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Abstract. The unsteady problem of a homogeneous isotropic Timoshenko plate bending 
taken into account diffusion is considered. The initial mathematical formulation includes a 
system of equations of rectangular isotropic plate unsteady vibrations, obtained from a 
general model of elastic diffusion for continuum using the d'Alembert variational principle. 
An initial-boundary value problem is formulated, and Green's functions are found in the 
problem of a simply supported Timoshenko plate bending. In the example of a three-
component rectangular plate under the action of a pair of bending moments, the interaction 
effects of mechanical and diffusion fields and the influence of relaxation processes on the 
kinetics of mass transfer are modelled. The calculation results are presented in analytical and 
graphical forms 
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1. Introduction 
The paper considers an unsteady problem of elastic diffusion vibrations of a plate, based on 
the Timoshenko plate model. This model is a refinement of the classical Kirchhoff-Love plate 
model by taking into account shear deformations and the influence of inertial forces when the 
normal is rotated relative to the middle surface. 

The classical Kirchhoff-Love plate model often provides sufficient accuracy in solving 
many engineering problems. However, taking shear deformations into account can be 
essential for rods and plates made of an anisotropic material with a shear modulus much 
lower than Young's modulus. Some fibrous and composite materials, in particular human 
bones, have such properties. It is also important to consider shear deformations in the 
problems of three-layer rods and plate stability, where two bearing layers are made of thin, 
high-strength rigid material, and between them is a light and less durable filler. On the other 
hand, when the stiffness characteristics of the filler layer are significantly lower than the 
stiffness characteristics of the bearing layers, a simplified calculation using the classical 
Kirchhoff-Love model can lead to significant errors in determining the critical loads. This, in 
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turn, leads to a decrease in the economic efficiency of structures of technical systems or 
underestimates the potential resources of biological systems. 

An equally important problem in the design of structures, under the action of 
multifactorial unsteady external influences, is the question of different physical field's 
interaction in a continuum. As early as the beginning of the 20th century, it was 
experimentally proved that, due to beams and plate bending, a deformation gradient initiates 
the process of ascending diffusion [1-3]. This leads to the formation of a concentration 
gradient and, consequently, to the redistribution of the solute atoms. As a result, the matter 
from areas of compression in the area of tension is transferred. This phenomenon is called the 
Gorsky effect. The result of scientific research was published in 1936 [1]. In the same way, 
the mechanical field, the temperature, and electromagnetic fields are interconnected. 

A review of publications in this sphere shows that the problem of analyzing the 
interaction of mechanical and diffusion fields in thin-walled structural elements is also 
relevant today. Among the few publications on this topic are articles [4, 5]. They investigate 
the influence of diffusion processes on the bearing capacity of a smooth transversely isotropic 
shell. The contact interaction of a rod with an elastic half-space is considered in the works 
[6,7]. Publications [8-10] are devoted to the study of elastic diffusion processes in plates. The 
calculation of spherical shells taking into account diffusion is considered in [11]. 

It should be noted that all these problems are solved in a stationary formulation. The 
problems formulations of unsteady elastic diffusion beams and plate vibrations and methods 
for their solution are absent in the publications known to date. In the presented study, the 
mutual influence of mechanical and diffusion fields on each other in a Timoshenko plate 
under the action of external unsteady perturbations is investigated. 
 
2. Problem formulation  
The unsteady vibrations problem of a rectangular isotropic multicomponent Tymoshenko 
plate under the action of mechanical and diffusion perturbations are considered. A diagram of 
the applied forces and bending moments and the axes orientation of a rectangular Cartesian 
coordinate system is in Fig. 1. 

 
Fig. 1. Forces and moments acting upon the plate 

 
For the problem formulation, we use the coupled elastic diffusion continuum model in a 

rectangular Cartesian coordinate system, which has the following form [12 - 15]: 
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where ijσ  and ( )q
iJ  are components of the stress tensor and the diffusion flux vector, which 

are defined as follows 
( ) ( ) ( ) ( ) ( )

( )
( ) ( )

2

1 1
, 1, .

tN N
r r q q qt qk k

ij ijkl ij i q i ij ijkl
r tl j j l

u uC J J D q N
x x x x= =

∂ ∂∂η
σ = − α η + t = − + Λ =

∂ ∂ ∂ ∂∑ ∑  (2) 

Here the dots denote the time derivative. All quantities in (1), (2) are dimensionless. We 
accepted the following notation 
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where t  is time; ix∗  are rectangular Cartesian coordinates; iu∗  are displacement vector 
components; l  are characteristic linear dimensions in the problem; *

1l , *
2l  is the plate length 

and width; *h  is the plate thickness; ( ) ( ) ( )qqq nn 0−=η  is the concentration increment of q -th 
component in the multicomponent continuum; ( )qn  and ( )qn0  is the current and initial 
concentrations (mass fractions) of q -th component; ijklC∗  are components of the elastic 

constant tensor; ρ  is the medium density; ( )q
ij
∗α  are coefficients characterizing the medium 

volumetric changes due to diffusion; ( )q
ijD∗  are the self-diffusion coefficients; R  is the 

universal gas constant; 0T  is initial temperature; ( )qm  is the molar mass q -th component; ( )qτ  

is relaxation time of diffusion perturbations; ( )qtg  is the Darken's thermodynamic coefficients. 
The initial conditions are assumed to be zero (the continuum is unperturbed): 
- the mechanical part 

0 0
0, 0,i iu u

τ= τ=
= =  (4) 
- the diffusion part 

( ) ( )
0 0

0, 0 1,q q q N
τ= τ=

η = η = = . (5) 

Boundary conditions (the domain G  is bounded; in  are components of the outer normal 
unit vector to the surface G∂ ): 

- the mechanical part ( uG σ∂ = Π ΠG ; u σΠ ∩Π =∅ ) 

( ), 0 ,
ui i ij j iu U n P

σP P
= σ = τ >  (6) 

- the diffusion part ( JG η∂ = Π ΠG ; JηΠ ∩Π =∅ ) 
( ) ( ) ( ) ( )( ) ( ) ( ), 0, 1, .

J

q q q q q
i q i iN J J I q N

ηΠ Π
η = + τ = τ > =  (7) 

The quantities on the boundary conditions right sides are surface kinematic iU , ( )qN  

and dynamic iP , ( )q
iI  perturbations. 

 
3. Model of elastic diffusion vibrations of a Timoshenko plate 
To construct the equations for the bending of the plate, relations (1) - (7) using the d'Alembert 
variational principle are written in the form of the following variational equality: 
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 (8) 

where iuδ  are virtual displacement, ( )qδη  are virtual concentrations increments. 
Further, we assume that: 
1) The domain G  has the form [ ]2, 2G D h h= × − , where [ ] [ ]1 20, 0,D l l= ×  is the 

rectangular region of the plate's middle surface 3 0x = , DΓ =∂  is the middle surface boundary 
(fig.1) 

2) The plate surface has the form b− +Π =Π ∪Π ∪Π , where −Π  is bottom surface 
corresponds 3 2x h= − , +Π  is top surface corresponds 3 2x h= , 11 21 12 22bΠ =Π ∪Π ∪Π ∪Π  
are side surface. The surface 1kΠ  corresponding 0kx = , the surface 2kΠ  corresponding 

,k kx l=  1,2k = . We assume that the plate side surface is free from mechanical loads and mass 
transfer 

0.ij j ij jn n
− +Π Π

σ =σ =  (9) 

( ) ( )( ) ( ) ( )( ) 0.q q q q
i q i i q iJ J J J

− +Π Π
+ τ = + τ =   

3) Plate material is an isotropic perfect solid solution 

( ) ( ) ( ) ( ), , , .q q qr
ijkl ij kl ik jl il jk ijkl ij kl q ij ij q ij ij qrC D D=lδδ  +µ δδ  +δδ  Λ =δδ  Λ α =δ α =δ  (10) 

Here λ  and µ  are dimensionless elastic Lamé constants, ijδ  is the Kronecker symbol. 
4) Transverse plate deflections are considered small. We also consider that a straight 

fibre normal to the middle surface after deformation remains straight to the middle surface 
(the Timoshenko plate theory). Then the linearization of the unknown quantities concerning 
the variable 3x  will have the form (the approximate equality is replaced by the exact) 
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( ) ( )

1 1 2 3 1 2 3 1 1 2

2 1 2 3 1 2 3 2 1 2

3 1 2 3 1 2 3 1 2
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 (11) 

5) Taking into account (9), we assume that there are no deformations along the axis 
3.Ox  Then [16-20]: 

3
33

3

0 0.u
x
∂

ε = =ψ = ⇒ψ=
∂

 

Hence: 
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 (12) 

In this case, in accordance with (2), (10), and (11), the components of the stress tensor 
and the diffusion flux vector will be written as 

( )1 2
11 3 3 3

11 1 2 2

,
N

j j j
j

u vx x N x H
x x x x =

 ∂χ ∂χ∂ ∂
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∑  
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Substituting equalities (12) and (13) in (8), we obtain models of longitudinal and 
transverse vibrations of the plate [20]. The equations of longitudinal vibrations are similar in 
form to the two-dimensional equations of elastic diffusion for continuum and are not 
presented here. 

The transverse vibration equations have the form 
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∑   

where Tk  coefficient taking into account the uneven distribution of shear stresses over the 
thickness of the plate.  

If the shear stresses are distributed according to the Zhuravsky formula, then for a plate 
of thickness h  we have [16,17,20] 

2 5.
6Tk =  

The remaining quantities in (14) are defined as follows: 

1) 
2 2

1 3 1 3 13 3
2 2

h h

h h

m x F dx dx
− −

= − σ∫ ∫  and 
2 2

2 3 2 3 23 3
2 2

h h

h h

m x F dx dx
− −

= − σ∫ ∫ , where 1m  and 2m  are 

the surface distributed moment, 

2) 
2

3 3
2

h

h

q F dx
−

= ∫  is the surface distributed transverse load, 

3) ( )
2

3 3
2

h
q

q
h

z Y x dx
−

= ∫  is the surface density of bulk mass transfer sources. 
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Equations (14) are supplemented by boundary conditions, which are also obtained from 
the variational equation (8). In the simply support case of the plate on all sides, they have the 
form 
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Here ( )l
kM  are bending moments shown in Fig. 1; ( )l

ijΧ , ( )l
iW  и ( )1

1qH  are given boundary 
kinematic characteristics of the required physical fields. 

In accordance with (4), and (5), the initial conditions are assumed to be zero. 
 

4. Integral representation of the solution 
The solution to the problem (14), and (15) will be sought in the form 
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where the functions iklG  are the Green's functions of the problem (14), (15), which satisfy the 
equations 
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2

1 2
3, 1 1 2

11 2 0

1 2
3, 1 2 1

11 2 0

,

,

N
kl kl

j j kl k l
j x

N
kl kl

j j kl k l
j x

G G G x
x x

G G G x
x x

+
= =

+
= =

 ∂ ∂
+ l + α = δδδτδ     − ζ 

∂ ∂ 

 ∂ ∂
l + + α = δδδτδ     − x 

∂ ∂ 

∑

∑
 

1 1 2 2

1 2 1 2
3, 3,

1 11 2 1 2

0, 0,
N N

kl kl kl kl
j q kl j j kl

j jx l x l

G G G GG G
x x x x+ +

= == =

   ∂ ∂ ∂ ∂
+ l + α = l + + α =   

∂ ∂ ∂ ∂   
∑ ∑  (18) 

( ) ( ) ( ) ( )
1 1 1 2 2 22 2 1 2 2 1 2 2 1 10 0

, 0, , 0,kl k l kl kl k l klx x l x x lG x G G x G
= = = =
= δδδτδ     − ζ = = δδδτδ     − x =  

( ) ( ) ( ) ( )
1 1 1 2 2 23 3 1 2 3 3 3 2 1 30 0

, 0, , 0,kl k l kl kl k l klx x l x x lG x G G x G
= = = =
= δδδτδ     − ζ = = δδδτδ     − x =  

( ) ( )

( ) ( )
1 1 1

2 2 2

3, 3, 1 2 3,0

3, 3, 2 1 3,0

, 0,

, 0.

q kl q k l q klx x l

q kl q k l q klx x l

G x G

G x G

+ + += =

+ + += =

= δδδτδ     − ζ =

= δδδτδ     − x =
 

The functions klmf  define edge disturbances, which, in accordance with (15), have the 
form: 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

1 1
111 2 1 2 112 2 2 23 3

2 2
121 1 1 1 122 1 2 13 3

1 1 2 2
211 2 21 2 212 2 22 2 221 1 11 1 222 1 12 1

1 1
311 2 1 2 312 2 2 2 321 1

12 12, , , , , ,

12 12, , , , , ,

, , , , , , , , , , , ,

, , , , , ,

f x M x f x M x
h h

f x M x f x M x
h h

f x x f x x f x x f x x

f x W x f x W x f x

τ = − ττ  = − τ

τ = − ττ  = − τ

τ = Χ ττ  =Χ ττ  =Χ ττ  =Χ τ

τ = ττ  = τ ( ) ( ) ( ) ( ) ( ) ( )2 2
1 1 322 1 2 1, , , , , ,W x f x W xτ = ττ  = τ

 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

1 1
2,11 2 1 2 2,12 2 2 2

2 2
2,21 1 1 1 2,22 1 2 1

, , , , , ,

, , , , , .
q q q q

q q q q

f x H x f x H x

f x H x f x H x
+ +

+ +

τ = ττ  = τ

τ = ττ  = τ
 (19) 

 
5. Algorithm for finding Green's functions 
We will assume that the plate material is an ideal solid solution. In this case [12-15] 

( ) ( ) ,
,

0,
qqr qr

qr qr q

D r q
g D D g

r q

== δ = = 
≠

 

Applying the Laplace transform to (17), (18), we obtain ( s  is Laplace transform 
parameter, superscript L  denotes the Laplace transform): 
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( )

( )

2 2 2
3,2 21 1 3 2

1 12 2
11 2 1 1 2 1

2 2 2
3,2 22 2 3 1

2 22 2
11 2 2 1 2 2

2
3

,

,

LL L L L N
j klL Lkl kl kl kl

kl T kl j
j

LL L L L N
j klL Lkl kl kl kl

kl T kl j
j

L
kl

GG G G Gs G k G
x x x x x x

GG G G Gs G k G
x x x x x x

s G

+

=

+

=

∂ ∂ ∂ ∂ ∂
= +µ +µ − + l +µ + α ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂ ∂
= µ + +µ − + l +µ + α ∂ ∂ ∂ ∂ ∂ ∂ 

=

∑

∑
2 2

2 3 1 3 2
2 2
1 1 2 2

,
L L L L
kl kl kl kl

T
G G G Gk
x x x x

 ∂ ∂ ∂ ∂
µ − + − ∂ ∂ ∂ ∂ 

 (20) 

2 2 3 3 3 3
3, 3,2 1 2 1 2

3, 3, 2 2 3 2 2 3
1 2 1 1 2 1 2 2

;
L L L L L L
q kl q klL L kl kl kl kl

q kl q q kl q q

G G G G G GsG s G D
x x x x x x x x
+ +

+ +

 ∂ ∂  ∂ ∂ ∂ ∂
+ τ = + + L + + +    ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂  

 

( )

( )
1

2

1 2
3, 1 1 2

11 2 0

1 2
3, 1 2 1

11 2 0

,

,

L L N
Lkl kl

j j kl k l
j x

L L N
Lkl kl

j j kl k l
j x

G G G x
x x

G G G x
x x

+
= =

+
= =

 ∂ ∂
+ l + α = δδδ   − ζ 

∂ ∂ 
 ∂ ∂
l + + α = δδδ   − x 

∂ ∂ 

∑

∑
 (21) 

1 1 2 2

1 2 1 2
3, 3,

1 11 2 1 2

0, 0,
L L L LN N

L Lkl kl kl kl
j j kl j j kl

j jx l x l

G G G GG G
x x x x+ +

= == =

   ∂ ∂ ∂ ∂
+ l + α = l + + α =   

∂ ∂ ∂ ∂   
∑ ∑  

( ) ( )
1 1 1 2 2 2

2 2 1 2 2 1 2 2 1 10 0
, 0, , 0,L L L L

kl k l kl kl k l klx x l x x l
G x G G x G

= = = =
= δδδ   − ζ = = δδδ   − x =  

( ) ( )
1 1 1 2 2 2

3 3 1 2 3 3 3 2 1 30 0
, 0, , 0,L L L L

kl k l kl kl k l klx x l x x l
G x G G x G

= = = =
= δδδ   − ζ = = δδδ   − x =  

( )

( )
1 1 1

2 2 2

1, 3, 1 2 1,0

1, 3, 2 1 1,0

, 0,

, 0.

L L
q kl q k l q klx x l

L L
q kl q k l q klx x l

G x G

G x G

+ + += =

+ + += =

= δδδ   − ζ =

= δδδ   − x =
  

Multiplying the first equation in (20) by 1 2cos sinn mx xλm  , the second equation by 

1 2sin cosn mx xλm  , the third and fourth by equation 1 2sin sinn mx xλm  , 1/n n ll = π , 2/m m lm = π  
and integrating into the rectangle [ ] [ ]1 20, 0,D l l= ×  taking into account conditions (21), we 
obtain 

( ) ( ) ( )

( ) ( ) ( )

1 1 2

2
3 3, 1

1

, , , ,

, , , , ,

LF LF
nm klnm nm klnm

N
LF LF

T n klnm n j j klnm klnm
j

k s G s K G s

k G s G s F+
=

ξ ζ + ξ ζ −

−m l ξ ζ −l α ξ ζ = ξ ζ∑
 

( ) ( ) ( )

( ) ( ) ( )

1 2 2

2
3 3, 2

1

, , , ,

, , , , , ,

LF LF
nm klnm nm klnm

N
LF LF

T m klnm m j j klnm klnm
j

K G s k s G s

k G s G s F+
=

ξ ζ + ξ ζ −

−mmξ   ζ −m α ξ ζ = ξ ζ∑
 (22) 

( ) ( ) ( ) ( ) ( )2
1 2 3 3 3, , , , , , , ,LF LF LF

T n klnm m klnm nm klnm klnmk G s G s k s G s F −m l ξ ζ +mξ  ζ + ξ ζ = ξ ζ   

( ) ( ) ( ) ( ) ( )1 1 2 2 3, 3, 3,, , , , , , , ,LF LF LF
qnm klnm qnm klnm q nm q klnm q klnmM G s M G s k s G s F+ + +− ξ ζ − ξ ζ + ξ ζ = ξ ζ  

where 
( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( )

2 2 2 2 2 2 2 2
1 2

2 2 2 2 2 2 2
3 3,

2 2 2 2
1 2

, , 1 ,

, ,

, , ,

nm T n m nm T n m q q

nm T n m q nm q q n m

qnm q n n m qnm q m n m nm n m

k s s k k s s k

k s s k k s s s D

M M K

∗

+

= +m + λ +mm = +m +mλ +m Λ = Λ λ −

= +mλ  +m = + τ + λ +m

= Λ λλ  +m = Λ mλ  +m = λ +mλm 
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( ) ( ) ( )

( ) ( ) ( )

( ) ( )

2
1 1 3 1 1 2 2

1 2 1 2

2
2 1 3 2 1 2 2

1 2 1 2
2

3 1 2 3
1 2

44, sin cos cos ,

44, sin cos cos ,

4, sin sin ,

m
klnm k T k l m l m l n k

n
klnm k T k l n l m l n k

T
klnm n l m m l n k

F k
l l l l

F k
l l l l

kF
l l

mm
ξ ζ = − δ +mδδm    ζ + δm  ζ + δ l ξδ

ml
ξ ζ = − δ +mδδ   l ξ + δm  ζ + δ l ξδ

m
ξ ζ = l δm  ζ +mδ  l ξδ

 

 ( ) ( ) ( )3, 1 2 1 1 2 2
1 2 1 2

4 4
, sin sin cos cosq n m q

q klnm n l m m l n k l m l n kF
l l l l

∗

+

Λ l m Λ
ξ ζ = l δm  ζ +mδ  l ξδ  + δm  ζ + δ l ξδ  +  

 3, 3, 1 3, 3, 2
1 11 2 1 2

4 4sin sin ;
N N

n m
q q k q j j k l m q q k q j j k l n

j j
D D

l l l l+ + + +
= =

   l m
+ δ −Λ α δδm   ζ + δ −Λ α δδ  l ξ   

   
∑ ∑  

( ) ( )

( ) ( )

( ) ( )

1 2

1 2

1 2

1 1 1 2 1 2 2 1
1 2 0 0

2 2 1 2 1 2 2 1
1 2 0 0

1 2 1 2 2 1
1 2 0 0

4, , , , , , cos sin ,

4, , , , , , sin cos ,

4, , , , , , sin sin ,

l l
LF L
klnm kl n m

l l
LF L
klnm kl n m

l l
LF L
pklnm pkl n m

G s G x x s x x dx dx
l l

G s G x x s x x dx dx
l l

G s G x x s x x dx dx
l l

x ζ = x ζ l m

x ζ = x ζ l m

x ζ = x ζ l m

∫ ∫

∫ ∫

∫ ∫

 (23) 

( ) ( )

( ) ( )

( ) ( )

1 1 2 1 1 2
0 1

2 1 2 2 1 2
1 0

1 2 1 2
1 1

, , , , , , cos sin ,

, , , , , , sin cos ,

, , , , , , sin sin , 3.

L LF
kl klnm n m

n m

L LF
kl klnm n m

n m

L LF
pkl pklnm n m

n m

G x x G x x

G x x G x x

G x x G x x p

∞ ∞

= =

∞ ∞

= =

∞ ∞

= =

x ζ τ = x ζ τ l m

x ζ τ = x ζ τ l m

x ζ τ = x ζ τ l m ≥

∑∑

∑∑

∑∑

 

The solution of the system (22) has the form ( ), 1, , 1, 3, 1,2q p N k N l= = + =  

( ) ( )
( ) ( ), ,

, , 1,2 ,
, ,

iklnmLF
iklnm

nm

P s
G s i

P s
ξ ζ

ξ ζ = =
ξ ζ

 (24) 

( ) ( )
( )

( )
( )

( ) ( )
( )

( )
( )

( )

2
1 2 3 3

3
1 2 3 3

3, 1 2 1
3,

3, 1 2 3,

1 2 2

1 2

sin sin , ,4, , ,
, ,

, , sin sin4, ,
, ,

4 cos cos

n l m m l n k klnmLF T
klnm

nm nm

q klnm q n l m m l n kLF
q klnm

q nm q nm

n m q l m l n k

q

P skG s
l l k s Q s
P s

G s
Q s l l k s

l l k

+
+

+ +
∗

+

l δm  ζ +mδ  l ξδ  ξ ζm
ξ ζ = +

ξ ζ
ξ ζ L l δm  ζ +mδ  l ξδ

ξ ζ = + +
ξ ζ

l mL  δm  ζ +δ l ξδ
+

( )

( )

3,

3, 3, 1 3, 3, 2
1 1

1 2 3,

sin sin
4 ,

nm
N N

n q q k q j j k l m m q q k q j j k l n
j j

q nm

s

D D

l l k s

+ + + +
= =

+

+

   
l δ −L α δδm   ζ +mδ  −L α δδ  l ξ   
   +

∑ ∑

 

where 
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( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( ){ } ( )

2
1 2 3

2 4 2 2
1 2

3 1 2 2 1
1

2

,

nm nm nm nm nm nm

T m nm n nm nm m n nm

N

nm j m nm n nm jnm n nm m nm jnm jnm
j

P s k s k s K k s s

k k s k s K s

k s k s K M k s K M s
=

 = − P − 
 −mm  + λ − mλP   − 

− α m −λ + λ −mP       ∑

 

( ) ( ) ( ) , 3,pnm pnm nmQ s k s P s p= ≥  

( ) ( ) ( ) ( ) ( ) ( )3, 3, 3,
1 1, 1, ,

, , .
N N N

nm j nm jnm r nm ijnm r nm
j r r j r r i j

s k s s k s s k s+ + +
= = ≠ = ≠

Π = Π = Π =∏ ∏ ∏  

( ) ( ) ( ) ( ) ( ) ( )
( ) ( )

2 4 2 2 4 2
1 2 3 2 1 3

2 4
3 3

, ,

.
nm nm nm T m nm nm nm T n

nm nm nm T m n

S s k s k s k S s k s k s k

S s K k s k

= −mm  = −mλ

= −mmλ 
  

The rest of the polynomials ( ), ,iklnmP sξ ζ , included in the solution in solution (24) are 
defined as: 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( )

111 1 3 2
11 2

1 3
11 2

112 3 3 2
11 2

1 3
1 2

4, , sin

4 sin ,

4, , sin

4

N

nm nm nm m nm j jnm jnm m
j

N
n

n nm m nm j j jnm m
j

N

nm nm nm n nm j jnm jnm n
j

m
n nm m nm

P s S s s k s M s
l l

S s S s s
l l

P s S s s k s M s
l l

S s S s
l l

=

=

=

 
ξ ζ = − P −m α Pm  ζ+ 

 
l

+ l −m α Λ Pm  ζ  

 
ξ ζ = P −l α P l ξ+ 

 
m

+ l −m

∑

∑

∑

( )
1

sin ,
N

j j jnm n
j

s
=

α Λ P l ξ  ∑

 

( ) ( ) ( ) ( )

( )( ) ( )

( ) ( ) ( )

121 1 3
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2 2
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11 2

1 3
11 2

4, , cos

4 cos

4 cos ,

nm m nm n nm nm m

N

nm n m j jnm jnm m
j

N
n m

n nm m nm j j jnm m
j

P s S s S s s
l l

k s M s
l l

S s S s s
l l

=

∗

=

ξ ζ = mm  −l Pm  ζ+  
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+ l −m α Pm  ζ+

l m
+ l −m α Λ Pm  ζ  

∑

∑

 

( ) ( ) ( ) ( )
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4 cos ,
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N
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N
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j
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=

∗

=
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+ l −m α P l ξ+

l m
+ l −m α Λ P l ξ  

∑

∑

 

( ) ( )( ) ( ) ( )
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( ) ( )

2 2
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2
3 2
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132 3 2
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2
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4, , sin

4 sin ,

4, , sin
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nm T T n n nm m nm nm nm m

N

T m nm j jnm jnm m
j

nm T nm T m n nm m nm nm n

N
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j
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=

=
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+ mm  α Pm  ζ

 ξ ζ = m +mm  l −mP  l ξ+ 

− m l α P

∑

∑ ,nl ξ
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( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1, 3,1 1 3
11 2

1, 3,2 1 3
11 2
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q n
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j
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=

+
=

α l  
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 
α m  
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∑
 

( ) ( ) ( ) ( ) ( )
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11 2

2 3
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j
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=

=
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j

N
n m

m nm n nm j j jnm m
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( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

2, 3,1 2 3
11 2

2, 3,2 2 3
11 2

4
, , sin ,

4
, , sin ,

N
q

q nm n m nm n nm q qnm q j jnm m
j

N
q

q nm m m nm n nm q qnm q j jnm n
j

P s S s S s D s s
l l

P s S s S s D s s
l l

+
=

+
=

α  
ξ ζ = l m −l P −Λ α Pm  ζ   

 
α  

ξ ζ = mm  −l P −Λ α P l ξ   
 

∑

∑
 (25) 

( ) ( ) ( )
( ) ( ) ( )

2
3 1 2

3, 1 1 2 2

, , , , , , ,
, , , , , , .

klnm T n klnm m klnm

q klnm qnm klnm qnm klnm

P s k P s P s
P s M P s M P s+

ξ ζ =m l ξ ζ +mξ  ζ  
ξ ζ = ξ ζ + ξ ζ

 

The Laplace originals of the functions in (24) have the form [21] ( , 1,2i l = , 1,q N= , 
1,2 6j N= + , 1, 3,k N= + ) 
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( ) ( ) ( )

( ) ( ) ( ) ( )
( )

2 6

1
1

22 8 2 8
1 2 3

3 3
1 2 71 2 3

, , , ,

sin sin4, , , ,

jnm

jnm jnm

N
sjF

iklnm klnm
j
N N

s sj n l m m l n kF T
klnm klnm

j j N nm jnm

G A e

kG A e e
l l k s

+
τ

=
+ +

ττ

= = +

ξ ζ τ = ξ ζ

l δm  ζ +mδ  l ξδ m
ξ ζ τ = ξ ζ +

′

∑

∑ ∑
 

( ) ( ) ( ) ( ) ( )
( )

( )( )
( )

2 6 2
2 6

3,1 3,1 3,1
1 1

2
1 2

11 2 3,

, , , ,

4 sin sin ,

q
jnm jnm

q
jnm

N
sj N jF

q lnm q lnm q lnm
j j

q n l m m l n
q

j q nm jnm

G A e A e

e
l l k

+
γ ττ + +

+ + +
= =

γ τ

= +

ξ ζ τ = ξ ζ + ξ ζ +

Λ l δm  ζ +mδ  l ξ
+

′ γ

∑ ∑

∑
 

( ) ( ) ( ) ( ) ( )
( )

( )( )
( )

2 6 2
2 6

3,2 3,2 3,2
1 1

2
1 2

11 2 3,

, , , ,

4 cos cos ,

q
jnm jnm

q
jnm

N
sj N jF

q lnm q lnm q lnm
j j

q n m l m l n
q

j q nm jnm

G A e A e

e
l l k

+
γ ττ + +

+ + +
= =

∗
γ τ

= +

ξ ζ τ = ξ ζ + ξ ζ +

Λ l m δm  ζ +δ l ξ
+

′ γ

∑ ∑

∑
 (26) 

( ) ( ) ( ) ( ) ( )
( )

( )( )
( )

( )( )

2 6 2
2 6

1, 3, 3, 3, 3, 3,
1 1

2

1 2
11 2 3,

, , , ,

4 sin sin ,

q
jnm jnm

q
jnm

N
sj N jF

q p lnm q p lnm q p lnm
j j

q qp p q l n m l m n q
j q nm jnm

G A e A e

eD
l l k

+
γ ττ + +

+ + + + + +
= =

γ τ

= +

ξ ζ τ = ξ ζ + ξ ζ +

+ δ −α Λ δ l m ζ +δm  l ξ
′ γ

∑ ∑

∑
 

( ) ( ) ( )
( )

( ) ( ) ( )
( )

( ) ( ) ( )
( )

( ) ( )
( )( )

( )( )

3
3

1,1, 2 6
3, 3,

3, 3,

, , , ,
, , , , 1,2 8,

, ,, ,
, , , , , ,

iklnm jnmj r iklnm rnm
iklnm klnm

nm rnmnm jnm
q

q klnm jnmq klnm jnmj N i
q kl n m q klnm q

q nm jnm q nm jnm

P s P s
A A r N

Q sP s
PP s

A A
Q s Q

++ + +
+ +

+ +

ξ ζ ξ ζ
ξ ζ = ξ ζ = = +

′′

ξ ζ γξ ζ
l mξ  ζ = ξ ζ =

′ ′ γ

 

where jnms , 1,2 6j N= +  are zeros of the polynomial ( )nmP s , 2 6 ,N i nms + +  are additional zeroes 

of the polynomial ( )3nmQ s , ( )q
jnmγ  are additional zeroes of the polynomial ( )3,q nmQ s+  

( ) ( )
( ) ( ) ( ) ( )

2 2 2 2
2 7, 2 8,

2 2 2 2

1 2

, ,

1 1 4 1 1 4
, .

2 2

N nm T n m N nm T n m

q q n m q q n mq q
nm nm

q q

s ik s ik

D D
+ += − mλ  +m = mλ  +m

− − − τλ  +m − + − τλ  +m
γ = γ =

ττ

 

 
6. Example 
For calculation, we consider a rectangular three-component ( 3N = ) plate (independent 
components zinc and copper, which diffuse in duralumin), with the following 
characteristics [22]. 

( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2
2 210 10 14

11 22 02 2 3

2
1 1 2 2 1 17 7 12

11 22 11 22 11 223 3

1 2 1 2
0 0

6.93 10 , 2.56 10 , 2700 , 2.89 10 , 700 ,

1.55 10 , 6.14 10 , 2.62 10 ,

0.0084, 0.045, 0.065 , 0.064

N N kg mD D T K
m m m sec

J J mD D
m m sec

kg kgn n m m
mol

∗∗ ∗∗  −

∗∗∗∗∗∗      −

l = ⋅ m = ⋅ ρ = = = ⋅ =

α =α = ⋅ α =α = ⋅ = = ⋅

= = = = 4, 5 10 .l h m
mol

∗ −= = ⋅

 

We assume that the plate has the following dimensions: 1 0.01l m∗ = , 2 0.01l m∗ = , 
0.0005h m∗ = . 
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Let us set the following load parameters in the boundary conditions (15) (other  
0mklf = in (19)) 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1
111 2 1 2 1 23

1
112 2 2 2 1 23

12, , sin ,

12, , sin .

f x M x H x
h

f x M x H x
h

τ = − τ = τ µ

τ = − τ = τ µ
 (27) 

Calculating convolutions (16), taking into account (23) - (26), we obtain 

( ) ( ) ( ) ( ) ( )

( ) ( )
( )

2

1

2

1 1 2 111 1 2 111 1 1 2 1
1 0 0

2 6
111 1 1

2 1 2 1
1 1 1 1 1

, , , , , , , , sin

1 1sin sin cos ,
2 2

jn

lN

k
sN

n jnn
n

n j jn n jn

x x G x x t G l x x t H t dtd

P sel x x
s P s

t+

=
t∞ +

= =

c t = ζ t− − − ζ t− µ ζ ζ =  

l − = µ l −  ′ 

∑∫∫

∑ ∑


 

( ) ( ) ( ) ( )

( ) ( )
( )

2

1

2

2 1 2 211 1 2 211 1 1 2 1
1 0 0

2 6
211 1 1

2 1 2 1
1 1 1 1 1

, , , , , , , , sin

1 1sin sin cos ,
2 2

jn

lN

k
sN

n jnn
n

n j jn n jn

x x G x x t G l x x t H t dtd

P sel x x
s P s

t+

=
t∞ +

= =

c t = ζ t− − − ζ t− µ ζ ζ =  

l − = µ l −  ′ 

∑∫∫

∑ ∑


 

( ) ( ) ( ) ( ) ( )

( ) ( )
( )

2

1

2

1 2 311 1 2 311 1 1 2 1
1 0 0

2 8
311 1 1

2 1 2 1
1 1 1 3 1 1

, , , , , , , , sin

1 1sin sin cos ,
2 2

jn

lN

k
sN

n jnn
n

n j jn n jn

w x x G x x t G l x x t H t dtd

P sel x x
s Q s

t+

=
t∞ +

= =

t = ζ t− + − ζ t− µ ζ ζ =  

l − = µ l −  ′ 

∑∫∫

∑ ∑


 

( ) ( ) ( ) ( ) ( )

( ) ( )
( )

( )

2

1

2

1 2 3,11 1 2 3,11 1 1 2 1
1 0 0

2 6
1,11 1 1

2 1 2 1
1 1 1 3, 1 1

2 1 2 1

, , , , , , , , sin

1 1sin sin cos
2 2

1sin sin cos
2 2

jn

lN

q q q
k

sN
q n jnn

n
n j jn q n jn

n
n

H x x G x x t G l x x t H t dtd

P sel x x
s Q s

l x x

t+

+ +
=

t∞ +
+

= = +

 t = ζ t− + − ζ t− µ ζ ζ = 

l   − = µ l − +   ′  

l + µ l −


∑∫∫

∑ ∑


( )

( )

( )( )
( )( )

( )
( )

( )( ) ( )

1

1

2 1,11 1 1

1 1 1 3, 1 1

2

1 2 1
1 11 3, 1 1 1

1

4 1 1sin sin cos ,
2 2

q
jn

q
jn

q
q n jn

q q
n j jn q n jn

q n
n n q q

n j q n jn jn

Pe
Q

ex x
l k

γ t∞ +

= = +

γ t∞

= = +

γ  − +  γ ′ γ 

Λ l   − + µ l l −    ′ γ γ 

∑ ∑

∑ ∑

  

where according to (3.8) 

( ) ( ) ( ) ( ) ( ) ( )11 1
11 1 1,11 1 1 1 111 1 2 1 211 1

, ,
, 1,2,3 .

sin
m n

m n q n qn n qn n
m

P s
P s P s M P s M P s m+

ξ ζ
= = + =

m ζ
     

The calculation results are shown in Figs. 2-9. 20 series terms are used for calculation. 
Further increasing does not lead to visible changes in the results. E.g., the difference between 
10 and 20 terms of series for deflections and concentration increments is less than 1%, and for 
rotations of normal fibres it is about 3%. 

Figures 2, and 3 show the rotations of a normal fibre, and Figs. 4, 5 show the deflections 
of the plate. The result obtained in terms of deflections is in satisfactory agreement with the 
result obtained for the Kirchhoff-Love plate [18,19]. 
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Fig. 2. The angle of rotation 

( )1 1 2, ,6.5 10x xχ ⋅  

 
Fig. 3. The angle of rotation 

( )2 1 2, ,6.5 10x xχ ⋅  
 

 

 
Fig. 4. The plate deflection ( )1 2,0.5 ,w x l τ  

 
Fig. 5. The plate deflection 

( )1 2, ,6.5 10w x x ⋅  
 
A comparison of the results for the elastic diffusion model and elastic model (at 

( ) 0q
ij
∗α = ) shows that the influence of diffusion on the mechanical field at given boundary 

conditions is negligibly small. 
Figures 6, 7 show the surface density of the concentration increment of zinc (Fig. 6) and 

copper (Fig. 7), which are initiated by bending moments (27) applied to the edges of the plate 
1 0x =  and 1 1x l= . These increments have small values, which is confirmed by experimental 

studies [23], according to which the effect of mechanical loads on the diffusion field begins to 
manifest itself significantly, mainly during plastic deformations. Thus, elastic deformations 
have little effect on the kinetics of mass transfer.  
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Fig. 6. Surface density of the concentration 

increment ( )1 1 2,0.5 ,H x l τ  

 
Fig. 7. Surface density of the concentration 

increment ( )2 1 2,0.5 ,H x l τ  
 
Figures 8, and 9 show the effect of relaxation processes on the kinetics of mass transfer. 

It is shown that the effects associated with considering the finite velocity of propagation of 
diffusion fluxes are significantly manifested in a finite time interval, commensurate with the 
relaxation time ( )qτ  and then decay (Fig. 9). 

 

 
Fig. 8. Surface density of the concentration 

increment ( )1 1 20.1 ,0.5 ,H l l τ , 100,10 τ∈    at 
different relaxation times. The solid line 
corresponds to ( ) 200 .q secτ = , the dotted 

line to ( ) 100 .q secτ = , the dashed line 
( ) 0qτ =  

 
Fig. 9. Surface density of the concentration 

increment ( )1 1 20.1 ,0.5 ,H l l τ , 110,10 τ∈    at 
different relaxation times. The solid line 
corresponds to ( ) 200 .q secτ = , the dotted 

line to ( ) 100 .q secτ = , the dashed line 
( ) 0qτ =  
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6. Conclusions 
Using the d'Alembert variational principle, a mathematical model of unsteady elastic diffusion 
transverse vibrations of a rectangular isotropic Timoshenko plate was constructed, which 
describes the relationship between mechanical and diffusion fields in a continuum. 
Furthermore, the model considers the relaxation diffusion effects, which determine the final 
velocity of diffusion disturbance propagation. 

A method for finding Green's functions in the problem of unsteady elastic diffusion 
transverse vibrations of a simply supported plate is proposed. This method applies the integral 
Laplace transform and the expansion in the double trigonometric Fourier series. Found 
Green's functions made it possible to obtain an analytical solution to the problem of a simply 
supported plate bending under the action of moments suddenly applied to the plate's edges. 

The calculation performed for a three-component plate makes it possible to modeling 
the nature of the mechanical and diffusion fields' interaction in a bent plate and the influence 
of relaxation processes on the kinetics of mass transfer. 

It should be mentioned that the algorithm suggested is not a universal method of 
coupled initial boundary value problems solution, and in particular of mechanical diffusion 
problems for plates. In the work [14] it is shown that a solution in the form of Fourier series is 
possible only under certain boundary conditions. These include simple support. In other cases, 
for example, for cantilever restraint, the method of equivalent boundary conditions is used. It 
is tested on the example of one-dimensional problems of mechanical diffusion [14], as well as 
for cantilever Bernoulli-Euler beams taking diffusion into account [25]. Solution of analogous 
problems for plates using the method mentioned transcends the scope of this work because of 
its awkwardness. 
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