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Abstract. The unsteady problem of a homogeneous isotropic Timoshenko plate bending
taken into account diffusion is considered. The initial mathematical formulation includes a
system of equations of rectangular isotropic plate unsteady vibrations, obtained from a
general model of elastic diffusion for continuum using the d'Alembert variational principle.
An initial-boundary value problem is formulated, and Green's functions are found in the
problem of a simply supported Timoshenko plate bending. In the example of a three-
component rectangular plate under the action of a pair of bending moments, the interaction
effects of mechanical and diffusion fields and the influence of relaxation processes on the
Kinetics of mass transfer are modelled. The calculation results are presented in analytical and
graphical forms
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1. Introduction

The paper considers an unsteady problem of elastic diffusion vibrations of a plate, based on
the Timoshenko plate model. This model is a refinement of the classical Kirchhoff-Love plate
model by taking into account shear deformations and the influence of inertial forces when the
normal is rotated relative to the middle surface.

The classical Kirchhoff-Love plate model often provides sufficient accuracy in solving
many engineering problems. However, taking shear deformations into account can be
essential for rods and plates made of an anisotropic material with a shear modulus much
lower than Young's modulus. Some fibrous and composite materials, in particular human
bones, have such properties. It is also important to consider shear deformations in the
problems of three-layer rods and plate stability, where two bearing layers are made of thin,
high-strength rigid material, and between them is a light and less durable filler. On the other
hand, when the stiffness characteristics of the filler layer are significantly lower than the
stiffness characteristics of the bearing layers, a simplified calculation using the classical
Kirchhoff-Love model can lead to significant errors in determining the critical loads. This, in
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turn, leads to a decrease in the economic efficiency of structures of technical systems or
underestimates the potential resources of biological systems.

An equally important problem in the design of structures, under the action of
multifactorial unsteady external influences, is the question of different physical field's
interaction in a continuum. As early as the beginning of the 20th century, it was
experimentally proved that, due to beams and plate bending, a deformation gradient initiates
the process of ascending diffusion [1-3]. This leads to the formation of a concentration
gradient and, consequently, to the redistribution of the solute atoms. As a result, the matter
from areas of compression in the area of tension is transferred. This phenomenon is called the
Gorsky effect. The result of scientific research was published in 1936 [1]. In the same way,
the mechanical field, the temperature, and electromagnetic fields are interconnected.

A review of publications in this sphere shows that the problem of analyzing the
interaction of mechanical and diffusion fields in thin-walled structural elements is also
relevant today. Among the few publications on this topic are articles [4, 5]. They investigate
the influence of diffusion processes on the bearing capacity of a smooth transversely isotropic
shell. The contact interaction of a rod with an elastic half-space is considered in the works
[6,7]. Publications [8-10] are devoted to the study of elastic diffusion processes in plates. The
calculation of spherical shells taking into account diffusion is considered in [11].

It should be noted that all these problems are solved in a stationary formulation. The
problems formulations of unsteady elastic diffusion beams and plate vibrations and methods
for their solution are absent in the publications known to date. In the presented study, the
mutual influence of mechanical and diffusion fields on each other in a Timoshenko plate
under the action of external unsteady perturbations is investigated.

2. Problem formulation

The unsteady vibrations problem of a rectangular isotropic multicomponent Tymoshenko
plate under the action of mechanical and diffusion perturbations are considered. A diagram of
the applied forces and bending moments and the axes orientation of a rectangular Cartesian
coordinate system is in Fig. 1.
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Fig. 1. Forces and moments acting upon the plate

For the problem formulation, we use the coupled elastic diffusion continuum model in a
rectangular Cartesian coordinate system, which has the following form [12 - 15]:
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where o; and Ji(q> are components of the stress tensor and the diffusion flux vector, which
are defined as follows
2
(at) (@ OU e
lel ZOL” ' +T ‘] leD q + ijkl 5X 5; (q =1 N)- (2)

Here the dots denote the time derivative. All quantltles in (1), (2) are dimensionless. We
accepted the following notation

* * * * *(a) *
oKy i fe JCoce G @ % e p@ _poge
I I R o p ' Clu [ ! @)
*(a) (@) y*(a) o, *(a) 4 (9) . . «
D@ _ D; (a) _ m Dy oy g E_ F v _ Iy *(@ h :h_ . ct@
ij ’ ijkl b . ) y ' g y
Cl pRT,CI Cin C I I

where t is time; x are rectangular Cartesian coordinates; u; are displacement vector
components; | are characteristic linear dimensions in the problem; I, I is the plate length
and width; h" is the plate thickness; n(q) O —n(()“) is the concentration increment of q-th
component in the multicomponent continuum; n@ and n(()q) is the current and initial
concentrations (mass fractions) of qg-th component; Cg, are components of the elastic

constant tensor; p is the medium density; oc}'}(q) are coefficients characterizing the medium

volumetric changes due to diffusion; Di].’(q) are the self-diffusion coefficients; R is the

universal gas constant; T, is initial temperature; m® is the molar mass g -th component; 7@

is relaxation time of diffusion perturbations; g(qt) is the Darken's thermodynamic coefficients.

The initial conditions are assumed to be zero (the continuum is unperturbed):
- the mechanical part

ui |1::0 = 0' ui |1::0 = 0' (4)
- the diffusion part
n® =0, 7% =0 q=LN. 5)

Boundary conditions (the domain G is bounded; n, are components of the outer normal

unit vector to the surface oG ):
- the mechanical part (6G =11, UTI_; I1, NIT_ =)

Ul =V o ,| =P (1>0), (6)
- the dlffusmn part (0G =11, UI1;; 1, NI, =Q)

N =NO (3045, d) =1 (c>0,9=1N). )
I I,

n

The quantities on the boundary conditions right sides are surface kinematic U, N (@
and dynamic P, 1% perturbations.
3. Model of elastic diffusion vibrations of a Timoshenko plate

To construct the equations for the bending of the plate, relations (1) - (7) using the d'Alembert
variational principle are written in the form of the following variational equality:



144 V.A. Vestyak, A.V. Zemskov, D.V. Tarlakovskii

0o N d VS
0, ——L—F [8u,dG+ > [|1+ 1@+ = Y@ |50 @dG +
i( ox ] ZI( f 61)[“ ox n

i e i

+” oy, P)SudS+Z”( 3O 41 O @ )nz‘m ds =0,

*HJ

(8)

where du, are virtual displacement, 5n®@ are virtual concentrations increments.
Further, we assume that:
1) The domain G has the form G=Dx[-h/2,h/2], where D=[0,},]x[0,l,] is the

rectangular region of the plate's middle surface x,=0, I'=0D is the middle surface boundary

(fig.1)
2) The plate surface has the form IT=I1_UII, UII,, where I1_is bottom surface

corresponds x,=—h/2, I1, is top surface corresponds x,=h/2, IT, =I1,, UIT,, UIL, UII,,
are side surface. The surface I, corresponding X, =0, the surface II,, corresponding

% =1, k=1,2. We assume that the plate side surface is free from mechanical loads and mass
transfer

+

Ojj J| _Gun1| =0. 9)
(a) i@y (710 i@\ _—
(99 +7,3 )m_(Ji 74! )m_o.
3) Plate material is an isotropic perfect solid solution
Cija =108 +1(8,8; +8,8; ). Al =8;8,A,, o =80, DI =5,D,. (10)

Here A and p are dimensionless elastic Lame constants, §; is the Kronecker symbol.

4) Transverse plate deflections are considered small. We also consider that a straight
fibre normal to the middle surface after deformation remains straight to the middle surface
(the Timoshenko plate theory). Then the linearization of the unknown quantities concerning

the variable x, will have the form (the approximate equality is replaced by the exact)

Uy (X1 %, %, T) = U (% X T) = X3y (X%, T)
uz(Xl,XZ,X3,t)=V(X1,X2,t)—x3x2(X1,X2,T),
Us (X, %, X5, T) = W(X, %, T) + Xy (X, X, T),
n(q)(><1,x2,x3,r):Nq(xl,xz,r)+x3Hq(x1,x2,r).

5) Taking into account (9), we assume that there are no deformations along the axis
Ox,. Then [16-20]:

ou,
€33 = aT_W 0=y=0.

3

Hence:
ul(xl’XZ’X3’T):u(xl’XZ’T)_X3X1(X1'X2’T)’
uz()ﬁ’xzixs’r)zv()ﬁ’xzﬂ)_X3X2(X1’X2’T)v u3(X1,X2,X3,T)=W(X1,X2,’C), (12)
n(q)(xl,xz,xs,r): Nq(xl,xz,r)+x3Hq(x1,x2,r).

In this case, in accordance with (2), (10), and (11), the components of the stress tensor
and the diffusion flux vector will be written as

oy = XS%H»[(?V %j Yo, (N +xH,),
j=1

(11)

axl X, X, O oX
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o= e Xy O ) o O+ 2, 13
12 =H %, Ox X o, X o%, 13=H| ~Xa % 23 =H| X2 ox, (13)

2 2 2
)or j ZD @ (8N 8Hr]+Aq(8_lj ax1+ N, P j
%

0%, X ok oxox, OX,0%,

2 3
U dy ZD g (GN XS%}AC.( TV T T T ’?}

0X, 0X, OX,0X, OX,0X, OX; 0X,
) Otz , O
39 +1,39=->"D,g"'H, -A 2 LN
Z o3 (@(1 GXJ (q )

Substltutlng equalities (12) and (13) in (8), we obtain models of longitudinal and
transverse vibrations of the plate [20]. The equations of longitudinal vibrations are similar in
form to the two-dimensional equations of elastic diffusion for continuum and are not
presented here.

The transverse vibration equations have the form

. 0 o* ow 0? N oH. 12
o=ty ukT[——xlj ()22 13, — o,

ot ox ox, oxox, = 'ox h
. Oy, Oy, ow Py, & OoH; 12

= L2 ke — =y, [ (M) =22+ o —L-Tm,, 14
k2= “axf 5 Tkl 5 e Jr)Z S ,Z_;"axz T (14)

2
= k a_\gv_% +“'k‘|? a_\gv_% +ﬂ’
ox, Ox oX, 0% ) h

2 2 3 3 3
H +rH ZD q’(a r+a Hrj+A (6X1+ Oz + Ot +8X2] 12

X ox o  oxox, oxox o ) h &
where k; coefficient taking into account the uneven distribution of shear stresses over the

thickness of the plate.
If the shear stresses are distributed according to the Zhuravsky formula, then for a plate
of thickness h we have [16,17,20]

5
k—? :E.
The remaining quantities in (14) are defined as follows:
h/2 h/2 h/2 h/2
1) m= [ xFRdg— [ oud¢ and m,= [ xFdx— [ oydx, where m and m, are
—h/2 -h/2 —h/2 —h/2

the surface distributed moment,
h/2
2) g= j F,dx, is the surface distributed transverse load,
—h/2
h/2
3) z,= I Y@x.dx, is the surface density of bulk mass transfer sources.
~h/2
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Equations (14) are supplemented by boundary conditions, which are also obtained from
the variational equation (8). In the simply support case of the plate on all sides, they have the
form

N N
aXlJrkaszrZoc H, :—%M() aXl axz+2a H, —%Mél),
ox, 0%, h ><1 OX, h
% =0 x=h
N N
x%+%+2a1Hj =—%M1<2>, 2l 5X2+Z H, —%Mf),
ox, 0%, ‘= ) h ox 0%, = ot h
X2|X1:0 = X(zli’ 7(2|X1:|1 = X(zlz’ 7C1|X2 :Xgl ' 7C1|X2 (3)' (15)

S

W|x=0 :Wl(l)’ V\4xl=ll _Wz(l)’ V\4x2 =0 Wl( ! W|x2=| :WZ(Z)’

HL\ =HY, H| =HY H| =R HT =HY
Aly Xp=l

o Tair Mg g2’ Taly o~ et g q2°

x=h
Here Mﬁ) are bending moments shown in Fig. 1; XU wl g H() are given boundary

ij i
kinematic characteristics of the required physical fields.
In accordance with (4), and (5), the initial conditions are assumed to be zero.

4. Integral representation of the solution
The solution to the problem (14), and (15) will be sought in the form

N+2k t
71 (X%, 7) Z_”[lel X%, 6, T=1) fi01 (§1) = Gy (b =%, %, 6,1 t) fklz(gvt)]dtdg'i'
N+2h t 00
+Z_”[lez X1 %8, T— t) kZl(g t)+le2( —%,8,T— t k22 &t ]dtd{;
k=100
Xz(xpxz’r):ZJ‘I[Gm(Xilxz'CvT_t) fia (G0 + G (b =%, %, 61— 1) fk1z(§at)]dtdg+
k=100

N+2}

+ IJ[szz X1 X1 &y T— t) k21(E.>1t) 2k2( —%,6,T— t k22 ét]dtdi

k=1
N2k T

W(X, %, 7) ZII[Gskl %, %, G, T=1) figy (G1) + Gy (b =X %, 6T~ t) fklz(gt):'dtdg"l'

N2kt oo (16)
+ZJI[G3k2 (% %,8,7=t) fin (&) + G (X, = %5, &1 —1) i (G ]dtdi

k=100

N+2|zr

H, (%, %,7) J-_H: araie (%%, 6T =1) Ty (G) + Gy g o (b= %1%, 6,1 =1) fipo (G t)}dtdCWL
N+2h < 00
+kz_:'|.J.|:Gq+3,k2 X1’X21E,~1T_t) fm(é,t) 43, k2( —%,&,T— t) kzz(a t)}dtdé

where the functions G, are the Green's functions of the problem (14), (15), which satisfy the
equations

.. 2 2 ) \ G
Gy = Gik' o Gik' + ks (aGskl —leJ (7»+M)a Cau a2,
8)(1 OX axl 5X18X2 i1 axl
S 0°Gyy , O°G oG 0°Gy, & 0G;
G, = 2kl 24y k2 W_ g (s N J+3,k|’
20 = M axl2 ox2 HKy ( : 2k|] (A+p) =& XX, ,Z_; ,—axz
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2 2
&, = ke (aacjgk. . agx N aacjgk. . agx j
1 1 2 2

é e _ ZN: D aZGr+3,k| " 82Gr+3,kl A 63G1k| n astm + aBGm + 8362”
R S X oo oxiox, oxoxt X
and the following boundary conditions

(17)

oG Gy | N
alkl o 62kl +3 0,6, 4 =8,8,8(1)8(x,—C),
X1 XZ =1 X =0
oG oG A
R TR S I =8,8,8(1)8(x —¢),
axl 6X2 j=1 Xp=0
N N
aGm Y ankl +Za‘qu+3,k| =0, [X%+%+Zajc;j+3,klj =0, (28)
aXl axz =i . axl aXZ =l Xp=lp

GZk'|><1:O =8,8,8(1)8(%, ~C), GZK.|X1:,1 =0, G1k||X2:0 =8,8,8(1)8(x —¢§), lel|X2:|2 —0,
Gaal, o =838u8(1)3(%, =€), Gual, , =0, Gl =858,8(x)3(%,~E), Gyl , =0
=5,38:5(2)8(,~C). Cyyaul, , =0

o = Oarax®28(T)8(% &), Gy

The functions f,,, define edge disturbances, which, in accordance with (15), have the
form:

12 12
flll(xz,r) = _FMF) (X2 ,'E), f1 (X2 ,r) = —FMS) (X2 ,7:),

G
q+3,kl %=0

=0.

X2:|2

Gq+3,kl

lel(&vT):_FMl(Z)(XvT)v flzz(xivr):_FMgz)()ﬁyT),
f211(X2’T)=X(21£(X2'T)' lez(xzit)zx(zl%(xzvr)’ f221(X1,T):X§21)(X1,1:), f222(X111):X§?2)()<1’T)!

—h
o
+
N
=
[N
—~
e
a
N
Il
®es

5. Algorithm for finding Green's functions

We will assume that the plate material is an ideal solid solution. In this case [12-15]
D,, r=q
@) _s D =Dg®=J)"¢
g qr qr qg {0' [ q

Applying the Laplace transform to (17), (18), we obtain (s is Laplace transform
parameter, superscript L denotes the Laplace transform):



148 V.A. Vestyak, A.V. Zemskov, D.V. Tarlakovskii

2~ L 2~ L L 2~ L N aGL
ZGlII<I 0 le| +M5 le| +Mk'|?{a§3kl _G1|f<|] (k+u)a sz| +za1 j+3.k

ox; ox; ] ox, = ox,
2~ L 2~ L L 2~ L N oG-
Gl = aaegk' + aaegk' k| B gL |y (4 ) L8, 3 P (20)
X; X5 0X, ox0X, ‘3 OX,

SZGL :Mkz azG3Lkl _aGlII_d _'_aZGSLkI _anLkl
R - e e A

2~ L 2~L
Gy 3 T T s’Gy s =D [6 Cazam + G JJFA (asGlLkl n 636'2Lk| 53G1%<| N 8stLk| j
a+ q g+3, q ’

ox; ox5 ox.  OX'OX, OXOX5  OXS
oG, oG, :
8)(11kl +A aXZkI +Z°‘, j+3, klj =8, 8,8(%, =€),
e s
oG 6G
2 Lo Pau =8,8,8(x —&),
x %, ;a’ a k']XZ_O 0005 5)
L L N L L N
561k| xanm Za GJ+3 " =0, [7\,% ankl za G]+3 kIJ =0,
aX]_ aX2 j=1 X =h 2 8X2 = Xp =l
Ghal, ,=8adud(%~C), G| =0 G|  =8,8,8(x-8). G| =0,
G| o =8a8i8(% =), Gy |, =0, G3Lkl|x2:0 =858,8(% =€), Gaul|__, =0,

GqL+1 Ky _g — 8q+3,k51|8()(2 _C)’ GqL” K= =0,
G(I]_+l kl| " 8q+3,k82I8(X1_E-’)’ GqL+1 L] =0.

Multiplying the first equation in (20) by cosi xsinp,X,, the second equation by
sin, x cosp,X,, the third and fourth by equation sini xsinp x,, A,=nn/l, p,=nm/l,

and integrating into the rectangle D=[0,l,]x[0,l,] taking into account conditions (21), we
obtain

Kyom (5) G (&16,8) + Ky Gt (8,6,5) -
kA, Gt (&,6,8) =2 Zoc,G,Lfg anm (8:6,8) = Fgan (6,C)
K Gtiom (&:6:8) + Ko (8 )GszF.nm(é,C s)-

~1k 1, G (6,6.9) umZa,foakmm( 6:8) = Fygnn (8,€),

g
—Hk—? [7\' G:I.II('I:nm (E-’ C S)+MmG2LI:nm & g S ] 3nm G3Lk|I:nm (é C S) 3klnm (éag),

_Mlqanlll_JI:nm (‘:, C.n S) - M 2qanZLI5nm (&1 C.n q+3,nm ( )G;’; klnm (g C S) q+3 kinm (& C)
where

K (8) = 8% +1k? +A2 + s, Ko (8) =% +pk? +ph2 +pl, Ay =AM, (L-1),
3nm( ) +MkT (7‘§+Mm)’ kq+3,nm(s):S+TqSZ+Dq (}\‘ﬁ+u§1)’
Mlqnm :Aq%’n (}\’ﬁ +“2m)’ I\/|2qnm =Aq“m (}Lﬁ +H§1)7 Knm =(}\‘+H)}Lnum'

(22)
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lklnm ((t: C.:)
I:Zklnm (é' C) =
FSkInm ((:’ Q) =

q+3 klnm (‘ta C)

47»

I12

Gllkllznm (E_,, C' S)
G (&:6.5) =
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Gy (X1vxza§1

kal (Xl’ XZ'F:
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A
— (A 8y Sin &+ 18y SINALE) Sy,

L,
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N

:| ~
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-] [ Ga (%%, 6,8)sin 2, cos py X,dxdx,
1’200

44t
—IJ.J.G;H(xl,x2,&,C,s)sinknxlsinumxzdxzdxl,
12 00

Il
L
Ms i

GlLk'I:nm (E.n - T) cos }\’nxl sin WXy,

CNT):Z G2k|nm (‘i C T)Slnk X1C05HmX2v
n=1 m=0
£1)= iikamm (&.¢,t)sind,xsinp,x,, p=3.
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The solution of the system (22) has the form (q, p=LN, k=LN+3, | :1,2)

Gign (6:6,8 HWXQCS) i=12), (24)
ki ( ) nm (& C, ) ( )
Gstlinm (g C ) 4Mk (}\fnsll SlnHmC+um82| Sln}\zn&)ssk + I:?Eiklnm (E_,aC,S)’
|1|2 k3nm (S) - anm (%,_C,S)
Gqus Kinm (a - S) q+3 ull (a 5 S) + 4 Aq (}Lnsll sinp, C+p, 8, Sm)"n&)alk +
Qsm(&69) My Ko )
47Ln”m o (8y cosp, G +8, cosA, £)S,,
Ill?— kq+3,nm (S)
- N

4 Fa| PoBassi _quaj8j+3‘kJ81' Sin”mc-’-“m(Dquwk —A, Zaj8j+3,k]82| sini, g
+ = =i |

|1|2 I(q+3,nm (S)

where

149

(8, cosp, & +8, COSA,E)S,, +

(23)
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an( ) I: 1nm (S)kZHm( ) ]k3nm (S)Hnm(s)_
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iklnm
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172 j=1
+4|'1L|2m|:}\4 S1nm Mm Snm ]Za Jnm Sln}\' &

121nm (E-' C S MI:Mm 1nm ) anSnm S :|Hnm S)COSMmC+

+_Hk3nm( )(}\‘ﬁ_”m)za'MZJanjnm( )COSMmQ"‘

|1|2

M““m [ %S (3) = o S ]Za I (8)COS K, G,
LI,
Posum (6,6,5)= 12u[um iom (5) = Ay S () [T, (S)COSA, E +
ﬁksﬂm( (e~ um)Za Mol T o (8)COSR, & +
+47|:"|i‘m [0S (3) = Py Saom ]Za I, (S)cosh,&,
Pasm (&€, S) ke [ 120 (X Ko () =y Ko ) = Sy (8) | T (8)SiN 1 G+

4 .
+|| Mm 3nm ZOL MZJnm jnm )Sm“mz;!
1°2
4 i
Raonm (6:6,5) = ” [S3nm( )+ ukip,, (knk2nm (S)— Ky Knm)]l'[nm(s)smxn@r

4 .
_T“k'lg}‘nKS Za MZJnm jnm )Slnkna'

172
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4a, N :
Pl,q+3,lnm (é, Q, S) [7\, S1nm —Hn S3nm ( ):I Dqunm _Aq Zlajnjnm (S) sin ng
j=

|1|2

B \ :
Pl,Q+3,2ﬂm (a,C,S) q ml:}L S1nm “mSBnm( ):I Dqunm )_quajnjnm (S) Sln}”n‘:i
l j=1
4 .
lenm (a G S) L] |: 3nm (S)Hnm Mm Snm za IVIlJnm jnm )}Smumg—k
1°2

40
+_|:Hm82nm —A SSnm :'ZO(‘ Jnm Sm“mc

4

Poonm (& G, S) |:82nm (S)H 3nm za M o1 jnm }sm}» E+

)= Xa Sz () ]Za IT,,, (s)sink, &,

I1|2

221nm (E-' C S M|:}\’ S2nm ) Mms3nm S ]Hnm S)COSMmC-l-

1 2
4
+#(“m_}‘“2) 3nm ZOL Mljnm jnm )COSme+
1'2
47;‘1“% [Mm 2nm 7\‘ S3nm :Iza Jnm COSHmC
12
4
PZZan (&7C'S)=#[}\’n52nm (S)—Mmsgnm S ]Hnm S COS?\,nE_,—i—
1°2

+4_M(Mm_}"2) 3nm ZOL Mljnm jnm )COS?\, &"’

|1|2

47;1"'?“*[% yun (8) =2 San (S ]za M, (S)cosh,g,

P (6.6.5)= if;k [ Surn (5) 4 HKE (ki (8) = Ko ) [T (S)siN11,C
:E K7 K ( Za M jon Lo (S)SN 11, G,

Prsznm (&:6:8) = TKF | kbt (Kuom (5) = 20 Ko ) = Sz (8) | T ()10 2, +

|1|2

+I4TMkT27\’nk3nm ZOL Ivlljnm jnm )Sin?\‘na’

1°2

4o, : :
=—qkn[um82nm (5) =20 Saom () ]| DgT g (8) = Aq D0t TT o () [sinp, &,
I1|2 =1 (25)
N

4o .
PZ,q+3,2nm (giq’s):T“m I:umSan (S)_x’ns‘snm( ):' Dqunm _Aq Zla‘jnjnm (S) sm}“n&i
J:

P?;klnm ((i, C' S) = ukT I?\‘n 1kinm (E‘a’c’ S) + um I:)2klnm (‘Vé’ Cl S)]’

I:>q+3,klnm (a’ C.H S) = Ivllqnm Fiklnm (a’ C.n S) +M 2gnm I:)Zklnm (a’ C.n S)'

The Laplace originals of the functions in (24) have the form [21] (i,1=12, q=LN,
j=12N+6, k=1,N+3))

P, g:310m (6:6:9)
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2N+6

|klnm & Z; T Z Alklnm (i (; SJ"”‘T
2nss _ _— Apk? 288 (X, 0y sinp C+ 1,8, SINALE) Sy 5. -
G3Fk|nm a C T z ASkInm a C J L ! z ( - 5 ) e

A ’
|1|2 j=2N+7 kénm( jnm)
S T 2N+6+] V T
q+31lnm E—v C T z A1+31Inm E.s C " +ZA]+31Inm g C Jnm

Aq Zk 61|SmMmC"‘HmSmS'mL & v,nmT
Y Kk’ (@
12 =1 q+3,nm Y]nm

Lo (689= 3, Alkam (G0 + AT 20
T4A T} 28“ cosum§+62| CoSA, & A mmt’
L, = k(;ﬂnm(y(m)m)

2N +6

s (2N+6 Y T
q+l p+3,Inm a Q T z Ah+3 p+3,Inm }; Q 't +ZA]+3 J;Hgllnm a C) Jnm

@)
4 _ _ 2 gl
T (Dqup —OcpAq)(Slmnsm umC+82,pmsmkn§)Zﬁ1
11 -1 kq+3,nm (anm)

i Pk'”m jnm r ikinm rmm
A(kJIZ]m (&ﬂg):%cs))’ (k?nm (i’g):%s)) r::l.,ZN +8,

(a)
(i) q+l kinm (i (; jnm) (2N+6+i) _ q+1,k|nm (Eﬂ C!anm)
+3, n'“m’gc ! +3,klnm &C - '
A\] kl ( ) Qq+3 nm (Sjnm> Ah ‘ ( ) Q(;+3,nm (Y(Jrli)m)

im+ 1=12N+6 are zeros of the polynomial P, (s), S,y,s.i.m are additional zeroes

(26)

where s;
of the polynomial Q. (s), y(m)m are additional zeroes of the polynomial Q,_ ., (S)
Sonr.m ==K (WS +12 ), S0 =Ky (20 +105),

o Lol-4TD(Mvnd) o L+ 141D, (12 +4s)

Ylnm ’ 2nm —
21, 21,

6. Example

For calculation, we consider a rectangular three-component (N =3) plate (independent
components zinc and copper, which diffuse in duralumin), with the following

characteristics [22].

A" 6931010'\',“ 2561010N,p—2700kg D2 =p;? = 28910‘1“—T =700K,

SeC

o1’ =034’ =1.55-10° Js’ 0y = o) =6.14-10"— L D =D =262:10" sn;c

n =0.0084, n{? =0.045, m" =0.065 kgl m® =0.064 kgl |=h"=5-10"m.
mo mo

We assume that the plate has the following dimensions: I/ =0.01m, I;=0.01m,
h*=0.0005m.
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Let us set the following load parameters in the boundary conditions (15) (other
fra =01n (19))

12 :
f(%,7)= —FMl(l) (%,7)=H (t)sin(u,x,),

12 .
f112 (Xz aT) = _FM 51) (X2 ,‘C) =H (T)Sln(plxz).

Calculating convolutions (16), taking into account (23) - (26), we obtain
N+2k

Xl(xl’XZ’T)zkZII[Glll(Xl’XZ'C’T_t) 111( — %, %, G, T— t}H Sm HlC)dtdC—
=loo
. 2 A 1 2N+6@m® _q Fillnl (Sjnl)
=l,sin(p, X sm—"coskn(—— j :
2 ( 1 z)nZ:; 2 2 X ; S Pn,l(sjnl)

(27)

N+2!

X1 Xz"LT Zij[GZIl Xi X, G, T— t) G211(|1_X1'X2'C’T_t):|H(t)SinMCdtdC:

k=1

. © 1 2N*‘sesj”ﬂ—1|:~)211nl(sjnl)
=, sin(u,x sm—”cosxn(—— ] '
2 (12);4 2 2 % ,Z-;‘ Sint Pnrl(sjnl)

N+2!

W(X, X%, T)= ZH[Gm X, %, 6,1 =)+ Gy, (b =X, %,,8,T—t) |H (t)sin(u,g)dtd g =

3 865 _1 Py (S
=1,sin(px, ZSln—cosk (1 )ﬁjZNZBe” 1 311n1(5,n1)’
n=1

LN

2 j=1 Sjn1 Q?tnl(sjnl)
N+2l2 T
X1 XZ, ,”[Gq+311 X, %,C,T— t)+Gq+311( _Xl’xz’g’r_t)]H(t)Sin(MC)dtdC:
k=L 00

2N+6 oSjn1t
el 1Pq+lllnl( jnl)

A 1
=1, sm M sm—co{ ( Xiﬂ ; +
1 Z 2 2 JZ—;‘ Sjnl Quram (Sj”l)

(a)
] RS 1 2 ey‘“l 1Pq+111n1(yjnl)

+1,sin (X )Zsm—”cos{xn[——xlﬂz +
2 2 n=1 2 2 j=1 y(jn)]. Q(;+3n1(y(1?1)1)

A, 2, A, 1 2, e'm_g
I qsm(“lxz)anmn?cos{kn (E_le:|z—()

!
1 n=l =1 kq+3 nl (yjnl)yjnl

where according to (3.8)

) I:)m n é’(a's 5 5 5
Pmllnl (S) :%v Pq+1,11n1 (S) = Mlqnl Plllnl(s) +M 2qnl P211n1 (S) (m =1, 2,3)-

The calculation results are shown in Figs. 2-9. 20 series terms are used for calculation.
Further increasing does not lead to visible changes in the results. E.g., the difference between
10 and 20 terms of series for deflections and concentration increments is less than 1%, and for
rotations of normal fibres it is about 3%.

Figures 2, and 3 show the rotations of a normal fibre, and Figs. 4, 5 show the deflections
of the plate. The result obtained in terms of deflections is in satisfactory agreement with the
result obtained for the Kirchhoff-Love plate [18,19].
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)(2,10_l
0,3
0,2
0.1+
0~
-0,1
-0,2
0,31 :
20 20 w5 20
Lo ~ L5 1.0 1,
0,5 x.10 x,10 >0 05 Tn 05 x,10
Fig. 2. The angle of rotation Fig. 3. The angle of rotation
%1 (X, X,,6.5-10) %2 (X, X%,,6.5-10)
w10~ w10’
0
-0.5- -0,5
-1,0- -1,0
_1,55 1,54
2,0 -2,0
L2100 . Lo b3 - ’ Lo .
P0604057 105 L0 s os
Fig. 4. The plate deflection w(x,,0.5,,7) Fig. 5. The plate deflection

W(X, X,,6.5-10)

A comparison of the results for the elastic diffusion model and elastic model (at
a}}(“)=0) shows that the influence of diffusion on the mechanical field at given boundary

conditions is negligibly small.

Figures 6, 7 show the surface density of the concentration increment of zinc (Fig. 6) and
copper (Fig. 7), which are initiated by bending moments (27) applied to the edges of the plate
X =0 and x =I. These increments have small values, which is confirmed by experimental

studies [23], according to which the effect of mechanical loads on the diffusion field begins to
manifest itself significantly, mainly during plastic deformations. Thus, elastic deformations
have little effect on the kinetics of mass transfer.
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2,0

L5

dos MOy o
Fig. 6. Surface density of the concentration  Fig. 7. Surface density of the concentration
increment H, (x,,0.5l,,7) increment H, (x,,0.5l,,71)

Figures 8, and 9 show the effect of relaxation processes on the kinetics of mass transfer.
It is shown that the effects associated with considering the finite velocity of propagation of
diffusion fluxes are significantly manifested in a finite time interval, commensurate with the

relaxation time @ and then decay (Fig. 9).

H,10° H,.,10° &
1,21 3,01
1,0+ 4.0-
0,8
3.0
0,6
B 2,04
0,411
f ]
0,24/ 107 4
0“’.-" 10" 10"

0o 02 04 06 08 10 Yo 02 04 o6 08 Lo
Fig. 8. Surface density of the concentration  Fig. 9. Surface density of the concentration
increment H, (0.1,,,0.5l,,7), ©€[0,10° | at increment H, (0.1,,0.5l,,7), Te[0,10" | at

different relaxation times. The solid line different relaxation times. The solid line
corresponds to 1\ = 200 sec., the dotted corresponds to t( =200 sec., the dotted
line to ¥ =100 sec., the dashed line line to ¥ =100 sec., the dashed line

19 =0 19 =0
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6. Conclusions

Using the d'Alembert variational principle, a mathematical model of unsteady elastic diffusion
transverse vibrations of a rectangular isotropic Timoshenko plate was constructed, which
describes the relationship between mechanical and diffusion fields in a continuum.
Furthermore, the model considers the relaxation diffusion effects, which determine the final
velocity of diffusion disturbance propagation.

A method for finding Green's functions in the problem of unsteady elastic diffusion
transverse vibrations of a simply supported plate is proposed. This method applies the integral
Laplace transform and the expansion in the double trigonometric Fourier series. Found
Green's functions made it possible to obtain an analytical solution to the problem of a simply
supported plate bending under the action of moments suddenly applied to the plate's edges.

The calculation performed for a three-component plate makes it possible to modeling
the nature of the mechanical and diffusion fields' interaction in a bent plate and the influence
of relaxation processes on the kinetics of mass transfer.

It should be mentioned that the algorithm suggested is not a universal method of
coupled initial boundary value problems solution, and in particular of mechanical diffusion
problems for plates. In the work [14] it is shown that a solution in the form of Fourier series is
possible only under certain boundary conditions. These include simple support. In other cases,
for example, for cantilever restraint, the method of equivalent boundary conditions is used. It
is tested on the example of one-dimensional problems of mechanical diffusion [14], as well as
for cantilever Bernoulli-Euler beams taking diffusion into account [25]. Solution of analogous
problems for plates using the method mentioned transcends the scope of this work because of
its awkwardness.
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