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Abstract. The search for technological options to obtain strong units with small deformation 

values determines the study of the local thermal effect on the distribution of residual stresses 

in permanent joints of metal structures made by arc welding with forced cooling. The 

mathematical model is based on the Prandtl-Reiss model in which the Hooke law is replaced 

by the Duhamel-Neumann law and the Mises criterion is supplemented by the Johnson-Cook 

strain hardening function. The elastic moduli, as well as the yield strength, are assumed to be 

temperature-dependent. The calculated values of residual stresses show the positive effect of 

forced cooling of the welded zone. 
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1. Introduction.

Welding technology is used extensively in modern industry to produce metal structures. A

large part of welded constructions is not only in one-piece and small batch production but also

in mass production. This makes it necessary to increase productivity and reduce the cost of all

operational cycles. At the same time, products must have improved material performance and

physical and mechanical properties.

There are different welding techniques, such as electric arc, plasma, electro slag, 

electro-beam, induction, laser, and friction welding. Each method has its own advantages and 

disadvantages. Of the above-mentioned technologies, electrode wire arc welding is the most 

common and in demand due to its ease of use, mobility of use, and inexpensive consumables 

[1-4]. Increasing the productivity of arc welding requires an increase in speed, which in turn 

increases the thermal capacity of the arc flow. This negatively affects the strength properties 

of permanent joints. One of the ways to solve this problem is seen in the additional removal of 

heat from the zone of local thermal impact. The need for forced cooling of the weld metal and 

the heat-affected zone of the welded joint occurs when welding materials are with high 

sensitivity to high-temperature heating. Such as high-chromium ferritic steels and single-

phase iron-chromium-aluminium alloys, as well as materials whose properties are determined 
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by the degree of dispersion of the precipitated phases, which, in turn, depends on the cooling 

rate of the crystallizing metal [5-14].  

However, due to a significant number of factors affecting the formation of the weld 

metal and the heat-affected zone (HAZ), predicting the result of heat-affected zone cooling on 

the strength and deformation characteristics of the welded joint becomes very difficult.  

It has been established that the material of the part should be considered elastoplastic, as 

only in this case there is a possibility of quantitative and qualitative estimation of processes of 

formation of residual stress fields in the near-weld zone, which influence the quality of joint is 

mainly negative. [15]. 

Elastic and plastic properties are temperature dependent, so the main difficulty is in 

iterative tracking the nucleation and disappearance of plastic flow zones. Plastic flow 

generates irreversible deformations which then form residual stresses during unloading and 

cooling. Since all coefficients depend on temperature, it is not possible to find a solution 

analytically. Despite a considerable number of theoretical and experimental studies on the 

prediction of the final properties of the resulting permanent joint, the processes of forced 

cooling of the welding zone, which determine the behaviour of the material under these 

conditions, are poorly studied at present.  

Welding technology is being modernised both experimentally [16-19] and theoretically 

using a mathematical apparatus [20-23].  

Mathematical modeling of the process of electric arc welding with forced cooling, 

taking into account the geometric parameters and thermophysical properties of the heat 

removal, makes it possible to optimise this technology without resorting to long and 

expensive experiments. It is enough to build a correct mathematical model once based on the 

mechanical behavior of the object under study in order to further analyze the influence of 

various thermophysical factors.  

This work is aimed at obtaining a mathematical model of the evolution of thermal 

stresses in the near-weld zone and calculating the thermomechanical parameters of the 

process, taking into account the dependences of the yield strength, elastic models, and the 

hardening coefficient of resistance to plastic flow on temperature, including the calculation of 

their final values and the distribution of residual stresses. The aim of the work is to determine 

the effect of forced cooling on the level and distribution of residual stresses in the area of the 

weld.  

 

2. Materials and Methods 

Temperature studies of the welding area. Process modeling is shown in Fig. 1. The plates 3 

mm thick, made from mild steel, are joined using an electric arc welding at a speed V . 

Behind there is a curvilinear horseshoe-shaped heat removal, which reduces the temperature 

in the HAZ. After cooling, the connection of the plates becomes inseparable. Now it is 

necessary to calculate the residual stresses in the connection zone and the HAZ. We divide the 

problem into two: temperature and mechanical and solve them in this sequence. 

In arc welding, the process of heat distribution in a solid body is described by a 

nonlinear differential thermal conductivity equation, taking into account the active heat 

source:  

( ) ( ) ( )( ) qgradTTdiv
t

T
ТТс +=




λρ , (1) 

where ( )Tλ  – thermal conductivity 𝑊𝑡/(𝑚∘С), )T(с  – thermal capacity 𝐽/(𝑘𝑔∘С), ( )Тρ  – 

density 𝑘𝑔/𝑚3, q  – volumetric power density of the heat source 𝑊𝑡/𝑚3. 
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Fig. 1. Problem diagram 

 

The heat source is modelled by the well-known ellipsoid proposed by John A. Goldak 

[24]. Figure 2 shows the shape of the heat flux in platinum during welding.   
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where Q – effective thermal capacity of the heating source (for arc welding Q = η·I·U, Wt),  

τ – time elapsed since the start of the source, sec; t – current time, sec; v – travel rate of the 

heating source (welding rate), m/sec; x, y, z – ellipsoid semi-axes in the coordinate directions 

OX, OY, OZ, m; 
s

f  and 
l

f  – coefficients defining the ratios for the heat input to the front 

and back of the ellipsoid; 
s

a , 
l

a , b, c – the corresponding radii of the normal distribution, m.  

 

 
Fig. 2. Heating source diagram 
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On the surface free from heat removal and the heat source, the boundary conditions are 

given by  
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0 20T = °C. 

Impact of forced cooling of the joint zone and thermal effect on the distribution values 
of residual stress generated by arc welding 511



 

In the cooling area depicted as a horseshoe 7S  (Fig. 1) the boundary conditions are the 

following: q
z

T
−=




λ . 

Mechanical study. It is assumed that at first there are no irreversible deformations in 

the plate. The deformations are assumed to be small 
ij

d  and combined reversible ije  and 

irreversible ijp . 

( )
ijiji,jj,iij peuu.d +=+= 50  (3) 

Stresses, elastic deformation, and temperature are connected by the Duhamel-Neumann 

relation  

( )( ) ijijkkij eTTKe μ2δα3λσ 0 +−−= , (4) 

where λ , μ , λμ
3

2
+=K  elastic moduli, α  – linear expansion coefficient.  

At high temperatures, the elastic moduli depend on temperature, which is confirmed 

experimentally [25-32]. For our case, we use their linear dependence.  

( ) ( ) ( )t,z,y,xEEEt,z,y,xE pp θ0−−= , 

( ) ( ) ( )t,z,y,xv..t,z,y,xv θ5050 0−−= , (5) 

( )v

E

+
=

12
μ , 

( )( )vv

vE

211
λ

−+
= , 

( )( )
1

0p pT T T T
−

= − − . 

In (5) 0E  – Young's Modulus at room temperature 0T , pE  – at melting temperature pT , 

0v  – Poisson's ratio at room temperature. After the beginning of the cooling process due to 

phase solid-state transformations, the elastic moduli 
0

v  fix their values ( )xE


0
 and ( )xv


0

, by 

this we simulate phase transitions.  

Irreversible deformations begin to increase when the stress state reaches the loading 

surface ( )σσ ,f ij  in the stress space, where σ  – strain hardening function. Write down the 

associated plastic flow rule  

( )

ij

ij

ij

p

ij

,f
ddp

σ

ησ
φε




== ; 0φ d . (6) 

As the loading surface, we take the Mises plastic flow condition, in the left part of 

which we write the Johnson-Cook strain hardening function [34] 

( )( ) θ
ε

ε
1εττ

8

3

0













++=

p

p
np

ijij lnCBА



, (7) 

where A , B , C , n  – material parameters which are found by selection from experimental 

curves, 
pε  – intensity of plastic deformation, 

pε  – rate intensity of plastic deformation,
p

0
ε  – 

initial rate intensity of deformation, 0 0.0006p =  1/sec.    

The equilibrium equation supplements the system of equations (3,4,6,7)  

0σ =
j,ij

. (8) 

The boundary conditions simulate the free surface; as the initial conditions of the 

mechanical problem, we take the temperature of the plate in a free state equal to room 

temperature 0 20T = °C. Young's Modulus at room temperature is 2100 =Е  ℎ𝑃𝑎, 030 Е.Е р =  
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at melting temperature 1400рТ = °C, Poisson's ratio is 0.27, linear expansion coefficient is 

611.1 10− , and yield strength at room temperature is 2600 =k  MPa. 

 

3. Results and discussion 

Consider solving the above-described temperature problem for a steel plate. Dependencies 

( )Tλ , )T(с , ( )Тρ  are taken from source [33]. Plate thickness is 0.003 m, dimensions are 

0.2 m×0.2 m, and thermal spot rate is 45 m/h. The heat source characteristics are =Q  2.5×107 

W, and the source of cooling is 5% of the electric arc power Q .  

Figure 3 shows two cases of temperature propagation in platinum material. In the first 

case, welding took place without forced heat removal; in the second case, forced heat removal 

was taken into account.  

 

 
(a)      (b) 

Fig. 3. Temperature distribution within the plate at a distance of 5 cm from the weld at the 

moment of stopping the welding: a) without cooling; b) with cooling 

 

The data show that the proposed method allows, due to more intensive cooling, to 

ensure the formation of a narrower weld with a smaller HAZ.  

 

 
Fig. 4. Temperature difference 
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The curvilinear shape of the horseshoe-shaped heat removal affects the geometry of the 

temperature field distribution during welding (Fig. 4), the temperature difference in the weld 

zone was 300°C. 

We solve the problem numerically using the difference method and Newton's iterative 

method. We use free surface conditions as boundary conditions. For clarity, the distribution of 

stresses is given on the diagram.  

Figure 5 shows the residual stresses generated after the local thermal effect in the plate 

volume from the center of the weld to the edge of the heat-affected zone. According to the 

data, during electric arc welding of a thin plate in a butt, residual stresses are formed in the 

surface layer on the side of the heat source. The tensile stresses are highest in the weld zone 

and decrease with distance from the weld. Forced cooling reduces the level of residual 

stresses in comparison with the traditional welding method and reduces the zone of their 

distribution due to the reduced HAZ.  

 

 
Fig. 5. Stress diagram. The solid line indicates the stress formed in the platinum material with 

active heat removal, and the dotted line – without it 

 

4. Conclusions 

Using small elastoplastic deformations and the Johnson-Cook strain hardening model, the 

problem of the local thermal effect of movable heat source on a steel plate with active heat 

removal in the impact area has been solved. The heat removal was 5% of the electric arc 

power. During its action, residual stresses and the area of their distribution are significantly 

reduced. This occurs due to a reduction in the time over which irreversible deformations 

would have grown.  

As a result of solving the problem, it has been found that when joining low-carbon steel 

plates, optimal results are achieved when the welding zone is cooled by a curvilinear heat 

removal of a horseshoe-shaped configuration with the area of 1336 mm2 and the speed of 

electrode movement V = 45 m/h. Forced cooling reduces the level of residual stresses by 28-

30% in comparison with the traditional method of welding and reduces the zone of their 

distribution due to a reduced HAZ by 14%.  

Thus, it has been established that the use of electric arc welding with forced cooling will 

increase the productivity of the process, improving the operational and physical, and 

mechanical properties of the material.  
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