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Abstract. A kinetic model of vacancy diffusion induced by both the Gibbs-Thompson 

curvature effect and stress state of the Marks-Ioffe stereo-disclination in a hollow spherical 

particle is suggested to investigate the void evolution in hollow icosahedral particles. The 

obtained analytically vacancy concentration profile inside the hollow icosahedral particle is 

employed to derive numerically the evolution equation of void kinetics. It is shown that the 

scenario of void evolution in icosahedral particles strongly depends on the inner-to-outer radius 

ratio at the initial moment of time and on the value of dimensionless parameter α reflecting the 

contribution of a pressure-induced (drift) vacancy flux between the external and internal particle 

surfaces. 
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Introduction 

Hollow and porous nanostructures have aroused a keen interest due to their higher performance 

in the various fields as plasmonics [1], nanosensing [2], energy storing [3], catalysis [4] and 

medicine [5] than their solid counterparts. By now, a large number of reviews (see, for example, 

[6-9]) has been devoted to different aspects of synthesis of hollow nanostructures as well as the 

influence of hollows on the functional properties of the devices based on these nanostructures. 

However, the theoretical aspects of void evolution are still of great concern being limited by 

following issues [10]: void shrinkage due to the Gibbs-Thompson curvature effect in single-

crystalline (SCPs) and polycrystalline (PCPs) particles of pure elements [11-16], void growth 

due to the nanoscale Kirkendall effect in bi-metallic [12,17-19] and oxidated [20-22] particles, 

void formation as a residual stress relaxation mechanism in multiply twinned particles (MTPs) 

[23-28]. The latter phenomenon was effectively investigated by quasi-equilibrium energetic 

approach in pentagonal whiskers (PWs), icosahedral (IcPs) [25] and decahedral particles 

(DhPs) [28] with respect to the disclination concept. 

According to the disclination concept [29-31], the residual stress in an IcP can be 

described in terms of Marks-Ioffe stereo disclination (SD) with strength χ  0.0613 sr spread 
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over the volume of the elastic sphere [32]. Whitin this model, the interior region of IcP is subject 

to hydrostatical compression while the periphery region is subject to hydrostatical tension. This 

residual stress state induces the generation of vacancies on external particle surface and their 

subsequent migration to IcP central region. The vacancy saturation in particle central region 

can cause the void formation. From the energetical point of view, the void formation should 

decrease the stored strain energy and it seems to be an effective channel of residual stress 

relaxation in IcPs.  

The void formation in IcPs was experimentally investigated by electron microscopy in 

[33-35]. Yasnikov and Vikarchuk in [33] employed chemical etching to examine porous 

structures in Cu IcPs produced by electrodeposition method. The voids were revealed in 

relatively big IcPs (with outer diameter more than 1 μm) while relatively small IcPs (with 

outer diameter less than 1 μm) were void-free. Besides, Huang et al. [35] investigated the 

influence of residual stress on the void formation and growth in bimetallic particles with 

icosahedral and octahedral shapes. It was shown that heating of a mixture of solid strained 

icosahedral Pd particles in Cu solution can be employed to synthesize hollow Pd-Cu alloyed 

particles, while heating of a mixture of strain-free solid octahedral Pd particles in the Cu 

solution did not lead to void formation and, on the contrary, the solid Pd/Cu core-shell particles 

were performed. This means that the void occurrence in particles strongly depends on the 

residual stress induced by multiply cycling twinning. 

The aforementioned quasi-equilibrium energetic models [25,28] have not taken into 

account the influence of the vacancy diffusion on the void formation process in MTPs. An 

attempt to overcome this limitation was made in [24,26] for PWs and [27] for IcPs. Vlasov and 

Fedik [26] applied the bulk diffusion theory to investigate the initial-stage kinetics of void 

nucleation in PWs via the migration of vacancies under the stress state induced by a positive 

partial wedge disclination (WD). It was shown that the void growth rate at the initial stages in 

PWs obeys the parabolic low. Romanov and Samsonidze [24] considered the diffusion value 

problem in cylinder subjected to an elastic field of a WD with regard to presence of vacancy 

sinks/sources. The boundary conditions for vacancy concentration were prescribed by the WD 

stress field. Tsagrakis et al. [27] were the first who figured out the stress field of Mark-Ioffe 

SD in terms of strain-gradient elasticity. The obtained nonsingular analytical expression of the 

SD hydrostatic stress was employed to determine the vacancy concentration in IcPs in terms of 

diffusion associated theory. The main drawback of the discussed above kinetic models of void 

evolution in MTPs, however, is the fact that they have not taken into consideration the vacancy 

concentration gradient induced by the Gibbs-Thomson curvature effect on external and internal 

particle surfaces, although it is well known that this effect is responsible for void shrinking 

process observed experimentally [36,37] and within computer simulations [38-40].  

This work aims at investigating the void evolution kinetics in IcPs in terms of 

counteraction of the Gibbs-Thomson curvature effect [11] and the relaxation of residual stress 

[32]. In order to do this, an analytical solution of the boundary value problem of bulk diffusion 

of vacancies in the spherical shell with respect to both the Gibbs-Thompson surfaces conditions 

and the stress state of Marks-Ioffe SD is obtained. This solution is employed to elucidate the 

scenarios of void evolution kinetics in hollow IcPs. 

Model 

We consider a bulk diffusion kinetics of the vacancies in a single element isotropic spherical 

shell with inner and outer radii ap and a subjected to stress state of a Marks-Ioffe SD with 

strength   0.0613 (see Fig.1). The total vacancy flux density [m-2s-1] inside the shell can be 

presented as a sum: 

v c = +j j j , (1) 

where 
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is the outward vacancy flux density corresponding to vacancy concentration gradient between 

the internal and external spherical shell surfaces, and 

D v
C

kT
 


= − 


j ,  (3) 

is the inward vacancy flux density corresponding to residual stress state of the IcP, D is the 

vacancy diffusion coefficient [m2/s], C = C( R, t ) is the dimensionless relative concentration of 

vacancies, R is the position-vector, t is the time,  is the atomic volume corresponding to the 

vacancy, δv is the vacancy relaxation volume, σ is the hydrostatic stress induced by the Marks-

Ioffe stereo disclination, kT has its usual meaning, and  is the nabla operator. The void 

evolution scenario is defined by the contribution of each term in Eq.1: (i) shrinkage if  | jc | > | jσ |, 

(ii) growth if | jσ | > | jc |, and (iii) equilibrium if | jσ | = | jc |. 

The rate of vacancy concentration inside the shell is goverend by the mass conservation law  

(Ω ) 0v

C

t


+  =


j  .  (4) 

Substituting Eqs.1-3 in Eq.4 and taken into consideration the steady state process assumption 

(C/t  0) one can obtain the Fick second law in the following form: 

2 ( ) 0
v

C C
kT




 +   =   (5) 

According to the classical Gibbs-Thomson effect in hollow SCPs, vacancies tend to 

migrate from the internal surface to the external surface causing the void shrinkage with 

subsequent void collapse. The influence of this phenomenon on the void evolution kinetics in 

hollow particles can be introduced in terms of the boundary condition for Eq.5 at the internal 

and external shell surfaces in the linear form of the Gibbs-Thompson conditions [11]: 

0( ) 1p

p

C a C
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 
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 
, 0( ) 1C a C

a
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 
 

,  (6a,b) 

where C0 is the equilibrium vacancy concentration in vicinity of a planar surface, β = 2γ  /kT, 

and γ is the specific surface energy. 

The pressure-induced (drift) vacancy flux from the external IcP surface to the internal one 

is determined by the hydrostatic component of the SD stress tensor (σ = –1/3 tr σ). In 

accordance with the continuum model of a hollow IcP [32], the hydrostatic stress can be written as 
3

3 3

4 (1 ) 1
ln ln

3(1 ) 3

p p

p

a aG R

a a a a

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



 +
= + + 

− −  
,  (7) 

where G is the shear modulus,  is the Poisson ratio, and R = |R|. The gradient of the hydrostatic 

stress is given by  

2

4 (1 )

3(1 )

G

R


 




+
 =

−

R
.  (8) 

Then the equation of the Fick second law in spherical coordinate systems for a hollow 

particle subjected to the SD stress fields in the steady-state process assumption reads 

 

2

2 2

2
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dR R dR R

 −
+ − = ,  (9) 

where 
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Fig. 1. a) The continuum model of an IcP containing a central spherical void. b) The dependences 

of normalized vacancy concentration on dimensionless radial coordinate R / a in the IcP with 

ap / a = 0.2 and  / a = 0.1 given for different values of parameter  = 0, 5 and for  →  

 

Thus, the vacancy diffusion in hollow IcPs can be described by Eq.9 under the boundary 

condition given by Eq.6. 

 

Results 

One can obtain the analytical solution of Eq.9 under the boundary conditions (Eqs.6a,b) on the 

internal and external surfaces in the following form 
1 1 1 1

0 1 1

( )( ) ( )( )

( )

p p

p

a a R a R a
C C

a a R

   
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 + + + +

+ +

+ − + − −
=

−
. (11) 

In the case of  → 0, Eq.11 transforms to the expression obtained in work [11] for stress-free 

hollow SCPs. 

Fig. 1b demonstrates the vacancy concentration profiles in a hollow IcP with the ratio of 

inner to outer radii ap / a = 0.2, calculated from Eq.11 for  / a = 0.1 and different values of . 

As is seen from Fig.1b, the presence of the SD stress state ( < 0) induces a local increase of 

vacancy concentration in vicinity of the internal particle surface. In the limiting case of 

 → – , the contribution of concentration flux is negligible small (the vacancy flux is 

completely determined by the drift term), and the vacancy concentration reaches the highest 

value 4.5C0 at the internal surface (R = ap). It is worth noting that diffusion of impurities (here 

we mean interstitial atoms or substitutional impurity atoms of radius greater than the radius of 

the parent atoms) in IcPs can be described by positive values of . Fig.1b shows that the values 

of impurity concentration in hollow IcPs always less than those in SCPs. Besides, the minimum 

value of impurity concentration tends to move to the external surface with an increase in . In 

the limiting case of  →+∞, the impurity concentration takes a constant value 0.3C0 at the 

outer surface of the hollow IcP. 

Turn now to the void evolution kinetics in IcPs. The rate of the inner surface can be 

determined by vacancy flux at the void surface from Eqs.1-3 in the following form  
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Let us rewrite Eq.12 as 
15
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where the following dimensionless variables are introduced 
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where a0 is the radius of a void-free particle  
3 3 1/3

0 ( )pa a a= − .  (15) 

Eq.15 claims that the particle remains unchanged during the void evolution processes. 

The solution of Eq.13 was obtained by numerical integration and illustrated in Fig.2a. 

The curves p() are shown for different values of  and initial normalized void radius 

p0 = ap,0 /a. As is seen from Fig.2a, the scenario of void evolution in IcPs is strongly determined 

by the initial void radius and the value of . In the case of  = 0, for any values of p0, the void 

tends to shrinkage and finally collapses at the time  = f as it was shown in [12,13]. For  

 = –0.5, the void tends to reach some equilibrium size peq = ap,eq /a via growing (when p0 < peq) 

or shrinking (when p0 > peq). It is worth noting that, for relatively small values of  < –1, solid 

IcPs could be transformed into thin spherical shells (see, for example, the curve for  = –2) as 

it was observed experimentally in [33]. 

 

 
Fig. 2. a) Dependence of the normalized void radius p = ap / a on the dimensionless time  at 

b = 0.1 for different values of the initial IcP radii ratio p0 = 0.2, 0.5, and 0.8, and  = 0.0 (dashed 

curves), –0.5 (solid curves), –2.0 (dashed-and-dotted curves). b) The curves dp/d = 0 in 

dependence on the normalized void radius p and the parameter  for different values of 

b = 0.01, 0.05, 0.2. The inset in the upper right corner demonstrates the regions A, B, C and D 

corresponding to different pathways of the void evolution  
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The void growth or shrinkage scenarios are determined by the sign of dp/d in Eq.13. In 

order to analyze possible pathways of void evolution in IcPs, the condition dp/d = 0 was 

considered. Then from Eq.13 one gets  

1 log
1

p

p b

b


+ 
+ =

− 
.  (16) 

In Fig.2b, the curves f (, p) satisfying Eq.16 for different values of b are shown. As is 

seen from Fig.2b, the void tends to grow if p0 and  values are in the area dp/d > 0; in contrast, 

the void tends to shrink if p0 and  values are in the area dp/d < 0. Therefore, one can define 

the regions in Fig.2b according to the following void evolution scenarios: A) the void tends to 

shrink with collapse for any values of the initial void ratio if α exceeds some critical value cr 

( > cr, 0 < p0 < 1). Besides, the critical parameter cr → 0 if b decreases; B) there is a critical 

value of the normalized void radius, pcr, bellow which the void nucleus shrinks to collapse  

(–1 <  < αcr, 0< p0 < pcr); C) for (–1 <  < cr, pcr  p0 < peq) or ( < –1, 0 < p0 < peq), the 

void grows to get the optimal (equilibrium) normalized radius peq; D) for ( < cr, p0 > peq), the 

void shrinks to get the optimal normalized radius peq. 

Thus, the void is unstable in regions A and B – here a hollow IcP has a tendency to 

transform in a compact particle with radius a0. On the contrary, the void has an optimal size in 

regions C and D – the void in an IcP has a tendency to change its volume until reaching the 

equilibrium radius ap,eq. 

 

Conclusions 

In summary, we have considered the vacancy diffusion in hollow IcPs to analyze the void 

evolution kinetics. The vacancy flux is defined by concentration gradient and pressure-induced 

(drift) terms. The first term is caused by the difference between vacancy concentrations at the 

inner and outer particle surfaces due to the Gibbs-Thompson curvature effect. The second term 

is determined by the residual stress state and described by the Marks-Ioffe SD elastic model of 

a hollow IcP. The contribution of each term in vacancy diffusion is defined by a dimensionless 

parameter : the drift diffusion prevails over the concentration one if  << –1, vice versa if 

 → 0, and the contributions of both the terms are comparable if   0. An analytical solution 

of the corresponding boundary value problem of bulk diffusion is given for the radial 

dependence of vacancy concentration. It is demonstrated that in IcPs, a local vacancy saturation 

is observed in vicinity of the void surface. The analytical expression for vacancy profile is 

employed to obtain the equation of void evolution. It is shown that the scenario of void 

evolution in IcPs strongly depends on the initial void radius ap,0 as well as the value of parameter 

. There is such a critical parameter αcr that, for  > cr, the void has a tendency to shrink with 

subsequent collapse for any initial void radius ap,0. When  < cr, the following processes can 

occur: (i) the void shrinkage with subsequent collapse, if the initial void radius is less than its 

critical value, ap,0 < ap,cr; (ii) the void shrinkage until reaching its optimal size, if the initial void 

radius is larger than its equilibrium value, ap,0 > ap,eq; and (iii) the void growth until reaching 

its optimal size, if the initial void radius is in the interval ap,cr < ap,0 < ap,eq. 
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