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Abstract. The construction of a physically nonlinear model of deformation of a rectangular
orthotropic plate of average thickness loaded with a transverse uniform distributed load is
considered. This model is limited by the scope of small deflections. In the formulation and
solution, not only the orthotropy of the plate material was taken into account, but also the
nonlinear differential resistance, which was described using the equations of state, constructed
using the normalized stress space. The plate fastening is presented in two versions: hinged
support and rigid fastening along the contour. An algorithm for solving this class of problems
was developed and implemented. A practical solution was made using the MATLAB software
package.
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1. Introduction

The development of science and technology has given impetus to the design of more complex,
improved, and unique buildings, structures, machine parts, and apparatus. An example of this
is modern research centers, sports stadiums, military equipment, and the aviation industry. In
all these industries, materials are used whose properties don't obey the linear laws of
mechanics. All these objects require careful calculation since the slightest error at the initial
design stage can lead to serious accidents and death of people later.

For the error-free design of such structures, various calculation theories are developed
and simplified models of objects are proposed. Also, more and more technologically
advanced materials are used, for the calculation of which conventional (classical) models
aren't enough, for example, a structural material, a composite of carbon fiber AVCO Mod 3a
[35]. The desire to reduce the weight of the structure while improving its quality makes it
necessary to use modern calculation methods in the design process. That is why the
development of new and modernization of old models is an urgent task of modern structural
mechanics and mechanics of a deformable solid.

The issue of calculating material with different resistance, and specifically plates made
of them, was dealt with by many researchers: S.A. Ambartsumyan [1-5], R.M. Jones [6-9],
C.W. Bert [10-13], A.A. Zolochevsky [14-21], Lomakin E.V. [22-23], A.V. Berezin [24],
N.M. Matchenko [26] and A.A. Treschev [25,27-32].

So S.A. Ambartsumyan in his works [1-3] proposed simple constitutive relations in the
form of equations of state with tangential-linear dependencies between the principal stresses
and deformations, and the question of the relations between shear stresses and shears wasn't
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discussed. In his model, the field, the principal stresses are divided into regions of the first
and second kind [4-5]. This model is similar in shape to the classical generalized Hooke's law
of orthotropic material, but the elastic moduli and transverse strain coefficients in the
directions of the principal axes are determined separately from the experiments on axial
tension (Ex", vim") @and compression (Ei, vim ). Direct application of the proposed relations is
possible only in those cases when the distribution of the principal stresses by their signs at
different points of the body is known in advance, as well as subject to model constraints on
the constants arising from the symmetry condition of the compliance tensor.

In the model of R.M. Jones [6-9] featured symmetric weighted compliance matrices.
Their symmetry was achieved by different signs of the principal stresses due to the
introduction of weight coefficients into the off-diagonal components. They were pairwise

ratios of the modules of principal stresses (ky =|oy|/ (o3| +|o2|) . ko =|o2|/ (01| +|o2])).

One of the simplest models of equations of state for materials with different resistance
was proposed by K.V. Bert (C.W. Bert) [10-13]. This model is applicable to fibrous materials,
where the components of the compliance matrix depend on the sign of the normal stresses
arising in the direction of the fibers. When equal to 0 along the fibers of normal stresses, this
theory ceases to be valid.

The most complex and controversial model was proposed by A.A. Zolochevsky
[14-21]. He introduced equivalent stress, the second degree of which determines the
deformation potential. The potential constants are "hidden"” in the expressions that make up
the equivalent stress. Equivalent stress is determined by the sum of linear and quadratic joint
stress invariants. Due to the presence of irrationality in the equations for the relationship
between stresses and strains, it isn't possible to single out the compliance matrix in a general
form. The complexity of this model lies in the experimental determination of a many numbers
of constants (which can't always be isolated from experiments in sufficient quantities). In
particular, for an orthotropic material in the quasi-linear approximation, it is necessary to
determine thirty-two constants, and from the simplest reference experiments (uniaxial tension
and compression in the direction of the main orthotropic axes and at an angle of 45 ° to them)
only eighteen can be established.

2. Methods

It is obvious that even a detailed analysis of the most well-known models of constitutive
relations for anisotropic materials with different resistances indicates that these models aren't
free from serious shortcomings and are based on individual hypotheses, often unfounded by
experimental facts. In particular, E.V. Lomakin in [22-23] formulates the strain potential for
anisotropic materials in the form of an energy function of the ratio of average stress to stress

intensity £=0o/0o; (where G=Gij-5ij/3 — average stresses, o, = /1,55”3” — average
stresses; S, = o, — ;0 — components of the stress deviator; o Kronecker symbol),

multiplied by the convolution of the fourth rank compliance tensor with second rank stress
tensors in the principal axes of material anisotropy. A serious drawback of the introduced
relations is the emergence of uncertainties for the functional parameter of the & level +o,
which was repeatedly pointed out in [24-26].

In the works of N.M. Matchenko and A.A. Trescheva [25-27] deformation potentials
are constructed for anisotropic multi-resistive materials admitting quasi-linear approximation
in nine-dimensional normalized stress space. In these works, equations of state of two levels
of accuracy were obtained. Despite the rationality of this approach, the relations obtained are
also not free from significant drawbacks, which for equations of the first level of accuracy are
complex functional dependencies between uncorrelated constants of materials, and for
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equations of the second level, there is an excessively large number of constants subject to
experimental determination, which requires the involvement of experiments on complex stress
conditions.

In subsequent works [28,31-32], a correcting formulation of the equations of state was
carried out for a different class of anisotropic materials, both in quasilinear and nonlinear
formulations. In the nonlinear model [29-30], equations of state are used, represented by the
type of generalized Hooke's law for anisotropic materials by the type:

&m = Himpq (91 @t ) 0pqs Hikmpg = Hpgkm: k.M, 0, p,s,t,=1,2,3. 1)
In particular, for an orthotropic material, these dependencies are presented as follows:

er1 =(Au11+Biig1-@11) 011+ Aligp +Braga (a1 +app) |- o0 + 2)

+[ At1as +Bigz - (11 +as3) |- o3s;

€20 =| M122 +Br1go (@11 +@22) |- 011 +(Ao222 + Boogp - @22)- 090 + 3)

+[ Aoass +Baoss (g2 +ag3) |- o33

€33 =| 133+ Briss (@11 +@a3) |- 011 +[ Anass + Boass - (a2 +33) |- 020 + 4)

+(Ag333 + Bazsz - @33) - 033;

2e,=C,,, (0'i ) Ty ®)

2, =Cpps(0)) 7o (6)

2e,=Cp, (O'i ) “Tya) @)

where ajj =0 /S; - normalized stresses in the principal axes of material anisotropy;

05 2 2 2 2 2 2\ — .
S :(gij 'Ui,-) = \/011+022 +J33+2(T12 +723+731) total stress modulus (stress space norm);

Ajjkm: Bijkm Cijkm, — nonlinear functions that determine the mechanical properties of the

material.

For orthotropic bodies, the number of independent material functions reaches fifteen
[31-32]. The representation of these functions that determine the properties of the material is
carried out by approximating the experimental deformation diagrams under uniaxial tension
and compression along the principal anisotropy axes and diagrams obtained for shear in three
principal orthotropic planes by processing them in the Microcal Origin Pro 8.0 program
(Microcal Software Inc.). In this case, for a structural orthotropic nonlinearly resistive
composite material AVCO Mod 3a [35] are represented as follows:

A (01) =05 1/ E{ (07)+L/ By () | ©®)

Bk (1) = 05| 1/ EY (07) -1/ E (o) ©)
N '_V+m(‘7i)+‘/_m(o'i) )

A () =-0% e Em<ai>]’ >
N—_OE. V+m(0i)_‘/_m(0i) ,

P (1) =051 2203 Emai)]’ )

Cimkm (07) =1/ Gy (i ); (12)

Ef (0i)=af +mi -0 +ng -of; (13)
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+ + + + 2.

Vim (67 ) = Zkm + Bim - Gi + tim - 01 (14)
2.

Gkm (i) = Ykm + Pkm - i + Ukm * OF ; (15)

where &, Mg, N, Aam Sine ems Okms Pkms Gkm — cOnstants of nonlinear material

functions, determined by processing experimental deformation diagrams by the least-squares
method and presented in Table 1.

This model of a nonlinear orthotropic resistive material [28,31] is currently the least
controversial, gives the results as close as possible to the experimental data, and therefore is
used here as the basis for constructing a method for calculating plates.

The nonlinear properties of such materials manifest themselves already at the elastic
stage of deformation, and this significantly affects the stress distribution with a further
increase in the load. It isn't possible to describe the process of deformation of a plate made of
similar materials by ordinary linear functions with the required degree of accuracy, and
especially in a complex stress state, which is realized within the framework of transverse
bending.

We consider the elastic equilibrium of a rectangular single-layer plate, referred to the
Cartesian coordinate system (the X; axis is along the long side of the plate, the X, axis is
along the short side of the plate, and the X3 axis is along the plate thickness). At an arbitrary
point on the plate, one of the symmetry planes is parallel to the median surface, and the other
two are perpendicular to the coordinate lines: X; = const, X, = const.

Two options for supporting the plate along the contour are considered:

- plate with rigidly clamped contours in accordance with Figure 1a;
- the plate is hingedly supported along the contours in accordance with Fig. 1b.

Fig. 1. Design diagram of a rectangular plate with two types of support:
a) with rigidly clamped contours; b) with hingedly supported contours

Table 1. Constants of composite material AVCO Mod 3a [35]

) 1st element of 2nd element of 3rd element of
Technical . . :
Sample test type nonlinear func- | nonlinear func- | nonlinear func-
parameter ) ) )
tion tion tion
25 o m; n;
= © 1.058-10%° 62.829 1.535-107°
c g > + + +
g 3 S E, (0,), Pa 2 T0 L > =7
S ] = 2.864-10 -105.476 5.893:10
= g = a; m, ny
35 2.301.100 88.349 3.711.10°°
[
> :qé Vim (O'i) A ﬁfé s
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1st element of

2nd element of

3rd element of

Technical . . .
Sample test type nonlinear func- | nonlinear func- | nonlinear func-
parameter . . .
tion tion tion
0.158 -3.106-107° 2.192-107Y
An B ,u;1
0.103 -1.79-107° 9.106-1078
j'1+3 ﬂlg ,Ufs
0.203 2.15-107° 6.148-107Y
Izrs ﬁ2+3 /u2+3
0.104 0.87-107% 6.741-107Y
ﬂ’;l ﬂ?j—l ﬂgl
0.146 -0.146-1071° 6.971-107Y
a m; n,
0.988-10° ~12.943 6.71-10~
_ o, m., n,
E.(o,), Pa 2 2 2
_ § (o) 2.326-10%° —436.81 —6.077-10”7
28 % m, N
= 5.14-10 -129.15 —78.31-10
g © Ay B i,
;; 8 0.118 -1.457-107° 2.136-107Y
E _; Ay B My
S g 0.06 1.77-10°° 2.947-10°
= - - -
£ Vi ( O-i) /113 ﬂlS - M3 .
> 0.264 -1.118:10 3.01-10
2 _ _ _
© 123 ﬁzs Hos
0.189 2.156-107° 2.104-107Y
/1;1 ﬂ3_1 Mz
0.134 -0.457-107%° 5.819-107Y
Tg_ § J:, P12 0,
S 3 4.07-10° -1,6 —8.38-10°
—_— O
S > ka(Gi), Pa 0, Pas 0,3
£8 1.723-10° 16.899 -1.1-10°
&£ Oa Pas Oy
O o 2.43-10° —54.455 -1.97-10™

For the posed problem, model assumptions, traditional for this class of problems, were
introduced over the entire plate thickness [12,19,31] in the following formulation:

1) the normal to the median plane after deformation is rotated by an angle y, relative to
the axis x and by - y, relative to the axis x, ;

2) when determining the parameters of the stress state, the influence of normal stresses

o, due to their smallness, is neglected.

Based on the above assumptions, for the displacements of the plate points we have:
up (%2, X2, X3 ) = Up (X0, X2 ) + X3 w2 (X, %2);

(16)
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Up (%1, X2, X3) = U1 (X, %2 ) + X3 w2 (X1, X2 ); (17)
Uz (Xq, X, X3) = W (X, Xp); (18)
where ug,Up,u3z — mid-surface displacement; y,,y, — angles of rotation of the plate sections

relative to the axes; w — deflection.
In this case, the constitutive relations for a nonlinearly resistive orthotropic material (2-
7), according to the adopted model, are represented as:

er1 =(A11(0i)+Bra11 (i) a11)- 011+ Aaza (67)+Brioo (07)- (@ +anp) |- o20: (19)
e20 =[ A122 (i) + Br1o2 (01)- (o1 +@22) |- 011 +(Ao22a (67 )+ Booao (07 ) @2 ) - 022;  (20)

€33 =| A1133(0i)+Brass (0i)- 11 |- 011 +[ Aozaz (07 ) + Basz (07 ) @2z |- 022 (21)
2615 =Cyo12 (i) 7123 (22)
2613 =Cy313(0j ) 713; (23)
2693 =Cp323(07 ) 723: (24)
where:

S2\/0121+0222+2(T122+T223+f§1)i (25)
Oj =\/0121—011022 + 0% +3(tfy + 53+ 751); (26)
Cr111 = Au111(oi ) + Buira (o) - s (27)
Cr122 = A1122 (i) + Br122 (7)) - (a1 +a23); (28)
C1133 = A133(0i ) + Braga (i) 11 (29)
Co222 = P222(07) + B2z () 0122 (30)
C2233 = Ag233(0i ) + Boosa (0 ) - 22 (31)
Di212 =C1212(0i); D323 =Ca33(0i);  Da1a1=Caiz1(oj)- (32)

Expressing stresses through deformations, taking into account the simplifying equations
(8-15, 19-24, 27-32), after simple mathematical manipulations, we come to the following
dependencies:

011 = Di111 (U1 = X321 )+ Dr122 (Uz 2 — X3 w12 ); (33)
22 = D112 (U1 =3 w21)+ Da2oa (U222 = X3-¥1.2 ); (34)
Upo+Up1—X3-\W11+t¥22
T2 = ( ): (35)
D212
Yo+ Wq
Tog = —( ) ; (36)
D2323
)
31= (D—); (37)
3131
where
Co22
Di111 = ; (38)
Cr1111-C2222 =C1122 - Cr122
C
Di122 = 122 : (39)

C1111-C2222 =C1122 - C1122
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Cia . (40)
C1122 - Cr122 = C2222 - Cra11

Deformations aren't explicitly included here, but they are easily calculated from the
third equation of the system (19-24).

Taking into account that taking the new physical equations as a basis, we thus don't
make changes in the dependences of the static-geometric nature, we represent the static
conditions for a rectangular plate in a Cartesian coordinate system in the traditional form
[12,19,31]:

Nijj,j =0, Qk=-0  Mjjj—Q=0. (41)

Forces and moments are determined by integrating stresses (31-35) over the plate
thickness:

h/2
Njj = j ojjdxg,  (i.j=12); (42)

-h/2

h/2
Qk = I Z'k3dX3, (k:1,2); (43)

-hi2

h/2
Mjj = j oij - xa0xg,  (i,j=12) (44)

-h/2

Considering dependences (31-44) together, after some transformations, we obtain the
resolving equations for bending of rectangular orthotropic plates of average thickness from a
nonlinear material with different resistance:

w211 Biaa1 +w21-Bri1a +w1,01 - Braoo + w12 - Briop 1 +Up 21 Brigp +Up 2 - Brigp g +
+Up1-Brygaa+U11-Brign +0,5-w112 - Brogo +

+0,5-111-B12122 +0,5-w2 22 - Bi212 +0,5-92 2 - Bo1o o + (49)
+0,5-U112 - Dy212 +0,5:Up 2 - Dyp12 2 +0,5-Up 12 - D121 +0,5-Up 1 - Dogp 2 =0;

Doooo =

¥1,2-B2ooo 2 +¥1,20 - Boooo + W21 Br1oo 2 +W2,12 - Brigo +Up 2 - Boooo o +Up 22 - Bpogp +
+Up12 - Br1op +Up1-Br12o 20,5911 - Brogo g +

+0,5-y111-B1212 + 0,512 2 - B12121 + 0,59 21 - Byo1p + (46)
+0,5:U1 2 - Dy2121+0,5-Uy 21 - Dy212 +0,5:-Up 1 - Di2121 +0,5-Up17 - Diog2 =0;

0,5-w5-Dy3131+0,5-w51-D1313+0,5- W3- Dy3131+0,5-Wqq - Dyzg3+
+0,5-Wy - Dp3232 +0,5-W - Dogo3 +0,5-W 99 - Dogp3 +0,5-W o - Dozpz o =—0; (47)

wo11-Kiia +wo1-Kiaaag +v121- Kuaoo +w12 - Kiaop a1 +Up 21 - Brago +

+Up 2 Br1op1 +U11-Braga +Ug - Bragga +

+0,5-p11-Ky212 2 +0,5-9112 - K212 + 0,592 25 - Kyp12 + (48)
+0,5-¥2 5 -Ky212,2 +0,5-U1 22 - B1212 +0,5-U1 2 - Brogo o +

+0,5-Up1-B1212 +0,5:Up 12 - B1212 2 = 0,592 - D1313 - 0,5-wy - D313 =0;

w122 Koo +11 2 - Koooo 2 + w212 - Kigop +w21-Ki192 2 +Up 22 - Bogoo +
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+Up 2 Boppp o +Up12 - Briop +Up1-Bryop o +
+0,5-w111-K1212 + 0,591 1-Ki2121+0,5-12 21 - Kyp1o + (49)
40,5922 -Ki2121+0,5-Up 21-B1212 +0,5-Up 5 - Byo1o g +

+0,5-Up11 - B1212 +0,5-Up 1 - B12121 = 0,591 - D323 = 0,5-W 5 - Dpgp3 = 0.

To solve the obtained equations (45-49), we use the finite-difference method with the
approximation of the second order of accuracy [33-34]. This procedure is implemented in the
MATLAB environment.

3. Results and discussion

The main calculation results are given for a plate with dimensions of 1.0x0.75%0.075 (axbxh)
m, under the action of a uniformly distributed load g=1.45 MPa. As a result of solving the
problem posed for the transverse bending of a rigidly fixed (Figs. 2-19) and hingedly
supported (Figs. 20-34) rectangular plate made of orthotropic nonlinear multi-resistive
composite material AVCO Mod 3a [35], distributions of the main characteristics of the stress-
strain state were obtained. Additionally, the effect of the load value on deflections and
maximum moments in the plate was analyzed to demonstrate nonlinearity for various fixing
options.

Rigidly clamped plate made of graphite AVCO Mod3a [35]

10 ° Deflections W
05 X
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-35 |

Coordinate along the diagonal, m

Fig. 2. Deflections W along the diagonal of the plate
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Fig. 19. Influence of the magnitude of the load on the maximum bending moment M,
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4. Summary

Analyzing the above graphical dependencies, it should be noted that the disregard for
nonlinearity leads to a very significant error in the results. It should be said that when using
materials in which the nonlinearity is more pronounced than that of the carbon fiber — carbon
AVCO Mod 3a composite, and considering structures in large displacements and in a more
complex stress-strain state, the stress-strain state will change even more significantly.

Based on the above, it can be concluded that this work is relevant and will serve as the
first step towards a more accurate calculation of building structures within the framework of
the proposed theory [32].

In a similar vein, the problem of axisymmetric transverse bending of an annular plate
made of an orthotropic nonlinear material with different resistance was considered in [36].
During the deformation of the plate under consideration, there are no tangential stresses in the

middle plane Oy and in the cross-section along the second coordinate Oy and only

tangential stresses in the cross-section along the radial coordinate o,, are taken into account.
The presence of tangential stresses Oy and o, (Figs. 5-8 and Figs. 24-27) significantly

complicate the picture of the stress-strain state of rectangular plates due to the redistribution
of stresses. Taking these stresses into account gives a more complete picture of the process of
plate deformation during transverse bending, expanding the understanding of the picture of
the stress-strain state of bent plates (especially the moment of the onset of the limiting state).

5. Conclusions
The main results and conclusions of the work are as follows:

1. A number of theories of deformation of nonlinear anisotropic materials with different
resistances are considered, it is concluded that the constitutive relations used by the authors
describe the process of deformation of plates made of these materials most fully.

2. The governing equations for the bending of rectangular plates of average thickness
made of an orthotropic physically nonlinear material sensitive to the type of stress state are
obtained in a geometrically linear formulation.

3. For a comparative analysis of the calculations of the proposed variant of
deformation, the calculation of a rectangular plate of average thickness was carried out. The
analysis of the results is demonstrated by the example of a rectangular plate with
characteristic dimensions of 1.0x0.5%0.075 (axbxh) m.

4. An algorithm for solving the resulting resolving equations based on the method of
variable parameters of elasticity and finite-difference approximation of the second order of
accuracy has been developed. Developed special software which implements the algorithm
using MATLAB computing system to calculate the stress-strain state of the plates.

5. The results of the calculation of the plates showed that taking into account the
phenomenon of nonlinear differential resistance allows obtaining more precise results, in
comparison with the "linear theory of elasticity" and theories: S.A. Ambartsumyan,
A.A. Zolochevsky, R.M. Jones — D.A.R. Nelson, C.W. Bert — J.N. Reddy up to 26.8% for
maximum displacements, up to 38% for maximum stresses, and in some cases the difference
for force factors can reach 60%;

6. The analysis of the results obtained allows us to conclude that it is necessary to take
into account the phenomenon of nonlinear resistance of the material when carrying out
strength calculations, due to the fact that this phenomenon has a significant effect on the
qualitative and quantitative characteristics of the stress-strain state of structures (in particular,
for a rectangular plate of average thickness).
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