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Abstract. The fracture of anisotropic bodies with multiple macrocraks is analyzed by means of 

modeling interaction between cracks and interaction of crack with the free boundary. The 

influence of material anisotropy on cracks behavior is investigated for orthotropic material, 

material with cubic symmetry and isotropic material. Article deals with numerical computations 

of stress intensity factors of internal and edge cracks in the rectangular plate under uniaxial 

tension and pure shear loadings. The displacement extrapolation method is used for the 

computation of stress intensity factors for anisotropic materials. The effect of material 

anisotropy on stress intensity factors for different crack configurations (one, two and three 

cracks of different lengths) under various loading conditions (tension or shear) is investigated 

and discussed. 
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Introduction 

Single-crystal nickel-based superalloys [1] are widely used for production of blades of gas 

turbine engines [2]. These materials have a pronounced anisotropy (cubic symmetry) and 

temperature dependence of mechanical properties [2]. Cracking of the gas turbine blades is 

caused by fatigue, creep and thermal fatigue and also corrosion [3–8]. The stress intensity factor 

(SIF) is the most widespread parameter in the linear fracture mechanics that defines stress state 

near the crack tip and is used for crack propagation prediction. Determination of SIF for the 

isotropic material is extensively studied in details theoretically and numerically [9–13] et al., 

while the study of cracks in anisotropic solids has received much less attention [14–16]. 

Effects of delay time, crystallographic orientation and mechanical properties of single-

crystal anisotropic superalloys on the number of cycles to the main crack formation in thermal 

fatigue experiments were investigated in paper [17]. Effect of material anisotropy on the crack 

interaction with a free boundary for the central crack for I fracture mode and the central inclined 

crack in the finite plate under mixed mode was investigated in paper [18]. Effect of crack 

orientation with respect to material anisotropy axes on SIF for the anisotropic finite plane was 

studied in paper [19]. Effect of free edge and material axes orientation on SIF in anisotropic 
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CT-sample was studied in paper [20]. However, determination of SIF in conditions of mutual 

influence of cracks and material anisotropy is more complex and less studied. The paper deals 

with edge cracks in anisotropic bodies and consider the influence of (i) the material anisotropy, 

(ii) the number of cracks and (iii) the distance from the free boundary on SIFs. 

The analytical solutions for SIFs concerning the single internal inclined crack in the infinite 

plane under uniaxial tension for both isotropic and anisotropic materials are defined by relations [14]: 
2sin , sin cosI IIK l K l       = = ,                                                                                       (1) 

where    is the value of uniform tensile stress at infinity, l is the half-length of the crack, φ is 

the  angle between the crack and of the uniaxial tensile stress direction. Note, that the analytical 

solution is the same for isotropic and anisotropic material. Handbook [12] points to the solutions 

for one, two and three edge cracks in the infinite isotropic half-plane under uniaxial tension. 

SIFs for the single edge crack is defined by expressions: 

1.1215 , 0I IIK l K=  = ,                                                                                                          (2) 

where    is the value of tensile stress, l is the length of the crack. This solution is depended 

(in contrast to (1)) on material anisotropy even for infinite half-plane. Coefficients 1.1215 and 

0 are valid for the isotropic material only. Due to the symmetry of the problem, a pure I mode 

with 0IIK =  is realized in the isotropic material. 

SIFs for two edge horizontal cracks (of equal lengths l and with a distance between cracks 

also equal to l) in infinite isotropic half-plane are defined by relations: 

0.854IK l=  , 0.1333IIK l=  .                                                                                                 (3) 

This solution is depended on material anisotropic properties. Coefficients 0.854 and 

0.1333 correspond to isotropic material only. The mutual influence of cracks gives rise to the 

appearance of a mixed fracture mode and the appearance of nonzero IIK . 

SIFs for three edge horizontal cracks (of equal lengths l and with a distance between cracks 

also equal to l) in isotropic half-plane are defined by expressions (for outside cracks): 

0.815IK l=  , 0.590IIK l=  .                                                                                                   (4) 

Solution (4) is also sensitive to the material anisotropy. Specified coefficients 0.815 and 0.590 

correspond to the isotropic material. 

Studying of material anisotropy effect on the interaction between cracks for the finite 

bodies represents important problem for the reliability analysis of real industrial structures. 

Application of analytical methods for the general case of arbitrary configurations of multiple 

cracks is significantly limited, therefore, numerical methods for calculating the SIF are used. 

 

Fracture problem formulations 

The four problems with various crack configurations are considered: a single internal central crack in 

the rectangular plate (Fig. 1); a single edge crack in the rectangular plate (Fig. 2); two edge cracks in 

the rectangular plate (Fig. 3); three edge cracks in the rectangular plane (Fig. 4). In each of the four 

tasks listed above, two loading options were considered: uniaxial tension in vertical direction 

(Figs. 1(a), 2(a), 3(a), 4(a)); pure shear loading (Figs. 1(b), 2(b), 3(b), 4(b)).  

The problems are solved in two-dimensional formulation under assumption of plane stress 

state. Isotropic and anisotropic materials are considered and compared. Anisotropy axes are parallel 

to edges of plate and global coordinate axes. Studying of material anisotropy effect is carried out using 

multivariant computations with varied sizes of the plate. Calculation of SIFs has been performed by 

means of the finite element program PANTOCATOR [21], which has the ability of automatized SIF 

calculations for isotropic and anisotropic materials based on various numerical methods. Thus 

anisotropy, dimensions of the plate and fracture modes are varied in the calculation process. In all 

computations tensile stress σ∞ is equal to 100 MPa and shear stress τ∞ is also equal to 100 MPa. 
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(a) (b) 

 

Fig. 1. Single internal central crack in the rectangular plate under  

(a) tension (I fracture mode), and (b) shear (II fracture mode) 

 

 

 
 

 

a) b) 

Fig. 2. Single edge crack in the rectangular plate under 

(a) tension (I fracture mode), (b) shear (II fracture mode) 
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(a) (b) 

Fig. 3. Two edge cracks in the rectangular plate under (a) tension, and (b) shear 

 

 

 
 

 

(a) (b) 

Fig. 4. Three edge cracks in the rectangular plate under (a) tension, and (b) shear 

 

Table 1. Elastic moduli used in computations 
Material Young’s modulus, MPa Shear modulus, MPa Poisson ratio 

Isotropic material 𝐸 = 20000 𝐺 = 7692.3  𝑣 = 0.3 

Cubic symmetry, ρ = -0.25 𝐸 = 20000 𝐺 = 200000 𝑣 = 0.3 

Cubic symmetry, ρ = -0.17 𝐸 = 20000 𝐺 = 77000   𝑣 = 0.3 

Cubic symmetry, ρ = 0.37 𝐸 = 20000 𝐺 = 15000 𝑣 = 0.3 

Cubic symmetry,  ρ = 10 𝐸 = 20000 𝐺 = 970.8 𝑣 = 0.3 

Orthotropic material 1 
𝐸1 = 100000 

𝐸2 = 20000  
𝐺12 = 970.8 𝑣12 = 0.3 

Orthotropic material 2 
𝐸1 = 6000 

𝐸2 = 20000 
𝐺12 = 970.8 𝑣12 = 0.3 
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For each of the four boundary value problems (see Figs. 1-4), three classes of anisotropy 

were considered to study the effect of anisotropy on crack behavior: isotropic material, material 

with cubic symmetry, and orthotropic material. Material properties used in computations are 

summarized in Table 1. 

In Table 1 the parameter   characterized for the cubic symmetry (with three independent 

elastic moduli E, v, G) the deviation from isotropy: 

2

E
v

G
 = − .                                                                                                                               (5) 

For the isotropic material the parameter   equal to 1. In computations the value of G 

varied for fixed values of elastic modules E and v. 

 

Displacement extrapolation method for stress intensity factors calculation 

The crack-tip displacement fields in polar coordinates in the general three-dimensional case 

(nonzero IK , IIK , IIIK ) for an isotropic material are given by relations [22]: 
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where ( , )xu r  , ( , )yu r  , ( , )zu r   are axial displacements in crack coordinate systems,  

IK , IIK
 , IIIK  are SIFs for I, II and III fracture modes, the Kolosov’s constant κ = 

3−𝑣

1+𝑣
 in the 

case of plane stress state, G is the shear modulus, r is the distance from crack tip to considered 

point, α is the angle between point direction and crack axis, v is the Poisson’s ratio. 

Asymptotic expressions for displacements near the crack tip in the general three-

dimensional case for anisotropic material obtained using the Lekhnitskii formalism have the 

following form [14, 23, 24]: 
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where 
'

1  and 
'

2  are the complex-valued roots of the fourth degree equation (complex 

parameters of anisotropic material [25]) 
' 4 ' 3 ' ' 2 ' '

11 16 12 66 26 222 (2 ) 2 0S S S S S S   − + + − + =                                                           (8) 
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with positive imaginary part, 
'

ijS  are the elements of the elastic compliance matrix of the 

material in the crack coordinate system, 
'

' '2 ' ' ' ' ' '22
11 12 16 12 26'

,i i i i i

i

S
p S S S q S S  


= + − = + − , 

'

3  is 

the root of equation 
' 2 ' '

44 45 552 0С С С − + =  with positive imaginary part, 
'

ijС  are the constants 

of the matrix of elastic modules of the material in the crack coordinate system (
1[ ] [ ]−=С S ). 

In the case of an isotropic material, the displacements are related to SIFs by formulas (6). 

Substitution of α = ±π in the equation (6) leads to the expression for the SIFs in terms of 

displacement jumps on the crack banks for the isotropic material: 
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In the case of an anisotropic material, after substitution α = ±π in the equation (7), we 

obtain the expressions for displacement jumps on the crack banks: 
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is the vector of SIFs,  
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B  is the 3×3 

matrix of the mutual influence of three components of the vector of relative displacement of the 

crack banks on three stress intensity coefficients. The result of inversion (10) makes it possible 

to calculate the SIF through the displacement of the crack banks in the case of an anisotropic 

material [26]: 
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where 
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It should be noted, that if the crack coordinate system does not coincide with the axes of 

anisotropy of the material, then the constants of the compliance and stiffness matrix must be 

converted into the crack coordinate system. In the case of the coordinate system rotation, the 

transition matrix in the plane by rotation on an angle φ has the form: 

cos sin 0

sin cos 0

0 0 1

Q

 

 

− 
 

=  
 
 

 

and converting elements of the compliance and stiffness tensor from the global to the crack 

coordinate system is defined by relations: 
' ',ijkl im jn ko lp mnop ijkl im jn ko lp mnopS Q Q Q Q S C Q Q Q Q C= = . In 

equations (10) and (11) the displacements also should be converted to the coordinate system 

associated with the crack: '

i im mu Q u= . Formulas (9)-(13) were implemented in the finite element 

program PANTOCRATOR [21]. 

 

Results of SIFs computations 

The influence of various factors, such as: the material anisotropy, the number of edge cracks, 

and the distance from crack tip to the free boundary on SIFs is investigated. For this purpose, 

four boundary value problems with various crack configurations described in Section 2 (see 

Figs. 1-4) were considered. 

In the first problem (Fig. 1) the relative distance from crack tip to free boundary a/L varied 

from 1 to 10.5, where L is the crack length, a is the distance from the left (right) crack tip to the 

left (right) plate boundary. The height of the plate H was chosen to be large enough to ignore 

the influence of the upper and lower boundaries. Figure 5 shows a finite element model for the 

problem with a single central horizontal crack for the case a/L = 4. The number of degrees of 

freedom is 185 000. The eight-node isoparametric finite elements with second order 

approximation are used in computations. 

In order to validate the results, the finite element solution for the case a/L = 10.5 was 

compared with the analytical solution for an infinite plate (1).The practical convergence of the 

numerical solution on various nested meshes was investigated (for the isotropic material). When 

the number of degrees of freedom decreases by a factor of 2, the result changes by less than 1 %. 

When varying the distance a from the crack tip to the free edge of the plate (jumper size), 

the finite element mesh around the crack tip was not changed, only the plate dimensions were 

changed. The enlarged sections were divided proportionally to the length. 
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(a) 

 

 
 

(b) 

Fig. 5. Finite element model of (a) the plate with single internal horizontal crack (a/L = 4),  

(b) the vicinity of the right crack tip. 
 

In the second (Fig. 2), third (Fig. 3) and fourth (Fig. 4) problems the relative distance 

from crack tip to free boundary a/L varied from 2 to 40, where L is the equal length of all cracks, 

a is the distance from the crack tip to the right boundary of plate. The plate has square shape 

for the problems with one and two edge cracks, whereas the plate was rectangular in the problem 

with three edge cracks. The distance between cracks d is equal to L. Finite element models for 

second, third and fourth boundary problems with edge cracks are shown in Fig. 6. 

In order to validate the results, the finite element solution for the case with maximal 

relation a/L = 40 was compared with the analytical solution for single edge crack (2), two edge 

cracks (3) and three edge cracks (4) in an infinite plate under tension. The practical convergence 

of the numerical solution on various nested meshes for this problem was investigated (for the 

isotropic material). Difference between analytical and numerical solutions is less 0.6 % for all 

considered problems. Verification results are shown in Table 2. 

 

Table 2. Verification of numerical results for the problems of uniaxial tension of plate with 

crack(s) from the isotropic material on the base of analytical solutions (1)-(4) 

 
Numerical value  

KIA, MPa√𝑚 

Analytical value  

KIA, MPa√m 

Numerical value  

KIB, MPa√𝑚 

Analytical value  

KIB, MPa√m 

Maximum 

error, % 

Problem with single 

internal crack 
124.80 125.30 124.80 125.30 0.56 

Problem with single 

edge crack 
198.57 198.51 ------ ------ 0.03 

Problem with two 

edge cracks 
151.18 151.36 151.20 151.36 0.12 

Problem with three 

edge cracks 
143.71 144.45 104.08 104.57 0.50 
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(a) (b) 

  
(c) (d) 

  
(e) (f) 

Fig. 6. Finite element models for problems:  

(a) single edge crack in a plate, (b) crack tip vicinity for single edge crack, 

(c) two edge cracks in a plate, (d) crack tip vicinity for two edge cracks, 

(e) three edge cracks in plate, (f) crack tip vicinity for three edge cracks 
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The numerical results of the anisotropy effect on the interaction of crack with the free 

boundary and interaction between cracks are presented below. Simulations has been performed 

for the case of the uniaxial tension (see Figs. 1(a), 2(a), 3(a), 4(a),   =100 MPa) and for the 

shear loading (Figs. 1(b), 2(b), 3(b), 4(b)). In the last case the displacements on the edges of the 

plate are chosen to make far shear stress   =100 MPa. 

Figure 7 shows of the anisotropy influence on SIFs for the first problem concerning the 

internal crack in the plate under tension (Fig. 7(a)) and shear loading (Fig. 7(b)). In the first 

loading case, the pure I fracture mode is realized, and in the second case the pure II fracture 

mode takes place. For ease of comparison of results for cracks with different relative lengths, 

all curves are scaled to the isotropic solution. 

 

 
(a) 

 
(b) 

Fig. 7. Influence of anisotropy on SIF for internal crack in the plate under  

(a) tension (I fracture mode), and (b) shear (II fracture mode) 

 

It should be noted that influence of anisotropy is higher when the internal crack is close 

to free boundaries. Influence for shear loading is stronger in several times than for the tension 

loading. A possible explanation is that the shear modulus G for an anisotropic material varies 

over a wide range. Note, that all curves are obtained at equal values of Young's modulus 

E = 20000 MPa in the vertical direction. Away from free edges (L/W<0.1), the shear crack 

(unlike tensile crack) is almost insensitive to the type of anisotropy. 

Note, depending on the elastic moduli, SIFs for an anisotropic material can be larger or 

smaller than the SIFs for an isotropic material. 

Figure 8 shows the anisotropy influence on SIFs for the second problem concerning the 

single edge crack in the plate under tension (Fig. 8(a), pure I fracture mode) and shear loading 

(Fig. 8b, the pure II fracture mode). 

The dependences of KI (L/W) / KI isotr under tension are not monotonic (Fig. 8(a)), while 

KII (L/W) / KII isotr under shear are monotonic (Fig. 8(b)). A possible explanation that 

dependence KII (L/W) / KII isotr under shear are monotonic is varied shear modulus G.  A possible 

explanation that dependence KI (L/W) / KI isotr under tension for cubic symmetry and orthotropic 

materials are not monotonic, is that we varied plate dimensions over a wide range and influence 

of shear modulus G and effect of free boundary are competing effects.   
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(a) 

 
(b) 

Fig. 8. Influence of anisotropy on SIF for single edge crack in the plate under  

(a) tension (I fracture mode), and (b) shear (II fracture mode) 

 

However, the material anisotropy strongly affects the SIFs in all cases considered. 

Influence of material anisotropy is monotonously increase when closing to free boundary for II 

fracture mode. Also the influence for II fracture modes is stronger in several times than for I 

fracture modes. A possible explanation is that the shear modulus G for an anisotropic material 

varies over a wide range. The main difference between edge and internal cracks is the 

alternative nature of the effect of anisotropy away from the free edges (L/W<0.1). As the crack 

approaches the free surface (L/W→1), the same pattern of anisotropy effects is observed. 

Figure 9 shows the anisotropy influence on SIFs for the third problem concerning the two 

edge cracks in the plate under tension (Fig. 9(a)) and shear loading (Fig. 9(b)). Due to the 

influence of cracks on each other, pure fracture modes (in contrast to the first and second 

problems) are not realized neither in tension nor in shear. Both KI and KII are different from 

zero and a mixed fracture mode is realized. 

 

 
(a) 

 
(b) 

Fig. 9. Influence of anisotropy on SIF for two edge cracks in the plate under  

(a) tension, and (b) shear 

 

Influence of material anisotropy is monotonously increase when closing to free boundary 

for shear loading (Fig. 9(b)), while this effect is not observed in tension (Fig. 9(a)). In general, 

in shear, the behavior of one and two edge cracks is quite similar (cf. Figs. 8(b) and 9(b)).  



Influence of material anisotropy on the interaction between cracks under tension and shear  35 

In tension, the behavior of one and two edge cracks for cubic symmetry is also very close  

(cf. Figs. 8(a) and 9(a)), while significant differences are observed for orthotropic material. 

Figure 10 shows influence of anisotropy on SIFs for the fourth problem concerning the 

three edge cracks in the plate under tension (Fig. 10(a,b)) and shear loading (Fig. 10(c,d)). Due 

to the influence of cracks on each other, pure fracture modes are not realized neither in tension 

nor in shear loading. Both KI and KII are different from zero and a mixed fracture mode is 

observed. The SIFs for the central crack (with the crack tip at point B in Fig. 4) differ from the 

SIFs for the outermost cracks (with the crack tip at points A in Fig. 4). 

 

  
(a) (b) 

  
(c) (d) 

Fig. 10. Influence of anisotropy on SIFs for three edge cracks in the plate under  

(a) tension (Point A – outer crack), KI, (b) tension (Point B – central cracks), KI,  

(c) shear (Point A – outer crack), KII, (d) shear (Point B – central crack), KII 

 

For the three edge cracks, the effect of anisotropy on the SIF is also very prominent. 

The character of dependences KI (L/W) / KI isotr add KII (L/W) / KII isotr for three cracks is close to 

the character of corresponding dependences for two cracks for cubic symmetry (cf. Figs. 10(a,b) 

with 9(a) and Figs. 10(c,d) with 9(b)), while significant differences are observed for orthotropic 

material. From the comparison of points A and B, it can be seen that the relative SIFs 

KI (L/W) / KI isotr in tension are larger for the internal crack with the tip at point B, while the 

absolute values KI (L/W) are larger for the lateral cracks with the tip at point A, which reflects 

the shading effect. 
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Conclusions 

The results of multivariant numerical experiments have demonstrated sensitivity of SIFs to 

material anisotropy for both internal and edge cracks under both tensile and shear loading. 

Depending on the elastic moduli, SIFs for an anisotropic material can be larger or smaller than 

the corresponding SIFs for an isotropic material. The effect of material anisotropy strongly 

depends on shear modulus value. For pure shear loading the influence of material anisotropy 

becomes stronger when the crack is approaching to the plate boundary. For uniaxial tension 

loading the effect of material anisotropy is approximately constant for different distances to the 

plate boundary in the problem of interaction of the cracks. The influence of material anisotropy 

in the problem with the three edge cracks is stronger than in the problem with one edge crack 

for purely shear loading (the increase in SIF reaches 80 %). 
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