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Abstract. The behavior of coated media is investigated using the block element method under 
the assumption that the coating is exposed to a liquid substance that gradually leads to the 
destruction of the coating. It is assumed that the coating contains many defects that are 
parallel to each other. A similar situation occurs when the body is bent around the axis in a 
liquid medium, resulting in high tensile stresses in the coating. Such problems occur in 
bearing pairs. Another example of such a situation occurs in seismology, in the subduction 
zone, which represents the advance of oceanic lithospheric plates under the continental ones. 
Keywords: cracks, block elements, coatings with defects, Kirchhoff plates, liquid layer, set of 
defects, stress concentration, subduction, tsunami 
 
 
1. Introduction 
The block element method, originally developed as a convergent approach that combines 
several traditional methods for solving boundary value problems for partial differential 
equations, has found a fairly wide range of practical applications [1]. In particular, it has 
helped to detect a new type of earthquake, called the starting one, to identify another 
mechanism of environment destruction, having identified a new type of crack, to find an 
approach for the most important aspect of tsunami forecasting. The most important was the 
possibility of using the block element method to study boundary value problems for partial 
differential equations with variable coefficients, which makes it possible to design new 
materials of mosaic structure [2]. 

The block element method is applied to study the behavior of the coated media under 
the assumption that the coating surface is exposed to a liquid medium and contains N defects. 
Assuming that the liquid layer can be modeled using shallow water equations, we study a 
block structure that includes a body in the form of a three-dimensional deformable layer, a 
defective coating modeled by Kirchhoff plates. The distribution of stress concentration in 
such a block structure has been studied. The analysis showed that even in the presence of a 
liquid, the features of the stress-strain state of the material that is inherent in the case of its 
absence are preserved. The presence of multiple cracks leads to the necessity to compare the 
parameters describing the stress concentration and search for the most vulnerable of them 
when predicting the medium destruction. 

In problems related to the study of bearings, this method highlights the most vulnerable 
part. In subduction problems, the zone is defined in this way as the nearest earthquake and the 
possibility of a tsunami. Some zone adjacent to the contact between the oceanic and 
continental plates, called the Benioff seismofocal zone, has a set of parallel faults in the 
oceanic plate. During the subduction process, the plate goes through several rheological States 
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until it melts at a great depth. This phenomenon provokes earthquakes and tsunamis in the 
coastal zone (Indonesian 2004 and Fukushima 2011). Boundary value problems for both of 
the problems described above are identical. The developed method allows to predict 
destructive events, evaluate the expected consequences and ways to anticipate them. 

The theory of cracks, including those located parallel to the boundaries of the areas 
occupied by the material, as well as on the border between the coating and the material, has 
been developed in numerous works [3-15]. In this paper, we consider defects in the form of 
new type of cracks, the most destructive in problems with coatings [1]. The result of the work 
shows the importance of their detection, since even single defects can lead to irreversible 
consequences in such structures, and multiplicity – to complete destruction. 
 
2. Basic equation 
Let's select one defect from the existing N  set in the coverage. Let's set a boundary value 
problem for it. The result of this study is then transferred to the study of multiple parallel 
defects using the method proposed in [16]. 

We assume that the liquid layer and the plate are affected by external time-harmonic 
forces directed vertically. In a local coordinate system 1 2 3x x x  with the origin 1 2x x  at the plane 
coincident with the median plane of the plate, 3ox  – axis directed upwards along the normal 
to the plate, the axis 1ox  is directed tangentially to the edge of the end plate, the axis  

2ox  – normal to its boundary. The area of the left plate is marked λ  and described by the 
ratio 1 2,x x θ≤ ∞ ≤ − , and of the right – r -index and coordinates. For plates, the Kirchhoff 
equation for fragments b , ,b rλ=  of regions bΩ  with boundaries b∂Ω , with vertical 
harmonic stress effects 3

i t
bt e− ω  from above and 3

i t
bg e− ω  below, after excluding the time 

parameter, has the form 
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Here bν  – Poisson's ratio, bE  – Young's modulus, bh  – plate thickness, bρ  – density,  
ω  – frequency of vibrations, 3bg , 3bt  – values of contact stresses from the base side and 
pressures on the plates of the liquid layer from above, acting along the axis 3x  in the region 

bΩ . 2 2 1 2( , )≡F F α α  and 1 1 1( )≡F F α  both the two-dimensional and one-dimensional 
Fourier transform operators, respectively, bm  and bq  – bending moment and cutting force, 

1( )bf ∂Ω  vertical displacement at the boundary; 2 ( )bf ∂Ω  angle of rotation of the median 
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plane around the axis 1x , in the coordinate system 1 2x ox ; bh  – plate thickness, H  – size 
parameter of the substrate, for example, the thickness of the deformable material layer. 

The behavior of a block element, which is a layer 0Ω  of incompressible liquid thickness 
on the surface, is described by 1H  shallow water equations of the following type [16] 

2
1

( ) i t i tbihp i g e we
H

ww wρϕ ρ ϕ
w

− −= + ∆ − . 

Here p  – the pressure in the liquid layer, ρ  – the density of the liquid, g  – the 
acceleration of gravity, ϕ  – the speed potential in the liquid, w  – the external effect on the 
layer. Given that the upper boundary of the plate is under the pressure of a liquid layer, taking 
into account the model taken, it is necessary to take 

3bt p= , 3 2
1

b
b b

hu
i H

ϕ
ω

= ∆ . 

As a result, the differential equation to the velocity potential takes the form 
2 2 2

3 1 1
53 43 53 53 3- =0bb b b b b b b b

b b

H H( g ) i ( g w )
h h

∆ + ∆ + -- ww ϕ ε ρ ε ϕ ε ρ ϕ ε . 

To use the block element method, it is required to apply its algorithm, which includes 
the stages of external algebra, external analysis, and factor topology, which will be explained 
in detail below. At the stage of external algebra, the boundary value problem is reduced to a 
functional equation of the following form 
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Here 1 2( , ), ,b b rω α α λ=  are external forms, which are quite simple to construct, 
corresponding to the boundary value problem under consideration. The correlation between 
boundary stresses and displacements on the surface of the elastic medium on which the plates 
are located has the form 
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( )1 2,K α α  – analytical function of two complex variables 1 2,α α , in particular, 
meromorphic, various examples of it are given in numerous publications [17]. 

We apply the external analysis stage to the study of functional equations, called so, 
because differential operations are performed on external forms. For this purpose, we present 
the functional equations as 
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[ ]1
3 1 2 1 2 1 2 53 3 1 2( , ) ( , ) ( , ) ,b b b b bU N S ( )−= +α α α α ω α α ε α α . 

We require the implementation of an automorphism, one of the ways to implement 
which is to turn to zero the Leret form-residues only in those zeros 2 2 1m m ( )α α α± ±=  of the 
determinant of the function 1 2( , )bN α α  that provides each of the boundary problems as 
carriers only their own plates. Pseudo-differential equations degenerate into algebraic ones in 
a given boundary value problem. Taking into account the accepted notation, the equation for 
the left plate can be represented in the form 
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          The second pseudo-differential equation has a similar form. 
 
3. Simplify the task statement 
The solution of the problem stated in this article in the case of one defect, performed in [16], 
showed that the decisive role in the evaluating the zone of maximum stress concentration will 
be relatively thin layer of liquid, and the parameters of the defects distribution in the 
deformed coating. Therefore, in the future, without loss of accuracy, we simplify the task by 
focusing on the study of the effect of multiple faults. The behavior of a thin layer of liquid, as 
a result of the movement of coating fragments outside the defect or the surface of plates, is 
described by the piston theory of hydraulics. With that in mind, we will give a statement of 
the problem for elastically deformable objects, and after solving this problem, we will take 
into account the behavior of a thin layer of liquid. 

Thus, we consider a coating that lies on a deformable base, representing the Kirchhoff 
plate, which has several types of parallel defects infinite in length, such that they divide the 
coating into several fragments. In cases where the defect edges do not close, there are two 
positions – when there is a distance between them that is different from zero, and when there 
is no distance between them. In the first case, the edges of the plates are removed from each 
other and are located on a linearly deformable base, in the second case, the distance is absent. 
We believe that the surface between the edges of the defect is free from stress, and external 
forces act on the ends of the plates, directed by the rule of external vectors. Boundary 
problems are considered in a coordinate system 1 2 3x x x  with the origin in the plane 1 2x x  
coinciding with the median plane of the plate, the axis 3ox  directed up the normal to the plate, 
the axis 1ox  directed tangentially to the defect boundary, and the axis 2ox  – along the normal 
to its border. Plates representing the fragments of the coating is the region nΩ  

1 2 1 2 2 2, , 1, 2,..., ,n n Nx c x c n N c−≤ ∞ ≤ ≤ = = ∞  with 2 1n−∂Ω  left and 2n∂Ω  right borders. The 
defect numbers follow the numbers of the coating fragments and there are two possible states 
for the defects n : 2 2 1 2 2 10, 0n n n nc c c c+ +− < − = . Let's limit ourselves to the case of only vertical 
impacts on the plates, assuming that bending moments and cutting forces that differ from zero 
can be set at the ends. The Kirchhoff equation for plate fragments n , 1,2,...,n N=  plates, that 
occupy areas nΩ  under the specified vertical harmonic stress 3

i t
nt e ω−  effects from above and 

3
i t

ng e ω− -below, after reducing the harmonic component, has the form  
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The relationship between boundary stresses and displacements on the surface of the 
elastic medium on which the plates are located is given by the relations 
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  (2) 

The above designations are transferred to the case of multiple defects. 
Here n ,nn   – Poisson coefficients of the blocks and the base, respectively; µ  – base 

shear modulus; nE  – Young's modulus; nh  – block thickness; nρ  – density; ω  – frequency of 
vibrations; 3ng , 3nt  – values of contact stresses and external pressures acting along the axis 

3x  in the area nΩ , respectively; bM  and bQ  – bending moment and cutting force;  
 – vertical movement at the boundary; 2 ( )nf ∂Ω  – angle of rotation of the median plane 
around the axis 1x , in the coordinate system 1 2x ox ; H  – the dimensional parameter of the 
substrate, for example, the thickness of the layer; 3nu  – vertical displacement under the block 
elements; 3 0nu  – vertical displacement of the lower base outside the block elements;  

3u  – vertical movement of the lower base along the entire length. The designations are 
borrowed from [18-20]. 
 
4. Method of research 
Considering the plates and the base (1) as a block structure consisting of three deformable 
blocks, we apply the block element method for its study. This method, as described in [25], 
assumes, as the first step, the immersion of the boundary value problem in the topological 
structure by means of the external algebra. As a result, a functional equation of the boundary 
value problem for a block structure is constructed. The authors call the multi-step algorithm 
for further studies of the functional equation, which no longer has any relation to the external 
algebra apparatus, an external analysis in the block element theory [25]. It includes 
differential factorization of matrix functions with elements from several complex variables, 
and implementation. An automorphism of the composed in the calculation of Lehrer's form-
deductions, or incomplete Wiener-Hopf functional equations, construction of pseudo-
differential equations, extraction of integral equations from them, dictated by specific 
boundary conditions of the boundary problem, solution of integral equations, and obtaining an 
integral representation of the boundary problem in each block in the form of a "Packed" block 
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element. Finally, "gluing" the solutions of each block, consisting of constructing a factor 
topology of some topological spaces that are Cartesian products of topological spaces of 
carriers and solutions. Using the external algebra stage, we write the functional equation of 
the boundary value problem as 
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and in the special case of straight-line boundaries are represented by formulas 
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In formula (2), when integrating, in the case of a finite-size plate, the border of the right 
plate n∂Ω  is two ends – the left and right. Since the area occupied by the slab is considered as 
a topological variety with an edge, local coordinates are entered at the boundary, whose 
orientation is consistent with the orientation of the interior of the variety. 

As a result, the following pseudo-differential equations are obtained for each block of 
the block system 
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The same system of pseudo-differential equations is added to it by replacing 21−α  with 

21+α  and 22−α  with 22+α . 
The system of pseudo-differential equations under the number N  has the form 
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The equations for the left semi-infinite plate remain the same as those obtained earlier. 
Analyzing built pseudo-differential equations for the case of a plate of limited length, you can 
see an increase in the number of unknowns generated by an additional boundary compared to 
the case of a single boundary at a semi-bounded plate. Studies of this case show that the 
presence of another border at the plate of finite length does not change the type features, both 
in the case of the remoteness of the fault banks, and when approaching, however, affects the 
values of coefficients for features. 

Using the approach described in [11-13], pseudo-differential equations, taking into 
account the shape of regions bΩ  in the form of bands of infinite length, we apply the Fourier 
transform on the coordinate 1x . 
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As a result, we obtain systems of four algebraic equations for each block element, 
which in matrix form have the representation 

2 1 2 1 2 1 2 1 2 1 0 1 2n n n n n , n , ,...,N− − − − − = =A Y + B Z + K . 
Let's consider the case when the bending moment and the cutting force are equal to 

zero, that is, the ends of the plates are free from stresses, 2 1 0n− =Y . 
In this case, systems of algebraic equations are solved and the solution representable in 

the form 
1

2 1 2 1 2 1n n n
−

− − −= −Z B K . 
By adding the solutions found to the external forms (3), we get 

[ ]1
3 1 2 53 2 3 3( , )  n 1 2

n

n n n n n nU R i i ( g t ) , , ,...,N .−

∂Ω

= − − − + − =∫ Fα α ω ε
 

By conjugating block elements with the base (1), (2), that is, by building a factor 
topology [18-20], we arrive at a system of functional equations of the form 
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[ ]

1

3 3 0 3
1 0

1 1
1 2 53 3 3 6 1 2 3 1 2

1 1
( , )

b

N N

b b
b b

N N

b b b b b n
b n

U U U ,

R i i ( G T ) K( , ) G ( , ).

−

= =

− −

= =∂Ω

+ =

− − − + − =

∑ ∑

∑ ∑∫α α ω ε ε α α α α
 

This system of functional equations is solved by factorization by reducing to the 
Riemann boundary system for pairs of analytical functions. This approach is implemented 
in [17,21] and allows describing solutions of the functional equation for all unknowns 
simultaneously. However, we are interested in the stress concentration zones that occur in the 
defect zones. 

In order to identify the parameters of stress concentrations in the complex block 
structure under consideration, we will sequentially identify defects in the constructed 
functional equation, considering them in individual local coordinates x  directed by 2x  with 
the beginning in the center of the fault. In the boundary value problem under study, two 
positions of defects edges are possible: when the distance between the defects edges is 
different from zero, we denote it 2 0θ > , and when it is absent, that is, 0=θ . Let's denote the 
function of the left block 32 1 1 2 1 2nG ( , ) G ( , )−

− =α α α α  and the right block 

32 1 1 2 1 2nG ( , ) G ( , )+
+ =α α α α  in the selected coordinate system. 

Then the functional equations take the form studied in [18-20] 
[ ]

[ ]
[

]

2 2 2 1
532 1 1 2 6 1 2 1 2

2 2 2 1
532 1 1 2 6 1 2 1 2 3 1 2

2 2 2
1 2 2 1 12 10 2 1 22 10 2 1 12 10 2 1 22 10

532 1 1 2 532 1 1 2

3

( )

( )

( )

0

n

n

n n n n n n n n

-
n n

K( , ) G ( , )

K( , ) G ( , ) U ( , )

A k B k A k B k

T ( , ) T ( , ) , ,

U

--  +
-

--- 
+

-
----    + + + +

+
- +

+ + =

= - + + + +

+ + + + + +

+ + >

θ

ε α α ε α α α α

ε α α ε α α α α α α

α α

ε α α ε α α θ

1 2 3 1 1
i ,x( , ) u ( x ,x )ε dx dx.

∞
〈 〉

-∞ -

= ∫ ∫
θ

α
θ

θ

α α

           (4) 

[ ]
[ ]

[
]

2 2 2 1
532 1 1 2 6 1 1 2 1 2

2 2 2 1
532 1 1 2 6 1 1 2 1 2

2 2 2
1 2 2 1 12 10 2 1 22 10 2 1 12 10 2 1 22 10

532 1 1 2 532 1 1 2

( )

( )

( )

0

n

n

n n n n n n n n

-
n n

K ( , ) G ( , )

K ( , ) G ( , )

A k B k A k B k

T ( , ) T ( , ) , .

--  +
+

--- 
-

-
----    + + + +

+
- +

+ + =

= - + + +

+ + + + + +

+ + =

ε α α ε α α α α

ε α α ε α α α α

α α

ε α α ε α α θ

              (5) 

Here 2 1nA − , 2 1nB − , 2 1nA + , 2 1nB +  are complex expressions that are omitted for the sake of 
brevity. Note that the presented functional equations have not only functions 1 2G ( , )+ α α , 

1 2G ( , )− α α , but also functionals 1 2G ( , )+
+α α , 1 2G ( , )−

−α α , 1 2G ( , )+
+α α , 1 2G '( , )−

−α α , as 
unknowns. They are linearly included in 0snk  and need to be defined. We obtained two 
different functional Wiener-Hopf equations. The first, (4), is the generalized Wiener-Hopf 
functional equation, in relation to the presence of a function 3 1 2U ( , )θ α α . It is solved by the 
method described in [17], which consists of inverting a system of two integral equations of 
the second kind with a completely continuous function in a certain space of continuous with 
weight. After transformations, it looks like 
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{ } { }

{ } { }

[ ]
[ ]

2 2

2 2

21

2 2

22

1 1

1 1 1 2 2 2

2 1
2 2 2 1

1 53 1 1 2 6 1 2

2 2 2 1
2 53 1 2 6 1 2

1

1

( )

( )

i i

i i

n

n

MX Y e e ,
M M

MY X e e ,
M M

M M M , M M M ,
M G X , M G Y ,
M K( , ) ,

M K( , ) .

+
+ +− −+ −

− −

−
− −− +

+ +

+ − + −

+ + + − − −

− −
−

− −

− − = Φ

+ = Φ

= =

= =

= + +

= + +

α θ α θ

α θ α θ

e α α e α α

e α α e α α

 

The work designations are accepted from [18]. 
After solving the boundary value problem, defining the functions and, you need to find 

the values of the functionals 1 2G ( , )+ α α  and 1 2G ( , )− α α , and, as well as the functionals 

1 2
'G ( , )+ +α α  and 1 2

'G ( , )− −α α . 
To determine them, a system of linear algebraic equations described in [18,19] is 

constructed. 
It is proved quite simply that the solution of the first functional equation for 0θ >  leads 

to the following properties of contact stresses between plates and the substrate at the edges in 
the local coordinate system 

1 2
32 1 1 12 1 1

1 2
32 1 1 12 1 1

n n

n n

g ( x ,x ) ( x ,x )( x ) , x ,
g ( x ,x ) ( x ,x )( x ) , x ,

−
− −

−
+ +

= − − < −

= − >

σ θ θ

σ θ θ
                                   (6) 

for fairly smooth ones 3nt . The second functional equation is the Wiener-Hopf equation. 
Inversion of the second equation, (5), leads for 0x →  to the following properties of solutions 

1
32 1 1 22 1 1 2

1
32 1 1 22 1 1

n n

n n

g ( x ,x ) ( x ,x )x ,
g ( x ,x ) ( x ,x )x .

−
− −

−
+ +

→

→

σ

σ
                                                        (7) 

Functions 22nσ  are continuous in both parameters. 
 

5. Conclusions 
The analysis of the obtained results allows us to draw the following conclusions. A relatively 
thin layer of liquid with vertical movements of the coating fragments will repeat their 
movement according to the piston rule of hydraulics and will not have any noticeable effects 
on the coating. The main destruction of the coated material will come from the destruction of 
areas of defects or micro cracks. It is very important that the paper identifies coefficients for 
features in the defect zones, which are not difficult to calculate using the obtained formulas 
The zone with the maximum values of the coefficients 22 1n( x ,x )σ  bears the risk of destruction 
of materials with defective coatings. 
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