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Abstract. We have studied possible ways of generating and growing the fullerenes having
four-fold symmetry. Beginning with cyclobutane C4H8 and clusters C8, we obtained
elementary fullerenes C8 and mini-fullerenes C16, which produce the following fullerenes
from C24 to C64, perfect (basic) and imperfect, as well as nanotubes. The imperfection is
connected either with extra 'interstitial' or 'vacancy' carbon dimers, both types of dimers
playing the role of defects. Only the basic fullerenes C24, C32, C40, C48, C56, and C64 have the
ordinary four-fold symmetry in the corresponding column of the periodic system of
fullerenes, the intermediate fullerenes having no such symmetry. Considering the latter as
imperfect due to defects, one can define them as the fullerenes conserving topological fourfold symmetry. We have calculated their energies and discussed possible reasons for their
dependence on a fullerene size and shape.
Keywords: carbon, embedding, energy, fullerene, fusion reaction, graph representation,
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1. Introduction
Any calculations of fullerene properties need input data, first of all, the thorough knowledge
of fullerene structure. However, up to now, there is no clear and unique theory of fullerene
growth, and therefore there is no standard way of obtaining fullerene structures. "The problem
here is not the lack of imagination, because quite numerous models have been proposed. What
is rather lacking is a model using quantities that might be evaluated and measured. Moreover,
a theoretical model, in order to deserve its name, should lead to numerical predictions. In
order to represent something more than a set of circular arguments, a model should predict
more numerical values, parameters or functional relations than the number of input
parameters" [1]. That was written more than a quarter of the century ago. Although there has
been considerable activity from both the experimental and theoretical sides [2,3] to gain a
detailed understanding of fullerene formation, since then almost nothing has changed [4]. The
first effort to make a prediction was done in Ref [5]. Succeeding modeling the fullerene
growth allowed classifying the fullerenes, known and predicted, on the base of the periodic
system of fullerenes formulated [6].
Classification is the most important and most difficult question for any science. The
periodic system suggested is based on symmetry principles; it can be said that any fullerene is
inspected for elements of symmetry. The system consists of horizontal series and vertical
columns (groups). The horizontal series form the Δn periodicities, where the fullerene
structure changes from threefold symmetry to sevenfold through four, five, and sixfold ones.
http://dx.doi.org/10.18149/MPM.4722021_13
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The vertical columns include the fullerenes of one and the same symmetry, the mass
difference Δm for each column being equal to a double degree of symmetry. It was assumed
that both Δm and Δn periodicities can be taken as a basis for rigorous fullerene classification.
The Δn periodicities studied make up the following series: Δn= 6, 8, 10, 12, 14, and 16;
they include basic perfect fullerenes from C14 to C96. The structure, energy, and formation
mechanism for these series are discussed elsewhere [6-10]. The system leaves room for
incorporating into its other fullerene columns.
Up to this point, it has been desirable to work entirely with the Δn series in order to
discover general features of the transition from one symmetry to another. Now that we have
found the corresponding regularity, we need to focus upon particulars of one and the same
column (group). Since in the periodic system of fullerenes, the vertical columns (groups)
incorporate the fullerenes of one and the same symmetry, we suppose that the fullerenes of
one and the same group have similar properties. In addition to the classification of fullerenes,
the crucial point, which should be given more attention to, is the nucleation and growth of
fullerenes relating to one and the same column.
In this contribution, we have studied the nucleation of fullerenes and nanotubes
referring to the column of four-fold symmetry.
2. Generation of clusters having four-fold symmetry
We assume that the embryo of fullerenes of four-fold symmetry is a cluster having just the
same symmetry. The question arises: Are there in nature similar molecules, from which it is
possible to obtain such cluster? To our mind cyclobutane C4H8 with D4h symmetry [11] could
be such a molecule.
Suppose that we have removed eight hydrogen atoms and added four carbon atoms
instead. In doing so we obtain carbon cluster C4C4 with several types of carbon atoms. They
are shown, together with cyclobutane C4H8, in Fig. 1. We have calculated their optimized
structures and energy of these compounds as well as of the succeeding ones through the use of
Avogadro package [12].
Clusters
Cyclobutane

C4C4

C4H8

E=207 kJ/mol

E=273 kJ/mol
E=397 kJ/mol
Fig. 1. Cyclobutane and two eight-atom carbon clusters of four-fold symmetry
The carbon atoms of cyclobutane remain in the initial electronic state; they are
considered, as is customary, being sp2 hybridized atoms. The newly added ones are reactive
carbon atoms, which are connected with the initial carbon atoms by single or double bonds,
being ionized to a different degree. One way of looking at the gradual evolution of the
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clusters shown is folding the clusters and fusion the structures obtained with the following
growth.
3. Generation of fullerenes and nanotubes
Cluster folding. The elementary fullerene of four-fold symmetry is a cube. It can be obtained
as a result of folding the carbon clusters shown above. Two extreme electronic structures are
presented in Fig. 2. In addition to the structures, the graphs of cubes are shown. Here and
below we use area-colored graphs because they gain a better understanding of the structures
obtained. In our case all the areas, in spite of their shapes, are tetragons and they are grey
painted.

E=1076
E=2612
Fig. 2. Two electronic isomers of a carbon cube, energy in kJ/mol
Fusion of cubes. The elementary fullerenes can grow, conserving its symmetry, by the
mechanism known as "fusion of fullerenes having compatible symmetry" [13]. The final
configuration produced by the fusion of two cubes is shown in Fig. 3. The shape of the minifullerene resembles a square barrel. In its turn this fullerene can continue growing, which
conserves the symmetry, through the use of the above-mentioned mechanism, i.e. joining
another cube (Fig. 4). The reaction is possible since the reacting structures have four-fold
symmetry and therefore they are compatible with each other.
C16

E=671

E=2070
C24

E=853

E=2452

Fig. 4. Fusion of two fullerenes C8 and C16: structure and graphs; energy in kJ/mol
It must be emphasized that the faces of fullerenes now contain not only tetragons but
pentagons and hexagons too. To gain a better understanding of the fullerene structure, the
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graph areas are painted in different colors: tetragons in grey as before, pentagons in goldish,
and hexagons in yellow.
One can consider the structure obtained both as fullerene and as an embryo of the
nanotube. Really, if to continue the fusion of cubes, there appears a narrow nanotube of fourfold symmetry (Fig. 5). It is worth noting that at first extremely narrow nanotubes were
considered only as a new type of nanotubes being of academic interest [14]. Recently it has
been discovered that small diameter single-walled carbon nanotubes were mimics of ion
channels found in natural systems [15]. These properties make them a promising material for
developing membrane separation technologies [16].
C32

E=985

E=2855

Fig. 5. Joining two mini-fullerenes C16 through the use of the rotation-reflection symmetry:
structure and graphs; energy in kJ/mol
Growth of fullerene C24. The polyhedron shown in Fig. 4 can be thought over as a
primary fullerene having the possibility to use for growing the mechanism known as
"embedding carbon dimers" which was suggested by M. Endo and the Nobel Prize winner
H.W. Kroto in 1992 [17]. According to it, a carbon dimer embeds into a hexagon of an initial
fullerene. This leads to stretching and breaking the covalent bonds which are normal to the
dimer and to creating new bonds with the dimer (Fig. 6). As a result, there arises a new
atomic configuration and there is a mass increase of two carbon atoms. The fullerenes
designed through the use of the Endo-Kroto mechanism are illustrated in Figs. 6-10.

C26

E=1021
E=2418
Fig. 6. Imperfect fullerene C26 as a result of embedding a carbon dimer (yellow atoms) into
fullerene C24: structure and graphs; energy in kJ/mol
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C28 a

E=1082
E=2358
Fig. 7. Asymmetric imperfect fullerene C28 as a result of embedding a carbon dimer into
fullerene C26: structure and graphs; energy in kJ/mol
C28 s

E=1104

E=2382

Fig. 8. Symmetric semi-perfect fullerene C28 as a result of embedding a carbon dimer into
fullerene C26: structure and graphs; energy in kJ/mol

C30

E=1142

E=2318

Fig. 9. Asymmetric imperfect fullerene C30 as a result of embedding a carbon dimer into
fullerene C28: structure and graphs; energy in kJ/mol
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C32

E=1306

E=2853

Fig. 10. Perfect fullerene C32 as a result of embedding a carbon dimer into fullerene C30:
structure and graphs; energy in kJ/mol
From the figures, of special note, are the graphs, we notice that only the initial C24 and
final C32 fullerenes and have ordinary four-fold symmetry. They are perfect fullerenes. The
intermediate fullerenes C26, C28 and C30, as was analyzed in Ref [6], have topological fourfold symmetry. As follows from its graph, fullerene C32 can't grow any further by means of
the Endo-Kroto mechanism. It is a dead-end fullerene.
4. Cupolas and their fusion
There is a second way for the generation of fullerenes to have the four-fold symmetry. It
consists of the growth of the initial clusters which then transform into half-fullerenes
(cupolas) conserving the four-fold symmetry (Fig. 11). From the figures we notice that all the
cupolas have one and the same base of eighteen atoms; therefore they can combine with each
other creating new fullerenes as well as nanotubes. Let us investigate this process in detail.
C16

E=335

E=652

C24

E=576

E=1112
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C32

E=1163

E=732
C40

E=1350

E=790

Fig. 11. Growth of cupolas of four-fold symmetry: structure and graphs; energy in kJ/mol
Fusion of cluster C8 with cupola C16. The fullerene obtained contains six squares and
eight hexagons (Fig. 12). Its shape is a truncated octahedron (cuboctahedron) having four-fold
symmetry. The fullerene is an isomer of the bifurcation fullerene C24 shown in Fig. 4. It
should be emphasized that the cuboctahedron can't grow through the use of the Endo-Kroto's
mechanism conserving the four-fold symmetry. It is a dead-end fullerene.
C24

E=2067

E=3046

Fig. 12. Joining plane cluster C8 with cupola C16; structure and graphs; energy in kJ/mol
Fusion of two cupolas C16. There are two ways of joining: mirror symmetry and
rotation-reflection one. In the first case (Fig. 13) the lower cupola is a mirror copy of the
upper one. The fullerene obtained consists of six squares and twelve hexagons; it is a
tetra6-hexa12 polyhedron.

322

Alexander I. Melker, Maria A. Krupina, Aleksandra N. Matvienko

C32

E=1566

E=3273

Fig. 13. Joining two half fullerenes C16 of four-fold symmetry; the mirror symmetry fusion;
structure and graphs; energy in kJ/mol
In the second case (Fig. 14) the lower cupola is a rotatory reflection of the upper one.
The fullerene contains two squares, eight pentagons, and eight hexagons; it is a
tetra2-(penta-hexa)8 polyhedron. The pentagons form a ring at the equator. It should be
emphasized that this fullerene is a dead-end one.
C32

E=1199
E=1880
Fig. 14. Joining two half fullerenes C16 of four-fold symmetry; the rotation-reflection
symmetry; structure and graphs; energy in kJ/mol
Fusion of two cupolas: C16 and C24 (Fig. 15).
C40

E=1439

E=2568

Fig. 15. Mirror symmetry fusion of two cupolas (half-fullerenes) C16 and C24 having four-fold
symmetry; structure and graphs; energy in kJ/mol
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Fusion of two cupolas C24 (Fig.16).
C48

E=1442

E=2500

Fig. 16. Rotation-reflection symmetry fusion of two cupolas (half-fullerenes) C24 having fourfold symmetry; structure and graphs; energy in kJ/mol
Fusion of two cupolas: C24 and C32 (Fig. 17).
C56

E=1580

E=2643

Fig. 17. Mirror symmetry fusion of two cupolas (half-fullerenes) C24 and C32 having four-fold
symmetry; structure and graphs; energy in kJ/mol
Fusion of two cupolas C32 (Fig. 18).
C64

E=1544

E=2802

Fig. 18. Rotation-reflection symmetry fusion of two cupolas (half-fullerenes) C32 having fourfold symmetry; structure and graphs; energy in kJ/mol
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Fusion of two cupolas: C32 and C40 (Fig. 19).
C72

E=1729

E=2958

Fig. 19. Mirror symmetry fusion of two cupolas (half-fullerenes) C32 and C40 having four-fold
symmetry; structure and graphs; energy in kJ/mol
Fusion of two cupolas C40 (Fig. 20).
C80

E=1608

E=3113

Fig. 20. Rotation-reflection symmetry fusion of two cupolas (half-fullerenes) C40 having fourfold symmetry; structure and graphs; energy in kJ/mol
A fullerene or a nanotube? Let's analyze Figures 15-20. The question arises: What
have we obtained, fullerenes or nanotubes? As indicated earlier, one can consider the structure
C24 shown in Fig. 4 as fullerene and as an embryo of the nanotube. This is a bifurcation
structure. During its growth, it can transform either into a fullerene or into a nanotube. The
situation is not uncommon in nature. The situation is not uncommon in nature. For example,
in radiation solid-state physics it is well known that one and the same small vacancy cluster
(embryo) during its growth can transform either into a void (volume configuration) or into a
dislocation loop (plane configuration) [18,19]. In our case, this brings up the question: Where
the boundary between fullerenes and nanotubes is?
In Ref [4] we have considered forming fullerenes and nanotubes in the context of one
and the same graph approach. In this study, we have obtained the fullerenes which
geometrically resemble more the nanotubes (Figs. 18-20). The question arises where the
boundary between fullerenes and nanotubes is. An intuitive idea says: a fullerene is a
spheroid; a nanotube with open ends is a cylinder; a nanotube with closed ends is a cylinder
with two hemispheres. However, we need an exact quantitative criterion. Under these
circumstances, we should look at the electron theory for clues.
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Electronic aspects of fullerene structure are briefly considered in Ref [3]. In C60–Ih there
are two different types of bonds according to the atomic field microscopy (AFM) image. The
measured bond lengths are rhh = 1.38 Ǻ and rhp = 1.4654 Ǻ. This fullerene is considered as an
ideal one, having only equal isolated pentagons and forming a perfect sphere. The larger
bonds are singular, the lesser bonds are double ones. Therefore in an ideal fullerene, each
hexagon has three single and three double bonds. In contrast to this, in an ideal nanotube with
open ends, there are only hexagons with four single and two double bonds. Each spheroid can
be divided into three parts; two hemispheres with hexagons having three single and three
double bonds and one cylinder with four single and two double bonds. If the height of the
cylinder is less than the height of two hemispheres, we assume that it is a fullerene. On the
contrary, we have a nanotube.
In its turn, the cylinder height is defined by the number of adjacent hexagons with four
single and two double bonds. To form a cylinder one needs to have along with its height at
least two such hexagons. Referring to the graphs shown, we admit that the nanotubes begin
with the structure C72.
5. Alive and dead fullerenes
From the results obtained, of special note are the graphs, it follows that there are two ways of
joining the cupolas: mirror symmetry fusion and rotation-reflection one. However, it is
necessary to take into account also the nearest circumference of a hexagon. In the first case,
we notice in the fullerene structure the mutually penetrating configurations consisting of a
hexagon with two or four symmetry adjacent pentagons, C24, C40, and C56. (For fullerene C32
there are two symmetry adjacent tetragons). In the second case, the mutually penetrating
configurations contain a hexagon with three symmetry adjacent pentagons, C48, or only one
adjacent pentagon, C64 and C64. The fullerenes of the first subgroup can grow further by the
use of the Endo-Kroto's mechanism producing new fullerenes; they are alive. The fullerenes
of the second subgroup are the dead-end ones (Fig. 21). It should be emphasized that all these
fullerenes are basic perfect ones. It is worth noting that they have one and the same number of
pentagons, namely eight, being equal to a double degree of symmetry.
C24, C56

C32
C40

a)

b)
C48

C64, C72

Fig. 21. Endo-Kroto's mechanism of fullerene growth (a, b); hexagon nearest circumference
in different fullerenes
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6. Growth of fullerene C32
Contrary to the dead-end fullerene C32 shown in Fig. 14 which can't increase in size any
further through the use of the Endo-Kroto's classical mechanism of growing, the tetra6-hexa12
fullerene C32 (Fig. 13) is able to be a base for further growth. The fullerenes designed by this
mechanism are illustrated in Fig. 22. From the figures, it follows that only the initial and final
fullerenes C32 and C40 have ordinary four-fold symmetry. They are perfect fullerenes. The
intermediate fullerenes C34, C36, and C38 have topological four-fold symmetry. To gain a
better understanding of the mechanism of dimer embedding, its main features are given in the
form of schematic representation in Fig. 23.
C32

E=1566

E=3273
C34

E=1378

E=2870
C36 a

E=1354

E=2849
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C36 s

E=1096

E=2496
C38

E=1253

E=2452
C40

E=1439

E=2426

Fig. 22. Fullerenes C34, C36, C38, and C40 as a result of embedding one after another carbon
dimer into fullerene C30: structure and graphs; energy in kJ/mol
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C32

C34

C36 a

C36 s

C38

C40

Fig. 23. Scheme of the main structural changes during the growth from C32 to C40
From the configurations shown it follows that the first embedding, which transforms
fullerene C32 into fullerene C34, influences deeply only on one of the hexagons and two of its
square neighbours. This hexagon transforms into two adjacent pentagons and its square
neighbors become pentagons; the fullerene C34 losing four-fold symmetry. It becomes an
imperfect fullerene with the ordinary D1h symmetry, however conserving topological fourfold symmetry. At that in the fullerene, there appears a cell that contains four pentagons. The
second embedding transforms fullerene C34 into fullerene C36. There are two possible ways of
embedding, asymmetric and symmetric. In the first case, the nearest to the cell hexagon
transforms into two adjacent pentagons, its square neighbor into a pentagon and its pentagon
neighbor into a hexagon. In the second case, two cells of four pentagons are separated from
each other and one obtains the semi-perfect fullerene C36 having two-fold symmetry. It
belongs to the ordinary D2h symmetry and its energy is less than that of the asymmetric
isomer.
The third embedding leads to the transition from fullerene C36 to fullerene C38. It
transforms one more hexagon and two of its neighbors into two adjacent pentagons with abut
hexagons of another local orientation. Again the fullerene becomes less symmetric, it belongs
to D1h symmetry. At last, the fourth embedding restores D4h symmetry. The perfect fullerene
C40 obtained could be named a tetra2-penta8-hexa12 polyhedron where every two adjacent
pentagons have the form of a bow tie.
7. Growth of fullerene C40
Classical fullerenes. The growth can continue producing imperfect fullerenes C42, C44, C46,
and perfect fullerene C48 (Fig. 24). The fullerenes are obtained as a result of embedding one
after another carbon dimer into fullerene C40 at an angle to the four-fold axis. From the
figures, of special note, are the graphs, we notice again that only the initial and final
fullerenes C40 and C48 have ordinary four-fold symmetry. They are perfect fullerenes. The
intermediate fullerenes C42, C44 and C46, as was analyzed in Ref [1], have topological fourfold symmetry. To gain a better understanding of the mechanism of dimer embedding into
fullerene C40, its main features are given in the form of schematic representation (Fig. 25).
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C40

E=1439

E=2426

C42

E=1323

E=2519
C44 a

E=1323

E=2533
C44 s

E=1343

E=2586
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C46

E=1322

E=2543
C48

E=1460

E=2509

Fig. 24. Fullerenes C42, C44, C46, and C48 as a result of embedding carbon dimers into
fullerene C40 at an angle to the four-fold axis: structure and graphs; energy in kJ/mol
C40

C42

C44 a

C44 s

C46

C48

Fig. 25. Scheme of the main structural changes during the growth of fullerene C40
Non-classical fullerenes. The growth of fullerene C40 can continue by another way
producing also imperfect fullerenes C42, C44, C46, and perfect fullerene C48 (Fig. 26). The
fullerenes are obtained as a result of embedding one-after-another carbon dimer into fullerene
C40 parallel to the four-fold axis. From the figures, of special note, are the graphs, we notice
again that only the initial and final fullerenes C40 and C48 have ordinary four-fold symmetry.
They are perfect fullerenes. The intermediate fullerenes C42, C44 and C46, as was analyzed in
Ref [1], have topological four-fold symmetry.
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C42

E=2226

E=1365
C44 a

E=1281

E=2321
C44 s

E=3320

E=1324
C46

E=1434

E=2839
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C48

E=2175

E=2281

Fig. 26. Fullerenes C42, C44, C46, and C48 as a result of embedding carbon dimers into
fullerene C40 parallel to the four-fold axis: structure and graphs; energy in kJ/mol
These results deserve further comment. For a detailed discussion of this subject see
Ref [3]. According to the authors, "In general, classical fullerenes are cage-like, hollow
molecules of pseudospherical symmetry consisting of pentagons and hexagons only, resulting
in a trivalent (and in the most ideal case) convex polyhedron with exactly three edges (bonds)
joining every vertex occupied by carbon, idealized as sp2 hybridized atoms. What happens if
we relax the rules a little bit, and allow for other types of three-valent (sp2) carbon
framework? There are many generalizations that lead to structures of beautiful shapes that
have both elegant mathematical theory and physical realizations: allowing for polygons with
faces different form pentagons and hexagons. What kinds of fulleroids, which are fullerenelike structure, are allowed? Can we tile a sphere or a torus with heptagons only, or with only
pentagons and heptagons?"
Figure 26 gives an example of such structures and answers the questions. From the
configurations shown it follows that the first embedding, which transforms fullerene C40 into
fullerene C42, influences deeply only on one of the hexagons and two of its hexagon
neighbors. This hexagon transforms into two adjacent pentagons and its hexagon neighbors
become heptagons; the fullerene C42 losing ordinary four-fold symmetry. It becomes an
imperfect fullerene with the ordinary D1h symmetry, however conserving topological fourfold symmetry. At that in the fullerene, there appears a cell that contains four pentagons. The
second embedding transforms fullerene C42 into fullerene C44. There are two possible ways of
embedding, asymmetric and symmetric. Notice that in the first case we obtain the fullerene
which consists of two halves; one contains only pentagons and heptagons and the other only
pentagons and hexagons. It should be emphasized that the energy of such a structure with
single and double bonds is significantly less. The third embedding leads to the transition from
fullerene C44 to fullerene C46. It transforms one more hexagon and two of its neighbors into
two adjacent pentagons with abut heptagons. Again the fullerene becomes less symmetric. At
last, the fourth embedding restores D4h symmetry. The perfect fullerene C48 obtained contains
two tetragons, eight pairs of adjacent pentagons, eight heptagons, and no hexagons. It is a
tetra2-(penta2)8-hepta4 polyhedron; its shape resembles more a disk than a spheroid.
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8. Growth of fullerene C48
Input fullerenes. In principle, any hexagon of fullerene C48, having two neighboring
mutually antithetic pentagons, is able to incorporate a dimer C2 and to form fullerene C50.
There are eight such hexagons in the equatorial part of the fullerene. One of the realizations is
shown in Fig. 27. All the other realizations are identical from the symmetry standpoint.
C48:2-2-2-2

E=1460

E=2520
C50:3-2-2-1 A

E=1430

E=2605

Fig. 27. Input fullerenes C48 and C50; the latter is obtained after embedding a carbon dimer:
structure and graphs; energy in kJ/mol
Isomers of fullerene C52. There are several possibilities for incorporating a carbon
dimer into fullerene C50. Such a situation leads to production of isomers. To gain a better
understanding of these variants of dimer embedding, consider all the possible graphs
corresponding to the process (Fig. 27). The graph analysis simplifies not only the
understanding of the ways of fullerene forming but guarantees that all the variants are taken
into consideration.
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D

A

C

B

C50:3-2-2-1 A

C52: 4-2-2 AA

C52: 2-2-1-2-1 AB

C52:3-1-3-1 AC1

C52:3-3-1-1 AC2
C52:3-2-3 AD
Fig. 27. Graphs of initial fullerene C50: and the isomers of fullerene C52
C52: 4-2-2 AA

E = 1703

E = 2928
C52: 2-2-1-2-1 AB

C52: 2-2-1-2-1
E = 1378

E = 2472

C52: 2-2-1-2-1
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C52:3-1-3-1 AC1

C52:3-1-3-1 AC1

E=1438

C52:3-1-3-1 AC1

E=2716
C52:3-3-1-1 AC

C52:3-3-1-1 AC r
E = 1457

E = 2304

C52:3-2-3 AD

C52:3-2-3
E=1395

C52:3-2-3

E=2570

Fig. 28. Isomers of fullerene C52: structure and graphs; energy in kJ/mol
These results deserve further comment. From the figure, it follows that there are only
five natural isomers of fullerene C50. It is necessary to stress that we are dealing with the
isomers which can be obtained during the natural growth in the framework of the Endo-Kroto
C2 insertion mechanism [17]. Why have we used the term natural isomers? The reason is that
we would be separated from the investigators producing a countless number of
mathematically possible isomers [20].
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According to their views [20], "a perennial problem in the chemistry and physics of
fullerenes is the question how these organized cage structures emerge from chaotic lownuclearity carbon vapor. Various mechanisms for carbon ingestion/extrusion and
summarization/annealing have been proposed and assessed by comparison with experimental
data and quantum mechanical calculations. A parallel line of investigation involves the use of
graph theoretical techniques to catalogue the mathematically possible fullerene structures and
their interconversions based on assumed sets of rules for construction and transformations.
The present study extends this approach, exploring the ways that fullerenes can be formally
generated from 'seed' polyhedra, using either a predefined set of graph transformations or a set
that is restricted by a cost function intended to mimic the energetics of bond rearrangement
and carbon insertion."
In Ref [20] the two mechanisms for interconversion of fullerene polyhedra are
considered: the Stone-Wales summarization patch and the Endo-Kroto C2 insertion patch. By
the latter is meant in fact two different configurations: a hexagon with its two neighboring
mutually antithetic pentagons (before growth) and a pair of adjacent pentagons with its two
neighboring mutually antithetic hexagons (after growth). The following is noteworthy:
applying any mathematical model to a physical problem, it is important to keep in mind that
except for the mathematical rules there are physical restrictions [4].
Why have we cited the authors [20] at great length? The reason is that the physical
restrictions were not even discussed by them. As a consequence, one deals here with two
forms of scientific despotism which can depress the creative work of a scientist [21 p. 83].
One of them is mathematical despotism. Mathematics has penetrated into the multitude of
sciences. If a scientist has no good mathematical qualification, such mathematical papers
suggest his inferiority complex. It takes much time before he begins to understand that the
majority of such papers are not worthy of reading. The second form is programming
despotism. This type was generated after the appearance of neo-programmers, the scientists
who are not programmers, but being able to write programs. Such scientist substitutes thought
process by doing programs, not putting the question whether the methods are so good what
they need to be programmed.
As a result, the authors [20] came to the conclusion that the number of isomers
increases with an increasing number of atoms, and "a family of transformations based on the
Endo-Kroto C2 insertion mechanism gives access to all isomers of all fullerenes up to C200
from a C24 seed". In reality, it is not the case. For example, the appearance of the first EK
patch in fullerene C50 excludes from eight possible sites not only this patch but also two
neighboring sites (Look carefully at Fig. 26). Therefore for the second insertion, there left
only five possibilities but not seven. So instead of increasing isomers during the growth we
have decreasing. The next sections make it clearer.
Isomers of fullerene C54. Five isomers of fullerene C52 can be classified into two
subgroups of intermediate fullerenes. The isomer of the first subgroup C52:3-3-1-1 AC is a deadend fullerene since its hexagons have no diametrically opposite pentagons. The other isomers
can grow further by using the Endo-Kroto's mechanism and producing new fullerenes; they
are alive. It is interesting to note that fullerenes C52:3-1-3-1 AC1 and C52:3-2-3 AD produce one and
the same direct descendant C54: 3-1-2-2 AC1D. At first glance, it seems that there are three natural
isomers of fullerene C54. They are shown in Fig. 29. However, on close examination of these
graphs, it becomes evident that graphs C54: 2-2-3-1 ABC1 and C54: 3-1-2-2 AC1D reflect also one and
the same structure. It follows algebraically from the fact that their symbolic designations:
2-2-3-1 and 3-1-2-2 form a circular permutation, as well as geometrically: one needs to rotate
any of them through 180 deg and to obtain its antipode. So fullerenes C52: 2-2-1-2-1 AB and
C52:3-2-3 AD produce one and the same descendant and we have only two natural isomers of
fullerene C54.
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C54: 3-1-2-2 AC1D

Fig. 29. Graphs of the isomers of fullerene C54
C54: 4-1-3 AAC1

C54: 4-1-3

E = 1380

C54: 4-1-3

E = 2579
C54: 2-2-3-1 ABC1

C54: 2-2-3-1

C54: 2-2-3-1

E = 1423
E = 2627
Fig. 30. Isomers of fullerene C54: structure and graphs; energy in kJ/mol
Isomers of fullerene C56. Each of the two isomers of fullerene C54 produces only one
descendant. They are shown in Fig. 31. The scheme of all isomer generations is presented in
Fig. 32.
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C56: 2-2-2-2 ABC1D

C56: 2-2-2-2
E = 1563

C56: 2-2-2-2

E = 2674

C56: 4-4 AACC

C56: 4-4

E = 1453

C56: 4-4

E = 3170

Fig. 31. Isomers of fullerene C56: structure and graphs; energy in kJ/mol
C52: 4-2-2 AA
C54: 2-2-3-1 ABC1

C56: 2-2-2-2 ABC1D

C54: 3-1-2-2 AC1D

C56: 4-4 AAC1C2

C52: 2-2-1-2-1 AB

C50:3-2-2-1 A

C52:3-1-3-1 AC1

C52:3-3-1-1 AC

C52:3-2-3 AD

Fig. 32. Generation of isomers of fullerene C50 and their descendants
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We have to turn back to the physical restrictions to clear up the fullerene-isomer
problem. The transition from individual atoms to the patches contains implicitly two-scale
averaging. The first averaging is the transition from electrons and nuclei to atoms. After such
averaging one forgets the constituents of the atom (electrons and nucleus) and operates with
the atoms investigating their interactions. The second averaging is the transition from the
atoms to polygons and even to the patches. After that one forgets the atoms and operates with
these atomic agglomerates in studies of fullerenes. The averaging puts physical restrictions
both on the interaction and the agglomeration. Moreover any averaging includes assumptions,
but the more assumptions, the more mistakes.
Experimentally [3], "In C60–Ih there are two different types of bonds according to
atomic field microscopy (AFM) image. The measured bond lengths are rhh = 1.38 Ǻ and
rhp = 1.4654 Ǻ. The larger bonds are singular, the lesser bonds are double ones". Therefore in
the ground state, each carbon atom takes part in the formation of one double bond and two
single ones. It also means that although all carbon atoms are equal, the bonds are
nonequivalent [22,23], and that fact puts restrictions on their agglomeration.
Mathematicians design their theories on the basis of definitions. In doing so they replace
the assumptions with definitions; the latter taking a role of axioms. Consider two typical
examples. Ref [20]: "The classical definition of a fullerene as a carbon cage whose skeleton is
a trivalent polyhedron with hexagonal and pentagonal faces will be used". Ref [3]: "Classical
fullerenes are cage-like, hollow molecules of pseudospherical symmetry consisting of
pentagons and hexagons only, resulting in a trivalent (and in the most ideal case) convex
polyhedron with exactly three edges (bonds) joining every vertex occupied by carbon,
idealized as sp2 hybridized atoms".
We agree with the authors [3] that "a number of chemical properties of a fullerene can
be derived from its graph structure". But we don't understand the word-combination
"mathematical properties of fullerenes". Nobody says about the mathematical properties of
metals or semiconductors. To our mind, there is a logic bifurcation after which there appear
two different branches of fullerene study: the natural fullerenes as carbon molecules and the
mathematical fullerenes as polyhedrons. If one writes "many mathematical properties of
fullerenes have found simple and beautiful solutions", one must emphasize that this
affirmation refers only to the mathematical fullerenes. On contrary, one misjudges the
problem propagating mathematical despotism.
The papers cited are written by the groups of three [3] and four [20] authors; among
them are physicists, chemists, and mathematicians. These papers were chosen as a typical
example of the new style of investigations when physicists and chemists get sidetracked
leaving the key role to mathematicians. However, one must bear in mind [21]: "At a distance
well removed from an empirical source, mathematics is threatened with degeneracy. Supermathematization of an empirical field where there are no constant hypotheses is a disaster"
(John von Neumann). We would like to add also the words which were said many years ago
by R.B. Hamming. Having a wealth of experience in the field of computational mathematics
(he was the President of American Association on Computers and the Head of the
Mathematical Service of Bell Telephone Laboratories), Hamming wrote in his book
"Numerical Methods for Scientists and Engineers" [24] the following. "Two theses are at the
basis of this book. Before solving a problem think what you are going to do with its solution.
The aim of calculations is understanding, but not the numbers."
Conclusion: the number of natural fullerene isomers is less than the millions of isomers
produced by unskilled using algebraic geometry.
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9. Growth of fullerene C56
The fullerene belongs to the column of basic perfect fullerenes having four-fold symmetry. It
can produce the natural isomers shown in Fig. 33
C56

E=1580

E=2643
C58 A

E = 1679

E = 2503
C60 AB

E=1638

E=2324

C60 AC

E = 1631

E = 2270
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C62 ABC

E = 1566

E = 2121
C64 ABCD

E = 1921

E = 1915

Fig. 33. Fullerenes C58, C60, C62, and C64 as a result of embedding one after another carbon
dimer into fullerene C56: structure and graphs; energy in kJ/mol
10. Conclusion
We have studied possible ways of generating and growing the fullerenes and nanotubes
having four-fold symmetry. We assumed that cyclobutane C4H8 can be transformed into
different electronic isomers of clusters C4-C4. In its turn, the clusters can initiate the
generation of elementary fullerenes C8, mini-fullerenes C16, and cupolas from C16 to C40.
These aggregates produce the fullerenes from C24 to C64, perfect and imperfect, as well as
nanotubes. There are three the most natural mechanisms of obtaining new fullerenes: 1)
Fusion of carbon cupolas having one and the same symmetry; in our case, fourth-fold
symmetry; 2) Fusion of fullerenes having compatible symmetry; 3) Embedding carbon dimers
into initial fullerenes (the Endo-Kroto's mechanism).
The first mechanism is the most promising. It leads to generating basic perfect
fullerenes. The second mechanism produces, as a rule, nanotubes. The third mechanism
creates imperfect fullerenes. The imperfection is connected either with extra 'interstitial' or
'vacancy' carbon dimers, both types of dimers playing the role of defects. Only the basic
fullerenes C24, C32, C40, C48, C56, and C64 have the ordinary four-fold symmetry in the
corresponding column of the periodic system of fullerenes, the intermediate fullerenes having
no such symmetry. Considering the latter as imperfect due to defects, one can define them as
the fullerenes conserving topological four-fold symmetry.
We have given a quantitative criterion that allows distinguishing fullerenes and
nanotubes, and have calculated their energies. We have found that among the perfect
fullerenes there are alive and dead. The fullerenes of the first subgroup can grow further by
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the use of the Endo-Kroto's mechanism producing new fullerenes. The fullerenes of the
second subgroup have no such possibility. The reason is connected with a hexagon-nearest
circumference in different fullerenes.
We carefully examined the problem of fullerene isomerism and showed that it is
necessary to differentiate natural and mathematical isomers. The first ones can be obtained
during the natural growth in the framework of the Endo-Kroto C2 insertion mechanism. The
second ones are the mathematically possible fullerene structures and their interconversion is
based on assumed sets of rules for construction and transformations without physical
restrictions.
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