallel to the equilibrium loading curve 0. The
light blue curves 1'-4" are the loading curves (21) of the Maxwell-type model (i.e., the
model with the CF (6) with y = 0) with @« = 1, § = 1 for the same rates. Like Voigt model
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it depends on two material parameters, but is regular: I1(0)=pf, G =1/ =1,
[I1(©) = 00, G, =0, relaxation time 7, =B/a = 1. The stress-strain curves of the
Maxwell-type model have no asymptotes. At b — 0 and b — oo the loading curves family
o(g,b) converges to the straight lines ¢ = 0 and ¢ = G¢ (the straight line 0). The light
blue dashed curves 2'-4" are the stress-strain curves of Maxwell-type model with the
same instantaneous modulus G = 10, as the stress-strain curves 1-4 of the Kelvin model,
i.e.,, the Maxwell-type model with = 0.1, @ = 1. Therefore, its instantaneous loading
curve coincides with the curve o, The curve 1" is the loading curve of the fractal
model (5) with u = 0.3 for b = 0.1, i.e., exactly the stress-strain curve 3 from Fig. 4(b).

Fig. 4. (a) Stress-strain curves (21) generated by the classic Kelvin-Voigt, Maxwell and standard linear
solid models (blue, light blue, and black curves) at four stress rates b = 0.001; 0.01; 0.1; 1 (curves 1-4,
1'- 47, 17-4"); (b) stress-strain curves (22) generated by three models of the form (5) with u = 0.3; 0.9; 0.1
(black, light blue, and blue curves) at stress rates b = 0.001; 0.01; 0.1; 1 (curves 1-4, 1'-4’, 17-4")

Let us consider the loading curves of a fractal element, i.e., the model with a power-
law CF (5) (it corresponds to an unlimited unbounded relaxation function
R(t) = A"1C(w)t™, C(u) = (um) tsinum [55]). For the CF (5) I1(0) = 0 (the model is
irreqgular), I1() = o, ® = A(u + 1) 1t%, and the equation of loading curves (18) has the
following form:

e(o,b) = A(u + 1)~ ta(c/b)¥, or o (g,b) = [(u + 1)A" b~ L]/ @+, (22)

G =, G, =0, at € - oo the loading curves have no asymptote. At b — 0 the
loading curves family o(g,b) converges to the function ¢ = 0, and at b — oo the family
e(o,b) converges to € = 0, i.e., the loading curves g (g,b) converge to the semi-axis, the
segment in the estimate (20) turns into the first quadrant.

Figure 4(b) shows the curves (22) of three models of the form (5) with A = 0.3 and
u=0.3;09;0.1 (black, light blue and blue dashed curves) for loading rates
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b = 0.001;0.01;0.1;1 (loading curves 1-4, 1'-4’, 1"-4"). An additional curve O is for
b = 0.0001. As u increases, the tangent modulus in the vicinity of zero increases, and the
loading curves (22) become increasingly higher. At small u, the model becomes much less
sensitive to rate: the curves straighten and come closer (loading curves 1°-4"), the fan
opening angle quickly decreases, and at u — 0 it contracts into a straight line ¢ = A~ ¢
(red dash-dotted line).

Properties of stress-strain curves with constant rate generated by the CE (1)

The loading o(t) = bt at a constant rate b >0 CE (1) maps into the strain:
g(t;b) == E71F(bt) +n71 fOtV(bT)dt = E"YF(bt) + (z,.b) "X I(bt)], I(s):= fos V(x)dx,
T =n/E.

Excluding the time t = /b, we obtain the stress-strain curves equation:
g(o,b) = E"Y[F(0) + (t,.b)1I(0)], b,o > 0. (23)

If o, >0 (i.e, V(x) =0 at x € [0;0,]), then at 0 < g, I(0) = 0, and therefore the
stress-strain curve (23) has the form (o, b) = F(0)/E, i.e., the CE describes the behavior
of a nonlinearly elastic material and the stress-strain curve does not depend on the
loading rate at 0 < g,. If ¢ > o, (in particular, in the case of o, = 0), then V(x) > 0 and
I(0) > 0, and therefore the stress-strain curve depends on the rate b: the loading curves
family (23) decreases along b at ¢ > o, and the loading curves family in the inverse form
o =o(g b)increasesalong bate > ¢, where €,: = F(o,)/E (the higher the loading rate,
the higher lies the stress-strain curve ¢ = o(¢, b)). For the strain (23), the estimate from
below &(a,b) = E"'F(0) at b,o > 0 is valid (if o > o, then the inequality is strict), and
therefore for loading curves in the form o(¢, b) for all b, e > 0 the estimate from above
a(&,b) < f(Ee) is true, where f = F~1 is the inverse function of F. At ¢ > ¢, this estimate
can be refined:

o, <a(g,b) < f(Eg),e> e, (24)
(in the case of o, = 0 it is true for all e > 0, and in the case of o, > 0 a(¢,b) = f(E¢) at
€< gy).

The MF I(s) increases and is convex downward at ¢ > g, since I"(s) = V'(s) > 0.
Therefore, all loading curves (23) increase along o and the loading curves ¢ = ag(¢, b)
increase along ¢, and if F"(x) = 0, then €"(0) > 0, the loading curves (23) are convex
downward, and the loading curves o = o(¢) are convex upward for any b.

As a result of analyzing the implicit representation of the loading curves (23) under
the above mentioned minimum constraints on the two MF in [8], other basic properties
of the loading curves o = o(¢,b), b > 0 were found. Many properties of the loading
curves of the nonlinear CE (1) are similar to the properties of the loading curves of the
linear integral viscoelasticity CE. In particular, the CE (1) is also unable to describe the
negative rate sensitivity [57-60] and the behavior of materials for which the dependence
of the instantaneous modulus on the loading rate or strain has been reliably established:
polymers at sufficiently high temperatures, copper, tin, aluminum, titanium alloys in the
superplasticity regime, etc. [8,32-40,61-64]. Polymers in the glassy state and many other
materials do not exhibit rate sensitivity at sufficiently small strains. This effect can be
described only by replacing the instantaneous modulus with a secant modulus or one
averaged in the vicinity of zero. These properties are the inapplicability indicators of the
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CE (1), along with its inability to model creep at a variable rate, fading memory, recovery
after unloading, the Mullins effect, and adaptability under soft asymmetrical cyclic
loading [4-10]. But, in contrast to the loading curves of the linear CE, which are always
convex upward, the loading curves of the CE (1) can (if F"(x) < 0) have inflection points
and convexity downward on a certain interval € < £(b), (at sufficiently small strain, as in
many elastomers, foams, and biological tissues: ligaments, tendons, vessels [18,65-69]).

There are several other features of the loading curves of the CE (1) in comparison
with the loading curves of the linear CE:

1. the dependence of the loading curve of the CE (1) on the loading rate b is monotonic,
but nonlinear and can be different under tension and compression;

2.the tangent modulus of the loading curves do/ds = E[F'(0) + (7,.b) "V (0)]™?!
depends on the rate (increases along b), but instantaneous moduli in tension and
compression E; = E/F'(01) (limit values of the tangent modulus of the loading curves
at e = 0 £ 0) do not depend on the rate b and the MF V, and can be different;

3. the instantaneous and equilibrium loading curves of the CE (1) (the limits of the loading
curves family a(g,b) at b —» 0 + and at b — o0) are no longer necessarily rectilinear: at
b — oo the loading curves family a(e, b) converges on the ray € = 0 to the curve ¢ =
f(Eg), f = F~! (curve o in Fig. 5) uniformly on any segment of the axis e. Andatbh — 0 +
the loading curves family o(e,b) converges to the constant 0 = o0, on theray € > ¢,
(curve O in Fig. 5), where ¢,:= F(0,)/E. And at € € [0; &,] it converges to the function
o = f(E¢). The equilibrium loading curve of the CE (1) has a different form in the cases
of o, =0o0ro, > 0:if 0, = 0, the loading curves family o (¢, b) converges at b —» 0 + to
the straight line 0 = 0 on the entire ray ¢ = 0, and if o, > 0, it converges to the diagram
of an ideal elastoplastic material with a yield stress g, = g, and an initial segment of
elastic strain o = f(E¢), € € [0;&,] [8]. Setting g, >0 and V(x) =0 at x € [0,04]
ensures that the initial segments of all loading curves ag(g, b) at € € [0;¢,] (i.e., at
o < 0,) coincide with the curve o = f(E¢) (Fig. 5).

All discovered general properties of tensile loading curves are also inherent in
compression loading curves, i.e., at b < 0 (and o < 0): you just need to replace the signs
of all inequalities with their inverses and upward convexity with downward convexity,
b—-0+withhb>0—,0, >0witho_ <0,e, =0withe_ = E"1F(0_) < 0, the segment
[0; &4 ] with [e_; 0], [0, 04 ] with [o_; 0]. The parameter o_ < 0 (the lower bound of the set
of zeros, the MF V(x)) has the same physical meaning in compression as o, in tension.

Figure 5 shows the loading curves a(g, b) of the model with o, > 0 and the MF
V(x)=0atx € [o_,0,]:

V=A,(x—0o)"atx > o,,
V=-A_|lx—0o_|"atx <o_; (25)
F(x)=x+qV(x),x >0,

A, A_>0,mn=1,q =0 (for any g = 0 the constraints F'(x) > 0 and F(0) =0
are satisfied, since they are satisfied for V). At o € [0_, 0, ] this model describes a linearly
elastic material, and at o & [0_,0,] rheonic properties and tension-compression
asymmetry appear (if o_ # —o, or A_ # A, or m # n). The loading curve (23) has the
following form: e = E"'c at 0 € [0,0,], e = E [0+ qA, (0 — 0, )"+ A, (n+ 1) (0 —
—0 )" ()7, 0 > oy
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Figure 5 shows the loading curves of this model with ¢q =5, o, =01 n=2,
A, =1,n1=10,E=10,7,=1forb=10""7,i =1,...,6 (curves 1-6). All loading curves
have a common straight segment o = E¢, € < ¢,, €, = 0, /E, independent of rate. At ¢ >
o, the loading curves depend on the rate and shift upward as b increases. At b = 0 (¢, b) —
o, forany € > ¢, i.e, the loading curves family o (¢, b) converges to the loading curves of
an ideal elastoplastic material with a yield stress o, = o, (0 = o is the straight line 0).
The dashed curve o is the limited loading curve at b — oo (since g > 0, the instantaneous
loading curve is not rectilinear at ¢ > o). For comparison, the dash-dotted line shows the
limiting loading curves at b = oo and b — 0 for o, = 0.05 (see the estimate (24)).
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Fig. 5. Different forms of stress-strain curves o (¢, b), generated by the constitutive equation (1): (a) curves
o (g, b) generated by the model (25) with o, > 0 at stress rates b = 107, i = 1,...,6 (curves 1-6) and
limit curves at b — 0 4+ or b — oo; (dashed lines); (b) stress-strain curves generated by the model (1) with
0,=0,17,=1,F=xY?andV =xatstressratesh =1-10752-10753-107,i = 4;3;2; 1

For the power-law MFs F = x™, V = x™ we have I(s) = (n+ 1)"!s"*!, and the
loading curve (23) takes the form: (g,b) = E"1¢™ + (yb) *(n + 1) 1o™*1.

Inthe case of n >m —1 >0, F"(x) = 0 and V(x) increases, therefore all loading
curves a(g, b) with b > 0 are convex upward on the semi-axis € > 0. At m < 1 this is not
the case: the loading curves have an inflection point and a segment of convexity
downwards in the vicinity of zero (see [8] and Fig. 5(b)). Figure 5(b) shows the loading
curves a(g, b) of the modelwith F =x™, V =x" m=05n=1,n=E =10,t, = 1 for
different rates: b =1-10"52-10753-107%, i = 4;3;2;1 (the loading curves b =1 -
10~¢ are marked with arrows). The dashed loading curves are the limit curves o = f(E¢),
f=yY™ at b— oo (instantaneous loading curves) and ¢ =0 at b — 0 (equilibrium
loading curve). The dash-dotted curve is the geometric locus of inflection points
(&(b), 6 (b)) of the loading curves with different b > 0; the set {(§(b), 6(b))|b > 0} does
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not depend on n and t,., since & and £ 3 depend only on the parameter t,.b [8], and 1 s
included only in it.

Properties of the loading curves with constant rates generated by the CE (4)

The stress-strain curve of the CE (4) is obtained by combining the responses of the CE (1)
and the linear CE (3) to the loading o = bt, b > 0:

g(o,b) = wE1[F(0) + (z,b) I (0)] + (1 —w)O(a/b)0o, b,d > 0, (26)
where I(s) and O(t) are defined in (23) and (18). The equation (26) specifies the stress-
strain curves family o = o(g, b) of the CE (4) in implicit (inverse) form. The strain (26)
increases along o and decreases along b at o,b > 0, and the stress-strain curves family
o =o(g,b) increases along ¢ and b. The derivative de/dc = wE™L[F'(0) +
(t,b) "V (0)] + (1 — w)II(a/b) is positive and decreasing along b at any ¢ > 0 (since the
CF increases), and at 0 =0 does not depend on b and the MF V. de/00|s-¢ =
wE~1F'(0) + (1 — w)I1(0) (and can be equal to 0 or o, if F'(0) = 0 or F'(0) = ). It is
obvious that ¢£(0,b) = 0, and adding the previously proven estimates from below for
terms (27) (in particular, ©(t) > ©(0) = I1(0) [55]), we obtain at any b,o > 0 the
following estimate:

g(o,b) > E"1®(0),b,0 > 0, ®(0) = wF (o) + E(1 —w)II(0)o. (27)
(the inequality is strict even at 0 < g, in contrast to the inequality for the loading curves
of the CE (1)). Since @ (o) is an increasing function (and @(0) = 0), then there is an inverse
function ¢, ¢(0) = 0, and for all loading curves in the form o(¢, b) the estimate from
above is valid: a(¢,b) < @(E¢) at b,& > 0 (it does not depend on the MF V). In the case
of the model with F(x) = x it has the form a(¢,b) < [w + E(1 —w)I1(0)] 'Ee, and in
the case of the model with [1(0) = 0 (as does the CF (5), for example) it has the form
o(e,b) < f(Ew™1e), where f = F1,

The stress-strain curves (26) inherit the general properties of the stress-strain curves
€(o,b), generated by the CE (1) or the CE (3), but they lose some (because the properties
of the stress-strain curves of the crossbred CEs are different) and acquire new ones. For
arbitrary MFs F, V, [, subject only to the minimal constraints of one of previous section,
and any w € (0; 1), the following statements are true.

1. The stress-strain curves family (26) increases along ¢ and decreases along b at o,b >
0, and the loading curves family in the form o = o(¢, b) increases along € and b, and the
estimate o(¢,b) < @(E¢) istrueat b,e > 0.

2.If F"(x) = 0, then €"(a) > 0, the stress-strain curves (26) are convex downward, and
the loading curves o = o(¢) are convex upward for any b, and if F"(x) < 0, then the
loading curves a (¢, b) of the CE (4) can have points of inflection and convexity downward
on a certain interval € < £(b), as well as the stress-strain curves of the CE (1) (in contrast
from the CE (3)).

3.The tangent modulus of stress-strain curves o(g,b) 0do/de = [WE 1 (F'(0) +
+(7,b) W (o)) + (1 —w)II(a/b)] ! increases along b at any € > 0 (i.e., o > 0).

4. Instantaneous modulus of stress-strain curves a (¢, b) (Limit of the tangent modulus at
e—>0+4) G=[wEF'(0)+ (1 —w)II(0)]"! does not depend on the rate b and MF V
(and can be equal to 0 or ).

5.Atb - o O(a/b) = ©(0+) = I1(0) the stress-strain curves family (26) also converges
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to the function E~1® (o) on the ray o = 0 (see (27)). Therefore the loading curves family
in the form o (¢, b) converges at b — oo to the inverse function ¢(E¢) on the semi-axes
€ >0, i.e., the curve ¢ = @(E¢) is the instantaneous loading curve of the CE (4) (it does
not depend on the MF V, in particular, on the material parameter o, and on the CF I1(t),
because in the definition of @(o) only the initial value I1(0) is included). It is easy to
check that the convergence is uniform on any segment of the ¢ axis.

6. If [1(0) = 0, then ®(0) = wF(0), ¢(¢) = f(e/w) and the instantaneous stress-strain
curve has the form o = f(Ew™1¢), i.e,, is obtained from the loading curves of the CE (1)
by tension along the ¢ axis with a coefficient w. In contrast to the linear CE (3), it does
not degenerate into a vertical straight line € = 0, if [1(0) = 0. That is adding the CE (1)
with any weighting factor w > 0 (arbitrarily small) to the singular linear model produces
its regularization. This can also be seen from the formula for the instantaneous modulus
G, which no longer goes to infinity in the case of I1(0) = 0 (provided that F'(0) # 0).
7.1f o, = 0, then for any o > 0 from (26) follows (o, b) = o at b = 0 +, and the stress-
strain curves family ¢ = a(¢,b) converges at b - 0 + (and € = const) to the function
o = 0 on the entire ray € > 0. The first is obvious (since I(¢) > 0at o > 0,and b~ - ),
and to prove the second we need to fix ¢ = € = const in (26) and go to the limit b = 0 +:
assuming that o (¢, b) = o, g, > 0, we obtain that the first term in (26) has a finite limit
wE~1F(0,), the third term has a limit (1 — w)@ ()0, = (1 — w)II()o,, which can be
finite at IT1(o0) < o, and the second term is wE~1(z,.b)"I(0,) - oo, and therefore the
entire sum tends to infinity, which contradicts the finiteness of the left side of (26).
Therefore, the assumption o, > 0 is untrue and o, = 0 for any € > 0. For models with
o, > 0 the equilibrium diagram may differ from o = 0.

8.1f g, > 0 in the MF of the CE (4), then I(¢) =0 at ¢ < o, and therefore the stress-
strain curve (26) has the following form:

e(o,b) =wE"F(0) + (1 —w)@(o/b)o,0 < 0,,b >0, (28)
that is, in contrast with the CE (1) (case w = 1) the stress-strain curve depends on the rate
at o < o, (Fig. 6(a)) also. Since I1(0) < @(t) < I1(o0) [55], then at [1() < oo(T.e. Gy, > 0)
the two-sided estimate is true: E™1®(0) < e(o,b) < E71®,(0), 0 <o,, b>0,
@y (0) = wF(o) + E(1 —w)Il()o. Since @(o) and @, (o) are the increasing functions,
then applying to the inequalities the inverse functions ¢ = @1 and ¢, = @5 (9(0) =0
and ¢, (0) = 0, because @(0) = 0, @,,(0) = 0), we obtain an estimate for the loading
curves (29) inthe form o = a(g, b): 9 (Ec) < o(g,b) < @(Eg) ate < €,(b), b > 0, where
£,(b) = e(o4,b) = wE 1 F(0,) + (1 —w)O(a,/b)a, (the strain value corresponding to
the stress ¢ = o, now depends on the loading rate in contrast to the value e, = F(o0,)/E
in the CE (1)). The function £,(b) decreases monotonically (since @(t) increases) and
&, (b) - £at b — 0+ (fig. 6a), where:

& =¢(0y,0) =wE 1F(0,) + (1 = w)ll(©)o, = E"1®(0,). (29)
9. For models with g, > 0 and I1(x) < o (Fig. 6(a)) the loading curves family (28)
at b —» 0 + has a limit E71®, (o) at all o < o, (since O (o) = [1()[55]), £ < o and the
stress-strain curves family (¢, b), € < £,(b), converges to the function o = ¢ (E¢),
€ € [0; €], i.e., the equilibrium stress-strain curve increases.

10. For models with g, > 0 and I1(o) = oo (Fig. 6(b)) €(0,b) — o0, £ = oo and the stress-
strain curves family o(e, b) converges to the function ¢ =0 at all € >0, ie. the
equilibrium stress-strain curve is the same as in the case of o, = 0.
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11. For models with o, > 0 and [1(o) < oo the equilibrium curve at ¢ > a,, i.e,,at € > §,
coincide with the straight line ¢ = g, (and at € € [0; €] has a form ¢ = ¢, (E¢€), as proven
above). The proof is similar to the proof of property 7: the assumption o, > o, leads to a
contradiction, and therefore g, = o, (only then I(o,) = 0, the second term in the limit of
the right side of (26) vanishes, and it has a finite limit, since this is true for the third term
due to the condition [1(o0) < o).

Figure 6(a) shows the stress-strain curves of three CE (4) with the same material
parameters and MFs (25) as in Fig. 5(a) (o, = 0.1, E = 10, t,, = 1), and the CFs in the form (6)
with the same parameters as in Fig.4(@) 1 =0.1, =1, y=09, G =10, G, =1,
retardation time t = 1/4 = 10, relaxation time %, = 1), with three different weighting
factors w = 1;0.5; 0 (light blue, black and blue curves) for six rates b = 106, i = 1,...,6
(curves 1-6). The light blue stress-strain curves 1'-5"(for w = 1) coincide with the stress-
strain curves of the CE (1) in Fig. 5(@) (they have a common straight segment OA,
independent of the rate: 0 = E¢, ¢ < ¢, ¢, = 0, /E), the blue stress-strain curves 3"-6"
(forw = 0and b = 0.001;0.01; 0.1;1) coincide with the loading curves of the linear Kelvin
model in Fig. 4(a) (stress-strain curves 17, 2" at lower rates merge with the equilibrium
loading curve 07), dash-dotted blue straight lines 0" and o are the limit stress-strain
curves at b — 0 and b — oo from the estimate (20), the dashed red curves 0 and o - are
the limit stress-strain curves for CE (1) (the same as in fig. 5a), the dash-dotted red curve
o js the limit stress-strain curve o = @(E¢), € >0, of the CE (4) at b > 0. At b >0
o(g,b) = o, for any € = &, in our example [1(o) < o, 0 < G, < E and € = 0.055; for
models with G, > 0, /e, = Eo,/F(0,) itwill be £ < £,). On the segment [0;€] the stress-
strain curves family of the CE (4) o(¢, b) converges at b = 0 to the linear function (since
the MF F is linear and I1() < ), the graph of which is the segment OB, B(¢, g,).
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Fig. 6. Stress-strain curves a(¢, b) generated by the constitutive equation (4) with the same material
functions (25) as in the Fig. 5(a) for three different weighting factors w = 0; 0.5; 1 (light blue, black, and
blue curves) at stress rates b = 10, i = 1,...,7 (curves 1-7): (a) crossbreed of the model (1) and the
standard linear solid model (6) (with the same material parameters as in the Fig. 4(a)); (b) crossbreed of
the model (1) and the fractional model (5) with u = 0.3, 4 = 0.3
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Figure 6(b) shows the stress-strain curves of three CE (4) with the same material
parameters and MFs (25) as in Fig. 5(a) (o, = 0.1, E = 10, t,, = 1), but with power-law
CFs (5) with u = 0.3, A = 0.3, with three different weighting factors w = 1; 0.5; 0 (light
blue, black and blue curves) for seven rates b = 10'°, i = 1,...,7 (curves 1'-5, 1-7,
17-7"). The light blue stress-strain curves 1'-5"(for w = 1) coincide with the stress-strain
curves of the CE (1) in Figs. 5(a) and 6(a) (they have a common straight segment OA,
independent of the rate: o = E¢), the dashed red curves 0" and o are the limit loading
curvesat b —» 0 and b — oo (the same as in Fig. 6(a)). The blue stress-strain curves 2"-6"
(for w =0 andb = 0.0001; 0.001; 0.01; 0.1; 1) coincide with stress-strain curves 0-4 of
the linear fractal model (5) in Fig. 4(b); it is irreqular, I[1(0) =0, G = oo, [1(©) = oo,
G, =0, at b — 0 its stress-strain curves family (22) o(g,b) converges to the function
o0 =0, as at b » o the family £(o,b) converges to € = 0, i.e,, the stress-strain curves
o(g,b) converge to the vertical semi-axis. For this reason, at b — 0 the stress-strain curves
family of the CE (4) with w € (0; 1) (see the black loading curves 1-7) converges to the
function ¢ = 0 on the entire semi-axis € = 0 (property 10), and at b — oo converges to
the function o = @(E¢) = f(Ew™t¢),e = 0, f = F~1 (the dash-dotted red curve ), since
according to (27) @(0) = wF (o).

If the value of w — 1 is sufficiently small, then the contribution of the last term to

the strain (26) is negligible, the properties of the loading curves (26) coincide with the
properties of the stress-strain curves (23) of the CE (1) with the exception of two
qualitative differences:
1. for models with o, > 0 at any w # 1 the stress-strain curve (26) depends on the
loading rate even in the range o € [0; 0, ] (see (28)), in which V(x) =0 and I(o) =0,
although this dependence is weakly expressed if the material parameter wis close to one;
2. the equilibrium stress-strain curve for w # 1 can differ qualitatively from the limiting case
w =1 (Fig. 6(b)) and has a different form in the cases g, = 0 or g, > 0, and in the latter
case the key role is played by the limited or unbounded nature of the CF [1(t) (see properties
of loading curves 7-11): for the models with o, =0 or with g, >0 and [I(x) =
(Fig. 6(b)), the equilibrium curve has a form o = 0 on the entire ray € > 0, and for the
models with o, > 0 and I1() < oo (Fig. 6(a)) the value (29) is finite and the equilibrium
curve is non-zero: = @y (E€) ate € [0;é] and o0 = 0, at & > &.

Conclusion

The paper formulates a generalization (4), (10) of the physically nonlinear CE of Maxwell-
type viscoelastoplasticity (1), (7) with four MFs (two MFs in the uniaxial case (4)), the
general properties, the arsenal of possibilities, and the scope of applicability of which
have been studied earlier in a series of articles by the author [4-10]. In order to generalize
the CE (1), (7), preserving its advantages, but eliminating the detected disadvantages that
reduce its applicability, and to expand the range of rheological effects it describes, it is
proposed to add a third (viscoelastic) strain component to the CE (1), (7), a term expressed
by the linear integral Boltzmann-Volterra operator (3), (8) with arbitrary CF. For
generality and convenience of model control, for its adjustment for different materials
and lists of simulated effects, in addition to the three MFs, a weighting factor w € [0; 1]
(degree of nonlinearity) is introduced into the CE (4), which allows “mixing” the nonlinear
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CE (1), (7) and the linear viscoelasticity operator (3), (8) in arbitrary proportions and
regulate the severity of different sets of effects modeled by them. Thus, the CE (4), (10) is
a hybrid (and simultaneous generalization) of the CE (1), (7) and the linear viscoelasticity
CE (3), (8) (at w = 0 nonlinearity is switched off, and the linear viscoelasticity CE is
obtained, and at w = 1 the nonlinear CE (1) is obtained). The proposed CE allows not only
to expand the scope of applicability of the CE (1), (7), but also to connect the nonlinear
viscoplasticity model (1), (7) to the linear viscoelasticity CE (3), (8), and to surgically adjust
this connection depending on the characteristics of the testing data of a particular
material: thanks to the choice of two material parameters o, and w, nonlinear
viscoplasticity can be added, starting from any stress o = ¢, > 0 and in any proportion.

The equations for the creep and recovery curves families and constant-rate loading
curves generated by the proposed CE (4) with three arbitrary MFs are derived, their
general properties and the influence of loading parameters and characteristics of all MFs
on them are analytically studied and compared with the properties of the creep and
stress-strain curves of crossbred CEs (1) and (3). In particular, new qualitative properties
(effects) are identified that make it possible to describe the more general CE (4) in
comparison with the original CE (1). It is verified that the generalization eliminates a
number of disadvantages of the CE (1), but retains its valuable qualities (4-8). For
example:
1. the CE (4) makes it possible to describe not only creep at a constant rate, as the CE (1),
but also creep at a variable rate, as well as limited creep, characteristic, for example, of
many polymers;
2.the CE (4) describes the recovery after complete unloading (‘reverse creep”) with
a gradual yielding of strain to a certain constant level at large values of times;
3. the possibilities for describing the various properties of the stress-strain curves
families, in particular the forms of equilibrium and instantaneous loading curves, are
significantly expanded;
4. adding the CE (1) with any weighting factor w > 0 (arbitrarily small) to any singular
linear model of the form (3), (8) produces its regularization (in particular, the
instantaneous modulus no longer goes to infinity in the case of [1(0) = 0, and such a
model appears with an instantaneous loading curve instead of a limiting vertical straight
line at b — oo [55,56]).

Thus, the performed primary analysis showed that the proposed more general CE
(4), (7) provides many opportunities for describing the various properties of stress-strain
curves and creep and recovery curves of materials (for adjusting their shape and tuning
them to testing data). It also allows expanding significantly the range of described
rheological effects and the range of applicability of the Maxwell-type
viscoelastoplasticity relation and deserves further research and application in modeling.
In the following papers, the properties found will be used to develop methods for
identifying the CE (4), (7) from the loading and creep curves and recovery curve of
materials, as was done for the CE (1), (7) in [5,7-10,56].
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