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Abstract. It is known that vacuum Maxwell equations being considered on the background of
any pseudo-Riemannin space-time may be interpreted as Maxwell equations in Minkowski
space but specified in some effective medium, which constitutive relations are determined by
metric of the curved space-time. In that context, we have considered de Sitter, anti de Sitter,
and Schwarzschild models. Also we have studied hyperbolic Lobachevsky and spherical
Riemann models, parameterized by coordinates with spherical or cylindric symmetry. We

have proved that in all the examined cases, effective tensors and of electric permittivity &;(X)
and magnetic permeability 4 (x) obey one the same condition: &;(X) s (X) =3, .
Expressions for tensors &;(x) and s, (x) are simple, but this simplicity is misleading. For

each curved space-time model we are to solve Maxwell equations separately and anew. We
have constructed the solutions, applying Maxwell equations in spinor form.
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1. Riemannian geometry and modeling the constitutive relations for special media
It is known that vacuum Maxwell equations being considered on the background of any
pseudo-Riemannin space-time may be interpreted as Maxwell equations in Minkowski space
but specified in some effective medium, which constitutive relations are determined by metric
of the curved space-time [1-44]. Detailed treatment of such a possibility for quasi-Cartesian
coordinates was given in Ref. [45].

Let us start with Maxwell equations in a medium when using some curvilinear

coordinates (x”) and corresponding metric G_,(x). So we have
1
— af _ 1a

0,F, +0,F, +0,F;=0, —zaﬂ\/—GH =J7, 1)
where G =det[G_;(X)] stands for the determinant of a metric tensor. We are to use two
electromagnetic tensors, F,,(x) and H*(x), related to each other by means of some
constitutive equations. Also, let us assume that a certain Riemannian space-time model is
parameterized by formally similar coordinates (x”) with metric g,,(x). Maxwell vacuum
equations in that space-time have the form

http://dx.doi.org/10.18720/MPM.4512020_12

© 2020, Peter the Great St. Petersburg Polytechnic University
© 2020, Institute of Problems of Mechanical Engineering RAS



Spinor Maxwell equations in Riemannian space-time and the geometrical modeling of constitutive relations in... 105
Ba _ i
0,f, +0,t, +0 1, J_ 0,-g 0 = j°, 2)

hs () =5f,,(x), h?(x)=59"()g” () f,, (%), 3)
in (3) we have specified vacuum constitutive relations; g =det[g,,(x)]. The second equation
in (2) may be rewritten as

S I A - Ny (4)
NE) »\/—G J-G

Let us define the new variables

_ pa V=0 | g \—9(x)
Fp(¥)=1,(x), H™(X)= «/—_Gh (x), 3“(x) = \/?()J “(%), (%)

then Eq. (2) may be understood as Maxwell equations of form (1) in the flat space-time:

G HY —
0,F, +0,F,+0,F, = T 0,N-GH (6)
the relation between two electromagnetic tensors is described by the formula

H () = &, %ﬂig 47 (8" () F., (X). @

In that context, we will consider space-time models with event horizon; all of them have
a metric of one the same structure. We restrict ourselves to spherically symmetric case, for

definiteness we keep in mind de Sitter, anti de Sitter, and Schwarzschild models:

dS? = pdt> —r?d6” —r?sin’ @d¢*> — @ 'dr?, dS? =dt* —r’dg” —r’sin’ gd¢* —dr?. (8)
Because the metric determinant of the models is the same, G(x)=g(x), the effective

constitutive relations (7) become simpler

H?(X) = &9 (X)9” () F,,,(x). (9)
Taking into account the metric tensor(numerating coordinates as x“ = (t,0,¢,r)):
Vo O 0 0
0 -Ur? 0 0
pa _ , 10
g 0 0 -lr’sin4 0 (10)
0 0 0 —
we get the constitutive relations modified by the Riemannian metric:
" =5,0% g”FOj >
1 g 1 &
B e
H' :gog“gijij >
H? =g 2 F,|, H¥= gOF], H? = o FJ.
r?sin’@ 23} q){rz 31 r‘sin‘g *
The last formulas can be rewritten differently:
E
Dgzl oE_zg’ D¢:£ 02 -¢2 D' =¢E,;
o r @ resin“g
B
HY = i 2 Bgz H¢=(pi—f, Hr:i Z sr4 5 (11)
M, rsin® 4 Mo T M, I sIin" @
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where we have used the identity ¢® =1/g 4, and the definitions for two tensors:

0 -E' —-E2 _E3
E? 0 —cB® +cB2
F.)= , (H®)=
(Fo) E2 4cB® 0 —cB (H™)
E* —cB2 +cBr 0

0 -D? -D2 -Ds3
Dl _H3 HZ
2 0 /c + 1/c. (12)
D +H3/c 0 —H"/c
D® —-H2c +HY%c 0

The constitutive relations (11) can be presented with the help of electric permittivity and

magnetic permeability tensors:

D! (%) = 608 (VEV (x), H'(X) == 14, (X)BY(x).

Hy

p’(r) 0 0 p(r) 0 0

[&;(D]1=] 0 @) 0, [k(N]=| 0 ¢(r) O, (13)
0 0 1 0 0 1
where
E0) :5’ go _ B . B® :£’ B® :i, (14)
h, h,h, hhy hh,

and h; are determined by Minkowski metric (7) in the spherical coordinates:
dS; =dt* —hd&® —h,dg’ —h,dr?. (15)

Simplicity of relations (13) is misleading; in fact, for each of curved space-time models
we are to solve Maxwell equations separately and anew. Let us specify the effective

constitutive equations for four models:
Minkowski, r € (0,+x),

1 00 1 00
e=0 1 0, =0 1 0
0 01 0 01
de Sitter, r € (0,+1),
(1-r3)" 0 0 (1-r?)
e=| 0 @-r>)* 0, um=| O
0 0 1 0
anti de Sitter, r € (0,+0),
(1+r?)™ 0 0 (1+7r?)
e=| 0 @+r)™* o, u=| O
0 0 1 0
Schwarzschild, r € (L, +o0),
(1-1vr)™ 0 0 @-21r)
£= 0 @a-vr)™* 0o, m=| O
0 0 1 0

0
1-r?)
0

o O

0
(L+r?)
0

o

0 0
@-vr) Q.
0 1

Direct comparison is possible only for Minkowski and anti de Sitter models, due to the

same region for the radial coordinates.

Such an interpretation is possible for other curved spaces as well. Let us discuss

hyperbolic Lobachevsky and spherical

Riemann models being compared with
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Minkowski one:

dS¢ = dt? —r?d&* —r?sin* 0dg* —dr?,

dS? = dt? —sinh? rd@” —sinh?rsin® 8d¢* —dr?,

dS? = dt? —sin® rd&” —sin’ rsin* @d¢* —dr?.
For Lobachevsky space we have

. sinh?’r sinh?r
0j _ Ji 03 _
HY =———¢&,0 FOJ., H™ = ————¢F,
r r
O sinh’r g, FH sinh®r &, F
=" 2 5 o =" 2 o o oo
r sinh“r r sinh“rsin- @
. osinh’r L 5, sinh®r &,
H'=——¢50"9"F;, H =—F————"——F,,
r r- sinh®rsin®* @
HE sinh®r &, a_sinh’r g
r> sinh?rsin?9 % r>  sinh?r **
or differently
g £ sinh?r
HOl:_r_gFou Hozz_rzsigngoza H* = e &Fos
2
B & a_ & o I &y
H™ = 2 i 2 2z, H __2F31’ =L 2. 4.4 Fa,
rsin“ @ sinh“r rsin* @

which may be rewritten in terms of effective tensors as follows:

D' (%) = £ (OED (), H'(%) =— 14, ()BD(),

0

1 0 0 10 0
[¢;(N]=0 1 0 |, [#(N]=0 1 0
0 0 sinh?r/r? 0 0 r?sinh?r

For spherical Riemann space we have similar results with one change:
sinh’r, r e(0,4w) = sin’r, r (0, 7).
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(16)

(17)

(18)

Let us consider examples with cylindric symmetry. For flat Minkowski space we have

(numerating coordinates as x“ = (t,r,¢,z))

1 0 0 O
G - 0 -1 0 0]
Y10 0 -r* o/
0 0 0 -1
in spherical Riemann space an analogous metric is
1 0 0 0
Jop = 8 01 —sicr)l2 r 8 ’ re(O,%), Ze(_%’+%)'
0 0 0 —cos’ z
Generated by this metric constitutive relations have the form
H = g sinrcosz gapgﬂana,

that is

(19)

(20)

(21)
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. sinrcosz . sinrcosz ¢
HOJ — gogJJFoj’ H03:_ 02 FO3,
r r Cos“ z
sinrcosz sinrcosz ¢
HOl:_—gOFOl’ HOZ:_ . 02 02>
r r sin“r
i sinrcosz ;o sinrcosz ¢
HIJ:—gog“g”Fija H12: . (; Flza
r r sin“r
sinrcosz £ sinrcosz ¢
23 0 31 _ 0
H™ = — —Fy, H™ = —F,.
r sin“rcos” z r cosr
This result may be presented with the help of two effective tensors as follows
sinrcosz
e 0 0
r
i i rcosz
DI(X) = &y&jj (X)E(J)(X), [gij(raz)] = 0 p 0 |,
sinr
sinr
0 0
I cosz
r
— 0 0
sinrcos z
i 1 - sinr
H'(x) == 14;()BY (x), [14(r,2)]=| O 0 | (22)
Ly I COS Z
I COS Z
0 0 -
sinr
referring to cylindric coordinates in Minkowski space, the electromagnetic components are
e B go_B go_B go_B

h;’ hh hh,’ hh,’
dt? —dr? —r’dg? —dz? = dt’ —hdr? —h,d¢* —h,dz?.

In the case of hyperbolic Lobachevsky space, we have similar results with the evident
modifications

sinh r cosh z 0 0
r
D' (X) = £, (OEW (%), [ (r,2)] = 0 rcoshz ,
sinhr
0 sinhr
rcosh z
_; 0 0
sinhrcosh z
: 1 . sinhr
H'(X) =— 2, ()BP(X), [1(r,2)]= 0
yn r cosh z
0 rc_osh YA
sinhr

For all the listed examples, effective tensors obey one the same restriction:
& (x) Hi (X) =3 -
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2. Spinor form of Maxwell equations
To introduce spinor notations, it is convenient to start with the ordinary Dirac equation

0 —a a
AR o Sy (23)
o 0 yp
o*=(l,6'), & =(l,-0').
In the 2-spinor form we have two equations
ic%0.E=my, i5°0,n=mé. (24)
Let us attach spinor indices to Pauli matrices: o* =(c?),,, &5*=(5%)", then Eq. (24)

(iy’0,—-mWw¥=0, »*=

b

read

i(0°0,), & =My, 1(5%0,)" n, =mé”. (25)
Electromagnetic tensor is equivalent to a pair of symmetrical second rang spinors:

Fon <—>{¢f"‘ﬂ,77dﬁ}; correspondingly, the eight Maxwell equations are presented as follows:

(0°0,) EP = (o-b)pa e”d,, (5%,)™ My = (5-b)pdgdﬁ. J.; (26)
the second equation is conjugate to the first one. In (26) we use spinor metrical matrices:
(€,5) = ic”, (¢7)=-ic’; (gd/;) =io?, (&?)=-ic’. (27)

To prove equivalence of spinor form (26) to the ordinary Maxwell equation in vector
form, let us apply notations without spinor indices. To this end, we take into account identities

(égaﬂ) =z anG2 » (770'[,5) = _zmnanO_Z ’

mn 1 m__n _n m =mn 1 m —n n—m
Z =Z(5a ), = =Z(G g'—o'g"). (28)
Then Eq. (26) can be rewritten as
c%0,2"F, =-0c"3,, &0,3"F,, =-5",. (29)

Now we are to take into account the identities
X" :OJ( —iF23)+(72(F02—iF31)+03(F03—iF12),

_mnF Ul( iF23)+02(_F02_iF31)+G3(_F03_iF12)§
with the deS|gnat|0ns
F,=-E'.F,=-E’,F,=-E°, F,=B'F,=B*F,=B° (30)
they read
>"F,, =—0'(E'+iB")—o'(E* +iB*) -’ (E’ +iB’) =—ca,,
im“an =o' (E'-iB") +0o'(E* -iB%) + o' (E® -iB® )=+Gij. (31)
So we get
(gaﬂ) —ymn ano_z _ ‘_i(a? _iaz) - ias_ i
ia, +i(a+ia,)
s BB B |
ib, i(b+ib,)
Taking into account (31), Eq.(29) can be presented in the form
00, 0'a; =0, &°0,0'b,=-5"],, (32)
or
(0,+07'9,) (c¥a,)=J, +0'ij , (0,—0'9) (c*b)=-], +0'ij : (33)

From (33) we derive
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0"0,8, + (0, +iw, 0")0,a, ,=J,+0c"J,,
o"0.b, - (5, +iw,o")ob, .==J,+c"J, .
Therefore, we have four equations
o8 =3J,, 0, +iw,0a =J,, Ob=J,, Ob, —iw,0b =J,,
or differently

@ o,(E' +iB") = J,,
2 0, (E' +iB") +iw,, 0,(E* +iB*) =],
1) o,(E'-iB") =J,,
2) 0,(E' —iB")~im,, 0,(E* -iB") = J, .

Summing and subtracting equations within pairs as shown, we obtain
1+1, oE'=J,, 1-1, 0,B'=0;
2+2, 0,E"-w,0B" =], 2-2, 9,B"+w,0,E"=0;
that can be identified with Maxwell equations in vector form:
divE=J° divB=0, rotB=9o,E+J, rotE=-9,B, (34)
where
E=(E"),B=(B"), J°=J,,J=(")=(-J,).

3. Separating the variables in de Sitter model
Covariant Maxwell equations in spinor form can be obtained by the same method, which is
used for generalizing the Dirac equation [45]:

ic”(¥)[0, +Z,()]E(¥) =mn(x), i5“(M)[2, +E.(¥)]n(x) =m&(x). (35)
So, the generally covariant Maxwell equations are

ic”(¥)[0, +Z, () ®1 +1 ®Z, (X)|£(X) = o’ (X) (i) 4(X),

i5°(0)[0, +E. () ®1 +1®F,(0)]n(x) = o (X)(+ic?)J 4(x), (36)

where we use notations[45]:

o“(x) =0} (), &(X)=5%4(X),

1_. _ 1_,
z,(x)= EZ be(’;)va (Bpyp) Zo(X)= EZ be(ﬂx)va (€py4)- (37)

ZabZ%(o_'an—o_'bO'a), iabZ%(Gao_'b—O'bo_'a).

As in Minkowski space, the second equation is conjugate to the first, so it suffices to
study only the first one (further we follow the case in the absence of electric currents)
o“(X)[0, +Z,()® 1 +1®%_(x)]£(x)=0. (38)

In (38), the quantity &(x) stands for a symmetric 2-rang spinor, it can be treated as a
2x2-matrix function. Eq. (38) can be presented also with the help of the Ricci rotation
coefficients y,,, =+€.) 5.6 e5 as follows

[&e{c)(x)aa +o° (% Q1+ ®%Zab)yabc(x)}§(x) =0. (39)
Let us specify Eq. (38) in the known static de Sitter coordinates:
2
dS? = (L—r?/p?)c2dt? — r2(d6? +sin? 6d¢?) —l‘:%, (40)
—rlp

where p is the curvature radius. Below we will apply dimensionless coordinates
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ct/p =t, r/p =r.We use the diagonal spherical tetrad [46]:

X“=(t,0,¢, 1), p=1-r?, (p':d—q),

dr
e(ma—(J- .0,0,0), g, =(0.0,0, Jp), (41)
=(0 1 0,0 =(0,0 1 0
e(l)a _( 9?9 ” )5 e(2)a_( ’ 7@7 )
Local Pauli matrices are
a“(x)—(i _il _‘7_2 —\f_a3) —a(x)_(i il 6_2 \/_03)
\ﬁ’ r rsing’ VP97 © ﬁ’r’rsina’ po )
Having in mind the general formulas [46]
o 1 50" - 5% 0 =0
4 0 O'ao' O'b5'a 0 iab ?
ab a
r (x)= 11z e(a)Va(e(b);ﬂ 0 Za(x) 0
“ 0 5@ e(a) a(e(b) 3 0 .(X)

and the known expressions [46] for bispinor connection in de Sitter space, we find the
2-spinor connections:

2 0 ’ ’ 3
r="t =2 o _¢|0/2 03 , T, =0,
0 5| 2 2| 0 -0°/2
>, 0 —ic?/2 0
r,="’ =Jp o= 42
T P e e I (42)
> 0 1 _ 32
=’ _|= gosin¢9|0/2 ? +c0s6 o™/ _03
0 3, 0 o2 0 -ic’/2
Therefore, Eq. (39) takes the form
{\/—]'_{6I+%(0'3®|+|®0' }a\/_a +—{a —|‘/_(a Rl+1®c )}
®
2
42 {%H\/_SIHH(G ©1+1064-i12%% 3®I+I®a3)}}§=0.
rsinéd 2
It is convenient to re-group the terms differently, separating the angular operator:
H 2 2 1 1 ! 3 3
g+¢[0_3g+l(_o_lo' R+ Q0 +O_2c7 ®I+I®a)+go ocRN+1®c 1+
ot or r 2 2 2¢ 2
i0,+c0s0(c> @1 +1®c%)/2
+£{0189F—i02 ¢ (o : o) }}g:O. (43)
r sin

We will construct the solutions with spherical symmetry, by diagonalizing the operators
of total angular momentum. In this tetrad basis, it has Schrodinger-like structure [46]:

3=+ COS¢S3’ 3=+ sm¢ S, J3=I3:—ii, (44)
0 sin@ op

where

1 0
SS:ij12:%(03®l+l®o-3), 0'3:‘0 JJ
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We are to find the eigenstates of matrix S, :

ab a b
1(a3®|+i®a3) —o . (45)
2 b b ¢
Explicitly, this equation reads
a bl |a -b a b
+ =20 ,
-b —c| b -c b c

whence it follows the linear system with three different solutions:
a=oa o=+1 a=1b=0,c=0;
0O=0ob = o=0, a=0,b=1c=0; (46)
c=-oC o=-1 a=0,b=0,c=1.
So we have three eigenvalues o =-10,+1 and three eigenstates:

0 01 00

O = +15 , O=U, , O= _1, . (47)
0 10 01

We construct the solutions obeying two equations
(37 +37+35)600) = j(J+DE(X), ;600 =m&(x),
in accordance with the general theory [46] the spinor £(X) should have the form
L Af(r)D,  h(r)D, _

S(x)=e™" , D,=D,_,(4,6,0); (48)

h(r)D, 9(r)D, :

where f, g, h stand for unknown radial functions; indices j,m at Wigner functions are
omitted. The substitution (48) is correct only for the following values of j and m:
J=123.; m=—j—-j+L...j-1].
For the states with j =0, the initial substitution for &£(x) is different:
: 10 h(r)
=0, x)=e"' .
] £(x) hr) 0

Now we should separate the variables in Eq. (43). First, we find (the factor e is
omitted for brevity)

(49)

f(r)D, h(r)D
&(x) = ' it

h(r)D, 9(r)D,,
o . |HwfD, -iehD, .o, |fD, nhD,
ot° |-iwhD, —iwgD, " or° |-hD, gD,
i 1 0°®1+1®0?  ,o0'®1+1®0" 1| f(ND, 2h(r)b,
—| —O + 0o ) §=_ 5
r 2 2 ri-2h(r)b, —g(r)D,,
AR +1®c° _f(r)Dﬁl 0

2 0 -g(r)D,,|

We find the action of angular operator %,, on spinor &(x) (keeping in mind that
io,D),,=—-mDJ ,):
, —M+cosf(c’ @1 +1®c°%)/2
sind

Zy s (X) =0'0,¢ —io ¢=
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_|ho,b, 99,D,4 1 h mD, g (m+cosé)D,,
fo,D, ho,D,| sing|f (—-m+cosd)D, -hmD, |

or

5, E00) = h (6, +msin™) D, g [0,+(m+cosd)sin-14]D,, .
’ f [0,+(—m+cos@)sin—10] D , h (0,—msin-t) D,

Using the known recurrent formulas for Wigner functions [46]
8,D., =%(b D,-aD,),(—m+cos)sin 0D, :%(—b D,-aD,),

9,0, :%(a D, —b D+2),(m+COS‘9)Sin719 D, :%(a D, +b D,,),

0,D, :%(a D,-aD,),msin" 6D, =%(a D,+aDb,),

a= J(J+1)7 b= (J_l)(J+1)a

we derive
h D gD
y _ -1 0 _ 50
095 = D, -hD, (50)
Therefore, Eq. (43) takes the form
—-iwf D, -iwhD, fD, hD,
LiwhD, —iwgD, ")|l-hD, -gD,
1/fD, 2hD,| ¢'|fD, £ D, 9D|_,
—2hD, -gD, 2¢| O —gD r |-fD, -hD,
whence it follows the system of four radial equatlons
—ia)f+go(i 1 (p)f+afh 0, +|a)g+go( o1 ¢)g+afh 0,
r r r
—la)h+(p(—+ )h+a\/_g 0, +|a)h+(o( + )h+a\/_f—0 (51)
dr

remembering that a=ﬂ/J(J +1). The equatlons for the case j =0 follow from (51) by setting

f=0,0=0,a=0:

0=0, O=O,—ia)h+qo(i+g)h=0,+ia)h+¢)(i+g)h=0. (52)
dr r dr r

There exists only one and trivial solution,h(r)=0, which means that Maxwell
equations do not have solutions with j=0.
Turning to (51), let us sum and subtract equations 3 and 4; this leads to

Z(p(i+g)h+aﬁ(f+g):0, h:i—aﬁ(f—g). (53)
dr r r 20 T

By substituting from equations 3 and 4 the variables f(r) and g(r) expressed through
h(r), one can check readily that the first equation in (53) turns out to be an identity 0=0.
This means that we have only three independent equations:

n-f2de 4y
20 1
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Liof oLt (/’)f+a*/_h 0, +|a)g+(o( +1 "")g+a\/_h 0. (54)
dr r 2go r 2¢

Excluding the function h(r) , we obtain

d 1 ¢ ia® d 1 ¢ iw ia®
Y B | BN G AL g)=0. (55)
dar r 20 ¢ 20r dr r 20 ¢ 2

Let us sum and subtract equations in (55), in the same time introducing new variables,

f+g=F, f—g=G.ThisresuItsin
Qi 2 o, —G 0, (—+1 LAYy (56)
dr r 2¢ 0 or? r 2¢ @

System (56) is simplified by introducing sample muItipIiers:F=(r\/5)‘llf,
G = (ryp)'G; so we obtain

2 2
0L E (@ _8)Go0, pLG-inF, (57)
dr Qo r dr

whence it follows the second order equation for the main function G :
2

[d—2+ﬂ'i+“’——‘(”1)jc; 0, E(r)= @—G(r) (58)

2

dr? pdr o rgp

4. Solutions in Minkowski space
Let us briefly consider the simplest variant of Eq. (58) for Minkowski space (when ¢ =1):

(d_zzmz_j(j:l)jézo_ (59)

dr r

Here we have the equation with one regular point r =0 and one irregular point r =00
of the rank 2, so it belongs to a confluent hypergeometric type. The possible asymptotic
behavior for solutions is

r—-0,G~r'" r’; r-wG~e™, ", (60)
With the use of substitution
rrrg(r), a=j+l-j, b=tio, (61)
We obtain the foIIowing equation (in the variable x =-2br)
:I ?+(2a x) -ag=0, (62)
that is identified Wlth the confluent hypergeometric equation
d F dF
—+(c—X)—-aF =0, c=2a. 63
X3 F (c—x) i (63)

Let us fix parameters a and b: a= j+1 b=iw, x=-2br =-2iwr, then the regular in
the point r =0 solution has the form (see notations in [47])
G.(x) =x""e¥?d(a,c;x), a=j+1, c=2a. (64)
Taking in mind the known Kummer identity ®(a,c;x)=e*®(c—a,c;—x), we readily
prove this solution is a real-valued one in all the points (up to the factor +1):
Gi(¥) = X" D(j+12j+2,X) = (1) () e P D(j+L2j+2X), X =(-x).
Since the second parameter ¢=2(j+1) takes on integer values, the singular near the
point r =0solution is given by the different function (see in [47]):
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r@a+2j)
r(j+1)

The description becomes more symmetric after transforming the main equation (59) to
Bessel form:

2 2
G(=+rg(r). z=ar, ‘j'j >+ ij‘j (1—p—jg 0, p=(j+12). (66)
Two independent solutions J (z) and J_ (z) refer to the confluent hypergeometric
functions according to the formulas

z e

J, (2)=(=)"
.(2) (2) razp)
there are known relations

1,@=-G"Y n,r(n+1+p)(2)2“ L2l e) = \F cosfz—(>+p) 2], (68)

n=0

g(x)=xe*¥(a,c;x),a=—j,c=-2j; g(x—>0)=x"- (65)

iz

O(Ep+1/2,£2p+1L-2iz); (67)

5. Solutions in de Sitter space
Let us study the main radial equation for G(r) in de Sitter model:
2 ' 2
d—2+£i+a)—2 J(J+l) =0, (69)
dr* e@dr ¢ r’e
explicitly it reads
2 2 i
dz_ 2rzi+ 0)2 2 2(14—12 G=0. (70)
dre 1-r“dr (@-r°)° r°@d-r°)
In the variable z=r?, we have

2

r 2 - -2 . -2
d pe L, @ A L ‘“—“J}Gzo. (71)

2-1 22°dz M-1+z)° 4&(-1+2) 4z 4(z 1) 47° 47

Here we have an equation of hypergeometric type with three regular points. The
behavior of solutions in the vicinity of singular points is described by the formulas:

z—>O,C_5=za,a:J—+1,—i; 71, G=(01-2)°, b= +'—w
2 2 2

We search the complete solutions in the form G = z* (1-z)° H(z), after performing the
calculation needed we arrive at
4z(1-z)H" +[8a(l-2z)-8bz +2(1-3z)|H'+
H[4a(a-1)+2a— j(j +1)]E+[4b(b 1) +4b+ a)z]li—
z -z

—4a(a-1)—8ab—-4b(b-1)-6a—6b]JH =0.
Equating coefficients at z* and (z—1)"" to zero, we find the known restrictions on
parameters aand b, so obtaining more simple equation

z1-2)H ”+[2a+%—(2a+ 2b+3/2)z]H'—(a+b)(a+b+1/2)H =0, (72)
that is identified with the hypergeometric equation having parameters
a=a+b, ,B:a+b+%, 7:2a+%. (73)

In order to find the asymptotic behavior of the basic solution F(z)=u,(z) at z—>1, we
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should apply the Kummer relation [47]:
0 (2) = LT (r—a—p) U, + TN (a+B-y) U,
I(y—a)l'(y - p) INCIINVE)

u=H(a.B;7:2), u,=H(a Bia+p+1-yl1-1), (74)
Ug=(-2) “PH(y—a,y - fry+1-a-B1-12).

When z —1, the first formula in(74) gives
Fl(Z _)1) — F(J/)F(V_a_ﬁ) +r(7/)r(a+ﬁ_}/) (1_ Z)}/—a—ﬂ )

L(y—a)'(y - p) L(@)l'(p)

Therefore, solution G(z) at z —1 behaves as follows (taking in mind y —a— 8 =-2b,

and b=+iaw/2)

= _ I(y—a-p) _w L@+ B=y) o
Sl —are -2 e Y |

Due to identities
(r—a-p)=-2b, a+p-y=+2b=>y-a-pA),

(-a)=a+2-b=f. (-f)=a-b=a,

we can conclude that the function G(z —1) is real. It is readily proved that the function
G,(2z) is real in the whole region of variable z. To this end, we should apply the Kummer
identity
U =F(a B;r;2)= -2y “"F(y—a,y - B;1:2),
which provides us with two apparently different representations for one the same function:
2*(1-2)°F(a. B;7;2) = 2°(1-2)"L-2) “"F(y—a.y = B 73 2).
This can be rewritten as follows (remembering that a is real)
G()=2"(-2)F(a. fi1:0) = 2°(1-2)" F(B'.a"s12), (75)
s0 Gy(2) =[G,(2)'-
It is convenient to fix parameters, a=(j+1)/2,b=+iw/2; this choice corresponds to
regular at z =0 solution. The singular solution refers to the function u,(z):
U (2) =2 F(a+1-y, B+1-y;2—1:2), Gi(z > 0) =2%2"7 = 20212 = 7712, (76)
For function u, there are possible two different representations:
U (2) =2"F(a+1-y, B+1-y;2—y;2) =77 A-2) “"F(l-a,1- B;2-y;2);
so we have two representations for the complete solution:
G(2)=2""(1-2)*F(-j2+iad2,/2~ j2+iad2;1/2~ j;2) =
=z12(1-2)"F2—-j/2—ia/2,—j/2 -/ 2;1/2— j;2),
this means that G4(z) =[Gs(2)]" -
In order to construct the complex and conjugate to each other solutions with the given
behavior at z —>1:

U, ~(1-2)° =@-2)"?, Uy~ Q-2 =(-2)"7,
We should apply Kummer solutions u,(z) and u,(z).

In order to clarify the physical meaning of the arising mathematical task, we turn back
to Eq. (69)
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dr " dr
and transform it using the new variable r,:
goi:i = r*:llnlJr—r; r->0o,rr—>0; r—1lr, —+oo. (78)
dr dr, 2 1-r
Correspondingly, Eq. (77) reads

¢(i¢i+wz_1(1:1)¢jé=0 (77)

d’ ig+) ~ d* j(i+D)=
d_rf+w2_ 2 A-r)]G=0, r—0, [W_ = 1G=0; (79)
note the behavior near the point r =1:
2
[%mz]ézo, G =e"" =(coswr, tisinar,);
r

*

the solutions behave as massless harmonic waves. Eq. (79) may be treated as Schrodinger-like
equation with an effective potential

d? — j(j+1
[+ -uoI6=0, un =10, (80)
we should take in mind relations
e’ —1 . 1 4j(j+1e*"
r= , U) =0+ =z-D=--""F—7
le* +1 ( ) (J + )(rz ) (EZr* _1)2

6. Solutions in anti de Sitter model
The study of the previous section can be extended to anti de Sitter space-time:
2
dS? = pdt® —r*(d&” +sin® 6d¢?) —dL, @=1+r?re(0,+0). (81)
®

We do not need to repeat the most of the above calculation, and can start with Eq. (58)
2 ’ 2 Y2
d_2+£i+a)__u GZO, (82)
dr* edr ¢ re
here it reads

£d2 2r d | % i(j+2) jézo' (83)

—_— + —_— —
dr® 1+r?dr (1+r?? r?’(l+r?)
Transforming it to the new variable, r* =y, y € (0, +0) , we get
P .
G=0, pr(y)= L@ —IUDY=JU+D (84)
4y“(1+y)
that can be interpreted as the equation of Scrodinger type with an effective linear momentum
P?(y), its behavior at singular points is described by the formulas:

? 2
F"‘P

y —0, P2~L2+1)—)—oo;
4y
2 ic 2 i
yosoo, P22 4J(3J+1): {+8 o i+ >0, (A (85)
y -0, & j(j+1<0. (B)

In the quantum-mechanical context here, we have easily interpretable only the case
(A), when ®°> j(j+1); the situation (B) is anomalous, for instance, a corresponding
classical particle with such parameters cannot exist.

Let us transform Eq. (84) to the new variable, y=-z, z=-r?, z € (—»,0), so obtaining
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Egme o D)o, o
dz®= 2z(1-z)dz 4z(Q1-z)° 4z°(1-2)
Applying the substitution G =z*(1—2)° H(z); we derive the equation for H(z) (we
can use result (72) with the change @” to —@?)
4z7(1-z)H" +[8a(l—z)-8bz +2(1-32)|H'+

H[4a(a—1)+2a— j(j+1)]%+[4b(b—1)+4b—a>2]é—

—4a(a-1)—8ab—4b(b—-1)-6a—6b}H =0. (87)
Impose the evident restrictions, a=(j+1)/2,—j/2, b=xw/2; then fix the

parameters as follows
1l e

5o b=—7< 0, G(z2)=z""2(1-2)"""H(z). (88)
All the possible functions H(z) must be solutions of the hypergeometric equation
Q-2)F"+[y—(a+f+)zF' —afF =0,

j+l-w 1 1 .
a 5 B=a U . (89)

Taking F(z) as the Kummer solution u,(z) (see in [47]):

j+l-w j+2- 3
0 (2) = F(au B, 7:2) = F (3 5 o4 > @ ~:2), (90)

we come to the situation, where it is possible to obtain the solutions in polynomials,
a=-nn=012,..:

2 5

w=2Nn+ j+1, ul(z):F(—n,—n+%,j+3/2;z). (92)

The corresponding complete solution is given by
Gu2) =292 (1-2) U (L4 gz +.. 42" s
at z——oo we have
G(z = —o0) = 202 (—z) U2 [1+ CZ+..+C2" ] — const.

Thus, we have constructed the solutions G,(z) in the quasi-polynomial form, which is
finite at two singular points, r=0, and r=o0; the parameter @ is quantized,
w=2n+j+1 n=012...

Let us study the case of singular solutions, when G(z —0) ~ z*2. To this end, we
should use another Kummer solution

Us(2) = 2 F(a+1-7, f+1-7,2-72) = Z""“F(_J{w’_J_gwﬂ,—j%;z); (92)
the corresponding complete solution is
_ - -j-o -j-o+1 . 1
7) = 7712702 (Z @ by ,—j+=:2). 93
Gs(2) ( > > 1+3 ) (93)
As above, we can apply some quantization condition:
#:—ng co=2n’—j+1,c_;5(z):z‘j”z‘””/zF(—n—%,—n,—j+%;z). (94)

The structure of this spectrum is substantially different from the previous one: in
particular, at each j there are possible negative values for .
To find the behavior of that solution at infinity, we apply the following Kummer
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formula
US(Z) — F(Z_j/)r(ﬂ_a) eifr(lfy) U3(2)+ F(Z_j/)r(a_ﬁ) ei;r(lfy)u4(z);
FA-a)'(B+1-7) Fd-pr(a+1-y)
at z — —oo it gives
— F(Z—}/)F(IB—OK) eizr(l—;/) (_Z)—a + F(Z—]/)F(a—ﬂ) ei/r(l—y) (_Z)—ﬁ;
FA-a)l'(B+1-7) Fd-pr(a+1-y)
so the corresponding complete solution behaves as
rR-nr(g-a) ir(7) 5=i/25-n+j/2 (—2)" +
Irl—-a)r'(f+1-y)
" I'2-y)'(a-p) gir(=7) 5= i/2 5112 (_Z)+n—1/2 ’
F1-pr(a+1-y)
whence, ignoring the second term, we arrive at
F2-rf-a) =an
Irl—a)r(p+1-y)
Thus, the functionu,(z) leads to the complete solution G.(z) with a quasi-polynomial
structure, which is singular at z=0 and regular at infinityz=-oo; the corresponding
quantization rule is @=2n"— j . This type of solution is of questionable physical interest.

In order to clarify the physical meaning of the arising problem, let us turn back to
Eq. (82), written in the form

Us(Z2 > —o0)

Gs(z > —0) =

Gs(z > —0) =

(95)

({g(ogmz_ J(J;rl)(pjézo; (96)
dr " dr r
and transform it to the new variable:
qodi:d— = r,=arctanr, tanr,=r;r—0,r, >0;r —>+oo,r, N (97)
rodr,
Then Eq. (96) in this variable reads
d? S = Vs
—+o - j(j+DA+ G=0, re(0,>). 98
o o = j(j+1)( tanzr*)} e ( 2) (98)
Here we have the Schrodinger type equation with an effective potential
[ 42
d—2+a)2—U(r*)}C_5:0, U=j(+D+——). (99)
| dr; tan“r,

This problem is easily interpretable in quantum mechanics if the following inequality is
valid

2
0> j(j+]) = Qz>%j(j+l). (100)

In this point we should recall that the related to solutions G,(z) spectrum for @
satisfies the needed requirement

o’ —j(j+1) =4n"+(4n+1)(j+1) >0. (101)
Let us consider from this point of view the spectrum related to solutions G4(z):
w=k-j, where k=02n"+1)e{L35,..}. (102)

From (102) it follows @’ — j(j+1)=k*—2kj—j. Taking in mind the roots of this
polynomial
K =j— I+, —1<k <0;  k,=j+j1+1j,k, >2],
we conclude that
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o*—j(j+1)<0, when (20" +1) < j+ jJ1+1],

@ —j(j+1) >0, when  (2n'+1) > j+ j1+1j.
Therefore, the solutions of type G.(z) are relevant just to the situation badly
interpretable from the physical point of view.

(103)

7. Maxwell equation in Schwarzschild metric
We can start with the main radial equation, specifying to Schwarzschild space-time, when

(pzl—i:

2 2
dr? go dr 1) Ty 1)
or explicitly
2 2,2 HYaH
@t 4, or JUD T gy (105)
dre r(r-)dr (r-21 r r-1

Here we have the equation with three singular points, the points r =0.1 are regular, the
point r =oo is irregular of rang 2; this is the class of confluent Heun functions.
Equation (104) becomes more understandable after transforming it to other variable:

d d W j(j+1 j— dr 1
i G=0,dr,=—=dr(l+—),
((od ot T Y % ey
r,=r+In(r-1), r -oo, r, >+00; r—1+0, 1, >0, (106)

d? = j(j+1
(sz—um)}e:o, U(r*):a)z——J(Jrz >

£

Let us note the behavior of the effective potential at two infinities:

‘(le)rTl_o u(r, - oo)_‘(‘r”)rTl 0; (107)

this means that here we have the effective potential of barrier type, tending to zero both at
r-ir,—»>—wand r—oo,r, —+o0.
Now we are to construct solutions of Eq. (105):

U(r, > +w0) =

d? 1 2 1 1. |=
—)— 1+ —-———)|G=0. 108
{ (- ) o* (L+ 1T ))+J(J D& r_l)} (108)
In (nonphysmal) singular point r =0, the solutions behave as
G”—EG,‘F J(J+l)G:O, G~rc, CIO,CZZ. (109)
r r

Near the point r =1 we have
I
—+ —+ >
| dr® r-1dr (r-1)

To find the asymptotic at infinity, we transform the equation to the variable x =1/r:
"d o’ j(jﬂ)ie_o

}G:o, G~(r-1?*, a=zio. (110)

(;_1 x)& Y

It becomes simpler near the point x=0:
42 2
d +2 d +a) J(J+1):|G 0, G~ x"e®,

L dx*  xdx  x* X

further we derive
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AB_B(A-2) 2B B’ o

KA
whence it follows
B°’+0w*=B=+iw, AB+B(A-2)+2B=0, 2AB=0, A=0. (111)

Therefore, the general solution of equation (105) can be searched in the form
G =r°(r—1)*e" g(r). Performing the necessary calculation we arrive at

g"+ £+ﬁ 2b+ 1 g'+
rr-1 r(r-1

N c(c21)+a(a 1)+2ca 2ca+2cb 2ab b+
r (r-* r-1 r rr-1
c c Cc a a a b b
t——————t+—+ 5= + ——+
r-1 r r r (r=-)° r-1 r-1 r

+
r-1 (r-1>? r r—1

Imposing the evident restrictions, we obtain eight variants of the parameters:
a=+iow, ¢=0 2, b=tiw.

So the resulting equation becomes simpler

2 2 s s
ct g 20 +J(J+1)_J(J+1)}gzo.

- (2a+1 2c-1 2b]g+
r-1
.y 2 i(1
+[2ca+2ab+c—a+ki—J(J+1)+2a) +—an+20b—c+a—b+J(J+l)}g=0_ (112)
r r

Because the physical region for the radial variable is the interval r e (1 +o0), the most

interesting would be a series in the variable x=r—1. Transformed to this variable xthe
equation reads (the prime designates the derivative d/dx):

g”+(p+&+&)g’+(i+i)g=0, X € (0,+x). (113)
X X+1 X X+1

Its solutions can be constructed as the power series, g(x) = z:;o ¢ x“. After performing
the needed calculation we derive the recurrent formulas
n=0, 0,C, + P, ¢, =0;
n=1 (q1+q2)co+(p+p1+p2+q1)cl+(2+2p1)02=0;
n:233a~"’ [p(n_1)+ql+q2]cn—l+

+[n(n-D+(p+p,+ p,)n+q;]c, +[(n+Dn+p,(n+D]c,,, =0.

The possible convergence radii can be found by Poincaré — Perrone method. To this
end, dividing the last relation by n’c, ,
1
F[p(n—1)+q1+q2]+
vy L nnns ey S o
n-1 n n-1

and tendingn—oo, we obtain the algebraic equation which determines the possible
convergence radii:

+—[n(n 1)+ (p+ Py + PN+ 0]
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R=lim- =R, R+R’=0, R 1

= —= o0
Ne—so0 Cn_l conv | R | L

Recall that complete solutions have the structure
G(r)=ro(r-1)%"g(r) = G(X)=1+Xx)*x%"*g(x), (114)
where
c=0,2; a=-lo,+iw; b=—lw,+iw; Xec(0,+x0).

Below we list the eight variants of solutions (they are collected in pairs of conjugate
ones)

c=0, a=+iow, b=+iw, G=x"e""g (x),

c=0, a=-iw, b=-iw, G;=x"e"""g’(x); (115)

c=0, a=+iw, b=—io, G,=x"e"Vg,(x),

c=0, a=—iw, b=+io, G,=x"e™Mg:(x);

c=2, a=+wo, b=+io, G;=0+x)x"e" g, (x),

c=2, a=+wo, b=-iw, G,=1+x)"x"e"g,(x); (116)

c=2, a=-iw, b=+w, G,=0+x)"x"e""g;(x),

c=2, a=-iw, b=—iw. G;=0+x)"x"e""Mg3(x).

8. Solutions in spherical Riemann space

Now we consider Maxwell equations in spherical Riemann model (let x* = (t,r,0,9)):
1 0 0 0

. . 0 -1 0 0

dS? = dt* —dr?® —sin® rd¢” —sin* 0d¢*, g, = 0 0 _sin’r 0 , (117)
0 0 0 —sin®rsin®@

e =(10,0,0), €5 =(010,0), e = (0,0,%,0), et = (L0, o,m); (118)

by changing the numeration for coordinates (t,r,0,¢) =(t,0,¢,r) the tetrad (118) becomes
diagonal, Ricci rotations coefficient being y,,, =0, 7,,=0, and

0 0 0 0 0 0 O1 0
1 0 0 +—_ 0
0 0 0 —— tan dsinr
o= tanr o= 1 1
o o o o0 [’ j0 ——— 0 -—
1 tan@sinr tanr
tanr

Starting with the general spinor equation
CAa C 1 al 1 al
[U e(C)(X)aa +o (EZ ° ®1+1 ®EZ b)}/abc(x)i|‘§(x) =09 (119)

we arrive at



Spinor Maxwell equations in Riemannian space-time and the geometrical modeling of constitutive relations in... 123

H 2 2 1 1
8, +10%, + I A0 Rl+1Qc +620'®|+|®G N
tanr 2 2

i0 +cosf(*®1+1®c%)/2
+—_1 {alﬁg—iaz £ o ) Hfzo-

sinr sing

Comparing this equation with Eqg. (43), we can write down the resulting radial equations
just by formal changes in system (51):

—-iof +(—+—)f+—h=0, iwg+(—+—)g+——h=0,
dr tanr sinr dr tanr sinr (120)
Cioh+ (L2 yh+ 2 g0, |wh+(—+i)h+—f_o
dr tanr sinr dr tanr sinr
Summlng and subtracting the third and fourth equations, we derive
2(—+—)h+—(f+g) 0, 2la)h+—(f—g) 0. (121)

dr tanr sinr
It is readily checked that the first equatlon in (120) is a result of combining three
remaining ones. Therefore, we have only the three independent equations

h=- (f-9),

2|a)smr
—|cof+(—+i)f+—h 0, |a)g+(—+i)g+—h 0. (122)

dr tanr sinr dr tanr sinr

Excluding the variable h(r) we obtain:
d 1 ia’
—+——iw)f + f-g)=0,
(dr tanr @) Za)sinzr( 9)

in2

(i+i+| 0)g+—2 _(f-g)=0. (123)
dr tan 2wsin’r

Summlng and subtracting these two equations, and using the new variables,
f+g:F f —g =G, we arrive at the system
ia®
(—+—)F—|a)G+ —
dr tanr wsin“r

System (124) can be simplified by separating multipliers, F =sin™"rF,G=sin"rG, in
this way we obtain

G=0, (E+L)G —iwF =0. (124)
dr tanr

d. = , a’ = d = . =
—ioF + (0" -—-)G=0, —G=iwF, (125)
dr sin“r dr
whence it follows the equation for the main function G

>, a’® \=

— - G=0. 126
[dr2+a) sinzrj (120)

In the new variable y = 1-cosr , the last equation reads
y(d- y) ( —y) —}G=0- (127)
4y@d-vy)

Its solutlons are searched in the form G = y* (1—y)® g(y) that results in
yl-y)9"+[2A+1V2—-(2A+2B+1)y]g’'+
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o TAAD+ Ia-Zyge BB+ 8- Zygs

+[a) —2AB—A(A—1)—B(B—1)—A—B]g_O.

Equating the coefficients at y™* and (1-y)™" to zero, we obtain A=(j+1)/2,—j/2;
B=(j+1)/2,—j/2. The above equation for g(y) is simplified and recognized as the
hypergeometric equation with parameters

y=2A+V2, a=A+B-w, f=A+B+ow. (128)
Let us fix parameters Aand B: A=(j+1)/2,B=(j+1)/2, so obtaining

y=]+3/2, a=j+l-w, p[=]j+l+ow. (129)
We obtain the polynomials imposing the standard restriction

a=-n, n=123.., o=n+j+1L (130)
The corresponding complete solution has the structure

G(y)=yI?1-y) U2 F(—n,n+2j+2, j+3/2;y), (131)

this function tends to zero at the points y -0,y —>1 (r ->0,r > 7).

9. Solutions in hyperbolic Lobachevsky space
The main radial equation reads

d? a® =
(F_Fa)z_sinhzrjezo’ rE(0,00). (132)
In the new variable y = @, it takes the form
|: 2 a2 _ ( )
y(y— 1) +(y 1/2)— }G =0. 133
dy 4y(y-D)

Formally, this equation differs from that of used in previous section only in the sign at
o’ . Substitution for G(y) is the same
< j+1 ] i+l
G=y @-yPo(y), A=i=-1 g-1¥=_J1 134
y"d-y)"a(y) > 7% > (134)

for function g(y) we obtain the equation of hypergeometric type
y(1- y)g”{ 2A+%—(2A+ 2B +1)y} g'—[(A+ B)? +a)2} g=0

with parameters

y=2A+12, a=A+B-iw, [=A+B+io. (135)
Let us fix parameters as follows (negative B ensures the term (1—y)® tending to zero

when y — o0):

A=JT+1, B:—%; y=j+3/2, a=1/2—iw, f=1/2+i0. (136)
Thus, we have constructed the needed solution (see notations in [45])
G =y A=y u(y),  w(y)=F(a.f.7:Y) (137)

it tends to zero at the points y=0(r =0).
The singular point y =1 does not belong to the physical region. To find the behavior of
this solution in infinity, we should apply the Kummer formula [47]
rHrp-a) F((a-p)
U (Y) = ——— Uy () + —————"u,(y), (138)
U T -ar(p) T Ty -P(e)
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where

us;(y) =(=y) “Fla,a+1-y,a +1—ﬁ;%) = ()T FW2-io o~ j,1-2ie; %),

u,(y) = (—y)‘ﬁF(ﬁ+1—7,ﬂ,ﬂ+1—a;$) = (-y)PTE (0 j, V2 +iw),1+ 2ia);%),

As y — +o0, the last formula gives
F F - —1/2+iw F F a— -1/2-iw
u,(y) = (s )(_y)( V2+io) (N (ax-pB) (_y)( V2-ia)
I(y —a)I(B) I'(y-p)(a)
Therefore, the complete solution behaves as follows
— (i+ T I 24 iw r I'(a— —iw
6. (y - ) = (-p e DIy TAT@Z) (el (139)
I(y —a)I(B) I(y-p(a)
Taking in mind the identities
p—a=2iw,a-f="2iw,y—a=j+io+l,y—f=]—iw+],
we conclude that G, (y —o0) is real up to a simple phase factor. In the initial variable r,
asymptotic (139) is described by the formulas
i 1 i Alor = ior * _—ior r(y)r(ﬁ_a) 1 io
-y)“ =(=)“e"", r—-o)=Me"+M’e™, M=———"2=(2)". 140
=Y) (4) G (r—>x) T )T (5) (4) (140)
It is readily can be proved that, using Kummer solutions u, and u,, the corresponding
complete solutions G, and G, are conjugate to each other and have the asymptotic

u, ~const e’ , u, ~const e’

10. Solutions with cylindric symmetry

Let us consider spinor Maxwell equations in the cylindric coordinates of the spherical
Riemann model, which are specified by the formulas

U, =sinrcos¢, u, =sinrsing, u, =cosrsinz,

U, =COSrcosz, UF-+u’-+u’+u’=1,

dS? =dt* —dr* —sin®r d¢® —cos’ r dz*, x* = (t,r,4,2), (141)
10 0 0
0 1 0 0

e(/;)(x):O 0 sin'r o I rel0,+z/2),¢el-n,+xlze[-n +nx].

00 0 cos'r

Ricci rotation coefficients are (we write down only non-vanishing ones)
cosr sinr

:0’ A :09 :+_—’ =4 — 142
Y abo Vab1 V122 sinr V313 cosr (142)
Starting with the general spinor form of Maxwell equations
o€ (X)0, +0° (% @1+ ®%Eab)7abc(><)}§(><) =0, (143)
we obtain
- .
0, +0%0. -7 (*®1+105%) "
L 2 sinr
ic® sinr  o? o®
—— (Rl +1®0?) +——0,+ 0,|£=0. (144)
2 cosr sinr cosr
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The structure of this equation allows the following substitution for an electromagnetic
spinor

§(t’ r’¢’ Z) — e—iwt eim¢ eikZ

so we derive

f(r) h(r)

: 145
h(r) a(r) -

{—iwr+alar—'°‘_ﬂoz(a3®|+|®a3)—ma3(az®|+|®az)+
2sinr 2cosr

im , ik ]f(r) h(r)

— o+

sinr cosr h(r) g(r)

further we find the system of four equations:

(L m sy, (|a>+—)f—

dr sinr cosr Ccos

d m sinr

(d—————)h (i ——)9=0;
r sinr cosr cosr

d m cosr 1sinr 1sinr . ik
—t—t——= = f+(—lo+——)h=0,
dr sinr sinr 2cosr 2 cosr cosr
1_ _m Jrcusr_lsmr)f +lsrnr g+ (cia— ik Jh=0.
dr sinr sinr 2cosr 2 Cosr cosr
Summing and subtracting equations in each pair, we obtain (let F=f+g,G=f-g)

+

=0, (146)

(147)

K rliperMhoo, K GlinF+ 2(—-ﬂ)h 0,
cosr sinr cosr dr cosr
_2|k he = (1 cosr_srnr)G 0. (148)
cosr sinr dr sinr cosr
ioh-—" G4 (L4 E o,
sinr dr sinr

Expressing from 1-st, 2-nd, and 4-th equations the variables @G, oF, 2ioh, and

substituting them into the third equation, we arrive at the identity 0=0. Therefore, only three
equations in (147) are independent:

K iwe+2Mhoo
cosr sinr
K GinF+ 2(——ﬂ)h 0, —2iwh——"G+ (L + 5"k _o, (149)
cosr cosr sinr dr sinr
Taking into account the formulas
F= 1 E (d Cosr)pz _1 d_F; h:iﬁ (i_ﬂ)h_iﬁ
sinr dr sinr sinr dr cosr dr cosr cosr dr
we can simplify equations (149):
LSS P LN
cosr sinr sinr cosr
LS VN - L N SR D~ NP TS (150)
cosr sinr cosr dr cosr  sinr sinr dr
With the notation 2ih = H , the last system is presented as follows
oG = kF —mH

cosrsinr’
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2
LS S SN Y T S B RS}
COoSsr sinr cosr dr COSr sinr sinr dr

Excluding the function G, we derive
1 d km

—t(o—+———t)H +—(a) -— YF =0,
cosr dr cosrsinr sinr cosr
2
NE NP LU YU L L = B (151)
sinr  dr sinrcosr cosr sin“r

Let us transform this system to the new variable,sinr = \ﬁ , Z€[0,1].Then we arrive at
2 22, _ m’-w’z -
208 o KN g, o Koz p (5,4 KM e M -0Zg o g5
dz z(1-2) z(1-2) dz z(1-2) z(1-2)

Note that from Eq. (152) straightforwardly it follows two 2-nd order equations with four
singular points:

- k? — m?
H) Z:O,:LOO,(].—;), F9 ZZO,:LOO,;.

There exists possibility to reduce the problem to equations with three singular points.
Indeed, let us define new variables, H =V +W, F =V =W , then system (152) reads

d km o’ —kK* -’z
_ ‘”aza_z)}mw“ﬂ(v‘w):o’
. d  km m’ — '’z
I G)E—z(l—z)}(v_w) g v W)=0.

Summing and subtracting these equations we obtain

212 2 _»n 2 2 2
4a)i+a) K+m szv_a) (k+m)W: ,
| dz z(1-2) z(1-2)
2 12 2 5 2 2l m)2
4o Sy 2 iam 2oz, o —komyy, g (153)
dz z(1-2) z(1-2)

Further we readily derive the 2-nd order equation for function W (z) :

o(w+2) K +m_2}
4 4(z-1) 4z

Near the points z =0, 1the solutions behave as

2(z-DW" + (22 —1)W'+{— W =0. (154)

D)

z—>0,W=zA,A:J_r|—r;|; z>1W=(z-1)° B= (155)

In the whole region of the variable z, solutions are searched in the form
W (z) = 2*(z2-1)®W(z) . After the needed calculation we arrive at
(z-1)2W"+[2A(z-1) +2Bz+(2z-1) W'+
+((A+B)(A+B+1)—w(w+2)— K +Bz +m—2—izjw 0.
4 4z-1) z-1 4z z
Imposing the known restrictions (155), we obtain the equation

2(1-2)W"+[2A+1-(2A+2B+2)2)W'-[(A+B)(A+B+1) —%a)(a)+ 2)|W =0, (156)

that is identified with the equation of a hypergeometric type
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2
z(1-2) d '2: +[y—(a+ﬂ+1)y]d—F—a,BF =0.
dz dz
Let us fix parameters Aand B, so that solutions be finite at the points z=0.1:
A=+@,B:+%,y:|m|+1, a:|k|+|2m|_w,ﬁ=|k|+r;|+w+1, (157)

and impose the standard requirement for the polynomials:

a=-n, o=2n+|k|+|m|, f=n+1+|m|+]|K],

n=0,12,.., W()=2"*z-)"*F(a,p,7;2). (158)
Now, let us turn to the equation for the second function V (z). There exists symmetry

between two equations in (153): the system is invariant under the formal changes

VW, o= -ov, mc-m. (159)
Therefore, from the 2-nd order equation (154) for W(z), without any calculation we

obtain the similar equation for V (z) :

Low=2) K ™ g (160)
4 4(z-1) 4z
We are to apply the same substitution V(z) =z"(z-1)®V (z).Performing the needed

calculation we find the equation for V (z):

(z-DzV"+[2A(z-1)+2Bz+(2z-1) V' +

2 2 2 2
k B +m——i]\7=0.
4(z-1) z-1 4z z
Imposing the same restrictions on A and B, we arrive at the equation of
hypergeometric type

2(z-D)V"+(2z-DW'+[

+H(A+B)’ + A+ B—%a)(a)—Z)—

Z(1-2V"+[2A+1-(2A+2B+2)z)][V'—[(A+B)(A+ B+1)—%a)(a)—2)]\7=0, (161)
with parameters
A:+|_r;|, B:+%, ' =m|+1, a':w, ﬂ':Wﬂ. (162)

Further, applying the polynomial condition, we find the needed solutions
B=-n, o=2(n"+D+|k|+|m|, &' =n"+1+|m|+|k]|,
nN=0,12,.. V(@)=2"*-D)"*F(a,p,7;1). (163)
In a similar way, we could study the spinor Maxwell equations also in hyperbolic
Lobachevsky space, being parameterized by cylindric coordinates according to the formulas:

dS? = dt® —dr? —sinh? rd¢® —cosh’rdz®, x* =(t,r,¢,2), (164)
1 0 0 0
, 1 0 0
€ (X) = , rel0,+o),¢e[-r,+7r],ze(—0,+x). (165)

0 0 sinh™*r 0
00 0 cosh™r

11. Conclusions

We have studied the possibility of interpretation for vacuum Maxwell equations on the
background of any pseudo-Riemannian space-time as Maxwell equations in Minkowski space
but specified in some effective medium, which constitutive relations are determined by metric
of the curved space-time model. In that context, we have considered de Sitter, anti de Sitter,
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and Schwarzschild spaces. Also we have studied hyperbolic Lobachevsky and spherical
Riemann models, parameterized by coordinates with spherical and cylindric symmetry. We
have proved that in all the examined cases, effective tensors of electric permittivity &; (x) and

magnetic permeability z;(X) obey one the same condition: &; (X) z; (X) = &, . The simplicity
of expressions for the explicitly found tensors &;(x) and w; (x) is misleading, because for

the each curved space-time models we are to solve Maxwell equations separately and anew.
We have constructed such solutions, applying Maxwell equations in spinor form.

Acknowledgements. No external funding was received for this study.

References

[1] Gordon W. Zur Lichtfortpanzungnach der Relativitdtstheorie. Ann. Phys. (Leipzig).
1923;72: 421-456.

[2] Tamm IE. Electrodinamika anizotropnoi sredy v spetsialnonoi teorii otnositelnosti. Zh. R,
F, Kh. O, Fiz. dep. 1924;56(2-3): 248-262.

[3] Tamm IE. Kristallooptika teorii otnositelbnosti v svyazi s geometriei bikvadratichnoi
formuy. Zh. R, F, Kh. O, Fiz. dep. 1925;54(3-4): 1.

[4] Mandelstam LI, Tamm IE. Elektrodynamik der anisotropen Medien und der speziallen
Relativitatstheorie. Math.Annalen. 1925;95: 154-160.

[5] Landau LD, Lifsjitz EM. Theoretical physics.Vol. 2.Field theory. Moscow: Science; 1973.
[6] Lichnerowicz A. Théories relativistes de la gravitation et de [’électromagnetisme. Paris:
Masson et Cie; 1955.

[7] Novacu V. Introducere in Electrodinamica. Bucharest: Editura Academiei; 1955.

[8] Balazs NL. Effect of a gravitational field, due to a rotating body, on the plane of
polarization of an electromagnetic wave. Phys. Rev. 1958;110(1): 236-239.

[9] Pham Man Quan. Sur les équations de 1'électromagnetisme dans la materie. Compt. Rend.
Acad. Sci. Paris. 1956;242: 465-467.

[10] Pham Man Quan.Projections des géodésiques de longuer nulle et rayons
¢lectromagnétiques dans un milieu en movement permanent. Compt. Rend. Acad. Sci. Paris.
1956;242: 857.

[11] Skrotskii GV. The influence of gravitation on the propagation of light. Soviet Phys. Dokl.
1957;2: 226-229.

[12] Tomil'chik LM, Fedorov Fl. Magnetic anisotropy as metrical property of space.
Crystalography. 1959;4(4): 498-504.

[13] Plebanski J. Electromagnetic waves in gravitational fields. Phys. Rev. 1960;118(5):
1396-1408.

[14] Post E. Formal Structure of Electrodynamics. General Covariance and
Electromagnetics. Amsterdam: North-Holland; 1962.

[15] Tonnelat MA. Sur la théorie du photon dans un espace de Riemann. Ann. Phys. N.Y.
1941;15: 144-224.

[16] Ellis JR. Maxwell's equations and theories of Maxwell form. Ph.D. thesis. University of
London; 1964.

[17] O'DelTH. The electrodynamics of magneto-electric media. Amsterdam: North-Holland;
1970.

[18] De Felice F. On the gravitational field acting as an optical medium. Gen. Relat. Grav.
1971;2: 347-357.

[19] Bolotovskiy BM, Stolyarov SN. Modern state of electrodynamics of moving media.
Uspekhi Fizicheskikh Nauk. 1974;114(4):489-529. (In Russian)

[20] Venuri G. A geometrical formulation of electrodynamics. Nuovo Cim. A. 1981;65(1): 64-



130 A.V. Ivashkevich, E.M. Ovsiyuk, V.V. Kisel, V.M. Red'kov

76.

[21] Schleich W, Scully MO. General relativity and modern optics. In: Grynberg G, Stora R.
(eds.) New Trends in Atomic Physics, Les Houches, Session XXXVIII, 1982. Amsterdam:
North-Holland; 1984.

[22] Berezin AB, Tolkachev EA, Fedorov FI. Dual-invariant constitutive equations for
gyrotropic media in rest. DokladyAN BSSR. 1985;29(7): 595-597. (In Russian)

[23] Berezin AB, Tolkachev EA, Tregubovich AY, Fedorov FI. Quaternion constitutive
equations for moving gyrotropic media. J. Appl. Spectroscopy. 1987;47(1): 113-118.

[24] Barykin VN, Tolkachev EA, Tomil’chik LM. On symetry aspects for choosing
constitutive relations in microscopic electrodynamics of moving media. Vesti AN BSSR.
Ser.Phys.-Mat. 1982;2: 96-98.

[25] Antoci S. The electromagnetic properties of material media and Einstein's unified field
theory. Progr.Theor. Phys. 1992;87(6): 1343-1357.

[26] Antoci S, Mihich L. A forgotten argument by Gordon uniquely selects Abraham's tensor
as the energy-momentum tensor for the electromagnetic field in homogeneous, isotropic
matter. Nuovo Cim. B. 1997;112: 991.

[27] Hillion P. Spinor electromagnetism in isotropic chiral media. Adv. Appl. Clifford Alg.
1993;3: 107-120.

[28] Hillion P. Constitutive relations and Clifford algebra in electromagnetism. Adv. Appl.
Clifford Alg. 1995;5: 141-158.

[29] Weiglhofer WS. On a medium constraint arising directly from Maxwell's equations. J.
Phys. A. 1994;27(23): 871-874.

[30] Lakhtakia A, Weiglhofer WS. Lorentz covariance, Occam's razor, and a constraint on
linear constitutive relations. Phys. Lett. A. 1996;213(3-4): 107-111.

[31] Lakhtakia A, Mackay TG, Setiawan S. Global and local perspectives of gravitationally
assisted negative-phase-velocity propagation of electromagnetic waves in vacuum. Phys. Lett.
A. 2005;336(2-3): 89-96.

[32] Leonhardt U, Piwnicki P. Optics of nonuniformly moving media. Phys. Rev. A.
1999;60(6): 4301-4312.

[33] Leonhardt U. Space-time geometry of quantum dielectrics. Phys. Rev. A. 2000;62(1):
012111.

[34] Obukhov YN, Hehl FW. Spacetime metric from linear electrodynamics. Phys. Lett. B.
1999;458(4): 466-470.

[35] De Lorenci WA, Klippert R, Obukhov YN. On optical black holes in moving dielectrics.
Phys. Rev. D. 2003;68(6): 061502.

[36] Hehl FW, Obukhov YN. Linear media in classical electrodynamics and the Post
constraint. Phys. Lett. A. 2005;334(4): 249-259.

[37] Novello M, Salim JM. Effective electromagnetic geometry. Phys. Rev. D. 2001;63(8):
083511.

[38] Novello M, Perez Bergliaffa S. Effective Geometry. AIP Conf. Proc. 2003;668: 288-300.
[39] Novello M, Perez Bergliaffa S, Salim J. Analog black holes in flowing dielectrics. Class.
Quant. Grav. 2003;20(5): 859-872.

[40] De Lange OL, Raab RE. Post's constrain for electromagnetic constitutive relations. J.
Opt. A. 2001;3(6): 23-26.

[41] Raab RE, de Lange OL. Symmetry constrains for electromagnetic constitutive relations.
J. Opt. A. 2001;3(6): 446-451.

[42] Nandi KK, Zhang YZ, Alsing PM, Evans JC, Bhadra A. Analog of the Fizeau effect in
an effective optical medium. Phys. Rev. D. 2003;67(2): 025002.

[43] Boonserm P, Cattoen C, Faber T, Visser M, Weinfurtner S. Effective refractive index
tensor for weak field gravity. Class. Quantum Grav. 2005;22(11): 1905-1915.



Spinor Maxwell equations in Riemannian space-time and the geometrical modeling of constitutive relations in... 131

[44] Barcelro C, Liberati S, Visser M. Analogue Gravity. Living Rev. Rel. 2005;8: 12.

[45] Red'kov VM. Particle fields in Riemannian space and the Lorentz Group. Minsk:
Belarusian Science; 2009.

[46] Red'’kov VM. Tetrad formalism, spherical symmetry and Schrodinger basis. Minsk:
Belarusian Science; 2011.

[47] Bateman H, Erdélyi A. Higher transcendental functions. Vol. 1. New York: Mc Graw-
Hilll Book Company, Inc.; 1953.





