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ABSTRACT

In arbitrary curvilinear coordinate system under elastoplastic deformation, a comparative analysis of three
variants of the constitutive equations at the loading step was performed. In the first variant, the equations of
the theory of plastic flow were used, according to which the strain increment had been divided into elastic
and plastic parts. The cumbersomeness of the algorithm for obtaining expressions for the components of the
plastic strain increments tensor in an arbitrary curvilinear coordinate system is shown, which leads to the lack
of the possibility of obtaining the matrix dependence of physical equations at the loading step. In the second
variant, to obtain plastic strain increments, the hypothesis of their proportional dependence on the
components of the stress increments deviator was used. The constitutive equations were also obtained by
summation of the elastic strains increment and plastic strains increment. In the third variant, the hypothesis
of the division of strain increments into elastic and plastic parts was not used. The physical equations were
written using the assumption that there was a proportional dependence between the components of the strain
increment deviators and stress increment deviators. Using the example of calculating the shell of revolution,
the preference of the third variant of the constitutive equations for elastoplastic deformation is shown.
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Introduction

When calculating structures taking into account elastoplastic deformations, it is necessary
to take into account the behavior of the material, including the formation of residual
deformations. Determining the values of the stress-strain state during deformation beyond
the elastic limit makes it possible to establish the maximum load and assign a safety factor.
Therefore, calculations of structural elements taking into account zones of elastoplastic
deformation are an urgent engineering problem for mechanical engineering, aircraft
structures, hydraulic structures, etc. Currently, the most used theories for finding the
strength parameters of deformed objects are the deformation theory of plasticity and the
theory of plastic flow [1-15]. Numerical implementation of the defining equations of the
theories of plasticity is widely carried out using the finite element method (FEM) in the
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displacement method formulation [16-23] and in the mixed formulation [22,24-30].
Widely used theories of plasticity (the theory of small elastoplastic deformations and the
theory of plastic flow) use the hypothesis of dividing strain increments into elastic and
plastic parts. In the theory of plastic flow, for the components of the plastic strain
increment tensor are determined based on the assumption of their proportionality to the
components of the total stress deviator with the coefficient of proportionality, which is a
function of the stress intensity increment. To obtain physical equations at the loading
step, it is necessary to represent the stress intensity increment through the increments of
the components of the stress increment tensor, which is very difficult in a curvilinear
coordinate system. The authors considered three variants of defining equations as
physical ratios. In the first variant, equations of the theory of plastic flow were used. In
the second variant, defining relations were used based on the assumption proposed by
the authors about the proportional relation between the components of the plastic strain
increments tensor and the components of the stress increments deviator. In the third
variant, the defining equations were obtained without dividing the strain increments into
elastic and plastic parts. The proportionality assumption was applied directly to the strain
increments and stress increments deviator components. The coefficient of proportionality
turned out to be a function of the tangent modulus of the strain diagram. For the
numerical implementation of the equations, mentioned above, a hybrid finite element
developed by the authors with nodal unknowns in the form of displacement increments
and stress increments was used.

Materials and Methods
Relations of the theory of plastic flow

According to this theory, strain increments at the loading step consist of elastic strain
increments Ag;; and plastic strain increments Aefj:

Elastic strain increments are determined by Hooke's law [5-7]:
1 A 1-2 ..
Agjj = 5 A0ij — ZgiijPAcf; (Lj =123), )

where A, u are the Lamé parameters, v is the Poisson’s ratio, Ag;; are normal and tangential
stresses increments, g;; are the covariant components of the metric tensor at the loading
step, E is the elastic modulus, Py, = 40,0, g™" = Ac™" g,y is the first invariant of the
stress increments tensor.

The components of the plastic strain increments tensor in the theory of flow are
determined [1] based on the hypothesis of a proportional relation between the
components of the plastic strain increments tensor and the components of the stress

deviator:
14

Agipj = %% (Uij - ggijpa)a (3)
where Asip is the increment of the plastic strain intensity, o; is the stress intensity;
P, = 09" = 0¥ g;;.

The value of the intensity of plastic strain increments included in Eq. (3) is
determined by the difference:
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P _ e _ Ao Ao;
A&'i = ASi - AEi = E_k - E—l, (4)

where Aelp, Ao; are the increments of the intensities of plastic strain and stress
increments, E; is the modulus of the initial section of the strain diagram, E, is the tangent
modulus at the considered point of the strain diagram.

Relations (3) taking into account Eq. (4) are written as:

Aei’} = Aaial(i—Eil) (al-j —ggijPo). (5)

i \Eg
To obtain relations between the values Ae?. and Ao;; the value 4g; should be

ij
presented generally like:

Ao, = 2% Agy, 6)

Ao
where the stress intensity is determined in a curvilinear coordinate system by the

expression [5]:
0= [2SUSy. (7)

The components of the stress deviator included in Eq. (7) are determined by the
following formulas [5]:

Sij = 01j —39ij0mng™"; SY = g™ g" Sinn. (8)
Expression (6) taking into account Eq. (7) will take the form:
V31 9 i
AO'i = TEZ%CSUSU)AO—H. (9)
The plastic strain increments (5) taking into account Eq. (9) will be written as:
a P
Agl = ylE(S”SU)Aakl, (10)

where y; = %6%2 (EiK — E%) (al-j — %ging).

By summation of Egs. (2) and (10), the matrix is formed:

{4} = {CT}{40}, (11)
6x1 6X6 6X1
where
{AE}T = {Agll AEZZ A833 2A€12 2A€13 2A€23 };
1X6
{f\og}T = {40y, Aoy, Aosz Aoy, Aoyz Aoys b
X

Due to the cumbersomeness of expressing the derivative in relation (9), the work
on forming the matrix relation (11) in an arbitrary curvilinear coordinate system was not
carried out in this research.

The second variant of plastic flow

It is proposed to determine the plastic strain increments based on the hypothesis of their
proportionality to the components of the stress increments deviator [24]:

3 AgP 1
When taking Eq. (4) into account, Eq. (12) will be written in the form:
3(1 1 1
Al = E(E_K_E_l) (40i; =5 9ijPac)- (13)
By summation of Egs. (2) and (13), the relation is formed:
1 3(1 1 1 1-2v 1/1 1
tey =[5+ 3 (5= 5 400 = 9uPao |55 =3 (- 5)) (14)
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as the matrix:
{Ae} = [C}]{4o}. (15)

6X6 6X1
It should be noted that when obtaining the components of the plastic strain

increment tensor, the hypothesis of the incompressibility of the material during plastic
deformation was accepted.

The third variant of physical relations at the loading step

The relations between the stress and strain increments are obtained based on the
assumption of a proportional relation between the components of the deviators of the
stress and strain increments without dividing the increments of strain into elastic and
plastic parts:

Ag;j — %gijPAs = ZiEK(AO'ij - égijPAa): (16)
where Py, = A&,,,g™" is the first invariant of the strain increments tensor.

The relation between the values of P,. and P,,should be determined
experimentally in the form of functional dependence P, = ¢P,,. It is assumed in this
research that the relation between the first invariants of the strain increments tensors
and stress increments in the process of elastic and plastic deformation remains

unchanged:
1-2v

Pre = Pao . (17)
After substituting Eq. (17) into Eq. (16), the strain increments through the stress
increments can be written in the form:
3
Agij = Z—EKAGij —Ygij - Pao, (18)

1 1 1-2v

where ¥ = ——= .
2E. 3 E

Using Eq. (18), a matrix dependence is formed:

{Ae} = [C5]{40}. (19)
6X6 6X1
Shell geometry

The radius vector of an arbitrary point located at a distance t from the middle surface is
written by the expression:
R% = R° + ta®, (20)
where R = xi + r(x) sin6j + r(x) cos 8 k is the radius vector of the corresponding
point of the middle surface of the shell of revolution, a® is the normal to middle surface,
t is the distance of a point from the middle surface.
At an arbitrary point, the basis vectors are determined by differentiation Eq. (20):
g% = R%: = RY, + ta®. (21)
The derivatives with respect to x,6,t of the basis vectors of the point M* are
determined by the components in the same basis [23]:

{9°x} =Iml{g°s {9%} =g’} {9°:} = [l]{g°} (22)
3X1 3X3 3x1 3x1 3X3 3x1 3x1 3X3 3x1
where ‘qu,a3 Y =1{9929229%5.}% A=x06,t
X

The displacement of the shell point M* at the loading step is determined by the vector:
AV = Avig?. (23)
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Derivatives (23) of the vector will be written as:

where
fll == Av,}c'l' Av1m11 + szm21 + Av3m31; (25)

f33 = AU,§’+ Avlll3 + AU2123 + Av3l33.
When the shell of rotation is deformed in a geometrically linear formulation, an
arbitrary point M will take the position M?, determined by the radius vector:

R = R + AV. (26)
The basis vectors of the point M* are determined by the differentiation Eq. (26):
gi=9] +4V,. (27)

The strain increments at the loading step are determined by the difference in the
covariant components of the metric tensors [5]:

1 1
Aeij = (95— 9°) =5 (9] - AV,;+ g7 - AV,;). (28)
The strain increments Ag;; taking into account Egs. (24) and (25) could be presented

through the vector components (23) in a matrix:
{de} = [L]{4v}, (29)

6X1 6X3 3X1

where {Av}T = {Av? Av?Av3} is the string of the displacement vector, [L] is the matrix
1x3

of differential and algebraic operators.

Strain matrix of the finite element at the loading step

A hexahedral finite element with eight nodal points w = i, j, k, , m, n, p, h, the strain matrix
of which is obtained in a mixed FEM formulation when choosing as nodal unknowns in
the form of displacement increments and stress increments. The coordinates of the
hexahedron through the coordinates of the nodes were determined by trilinear functions
of local coordinates &, n, ¢, varying within —1 < &, n{ < 1.

A={f(&n 0¥ {4} (30)
1x8 8x1
where 1 is a global coordinate x, 6, t, {Ay}T is the string of nodal coordinate values A.
8X1
Displacement increments were also approximated using Eq. (30):
{av} = [A]{4v,}, (31)
3X1 3X24 24x%x1

where {Avy}T = {avtl... AvthAvP. AvPhAvSt. . Av3h} s the string of hexahedral nodal
1x24

displacement.

Taking Eq. (31) into account, strains (29) will be written by the matrix expression:
{4e} = [L] [A] {4v,} = [B] {4v,}. (32)
6X1 6X3 3X24 4x1 6X24 24x%1

Stress increments in the vicinity of the internal point of the hexahedral are
approximated by Eg. (30):
Aoy = {f (&1, DY {4y}, (33)

1x8 8X1

where {40¥%}" = {Acl.Acl. Ack Acl.AcT Acl Ack.Acl}.
1x8
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Using Eq. (33), the matrix relation is formed [8]:
{Aasr} = [S] {AO'y}, (34)
6X1 6X48 48x%x1

where {405} = {401,40,,4033401,401340,3};
1x6

{Aay} = {4}, Ac] Aok Ack AcTiAcl Ac?,. Ach,...
1x48
A023A023A023A023Aa 1Acts At Acl ).

To obtain the stress-strain state matrix at the loading step, a mixed functional was
used [25]:
= [, {407y [L}{Av}aV =3 [ {Ao*" YT [CE ) Aoy JaV — [{4v)"{Aq}ds -

1X6 6X3 3%X1 6X6 6X1 1x3 3x1
— [{4v}T{q}dS + [, {GST}T{Ae}dV (x = 1,2,3). (35)
1x3 3x1
Taking into account approxmating Egs. (31), (32) and (34), Eq. (35) will be written as:
1
= {40} [G]" [B] dv{dv,} — ={4a,} | [S1T[G]"[C] [S] dV{Aa,} —
1><4-8 V4-8><6 6X6 6><24 24)(1 2 1X48 y48X3 6X6 6X6 6X48 48%1
——{A } [A] T{Aq}ds {Avy} Ji[A ]T{q}ds + {Avy} L, [B]"{c""}av, (36)
S24x 24% 1x24 24x6  6X1
where the followmg relatlon |s used {Aa"} = [ 1{os}.
6X1 X6

By varying Eq. (36) according to the nodal unknowns, the stress-strain state matrix
[K] is formed at the loading step [8]:
K] {2,} = {R} (37)

72X7272x1 72x1

where {Zy}T={{Aay}T{Avy}T} is the vector of finite element nodal unknowns;
1X72 1x48 1x24

1{5;}; = {1{34}; : {i@}T + 1{52};:} is the vector of nodal loads with residual {R}".

Using the developed strain matrix of a hexahedral finite element, it is possible to
perform calculations during elastoplastic deformation with any hardening law, except for
the horizontal section of the strain diagram (E«= 0).

Results and Discussion

Example 1. The stress state of a shell of revolution with the middle surface of a truncated
ellipsoid (Fig. 1) under the influence of internal pressure was considered. The following
input data was used: a=0.15m; 6=0.10m; h=0.01 m; [, =0.14 m; z, = 0.0359 m;
E=2-10°MPa; v =0.3.

When discretizing the shell, the bases of the hexahedral elements were located in
the shell surfaces located at distances t =t; and t = t,from the middle surface. The edges
of the elements accepted the normals to the middle surface.

The strain diagram was accepted with a section of nonlinear hardening (Fig. 2) with
the following values of its characteristics: o;r = 200 MPa; ¢;1 = 0.866667-107;
gir = 0.019; g;, = 400 MPa.

The function o; = f(g;) is taken in the form of a parabola o; = a,&? + b;&; + ¢, with
numerical values of the constants: a=-6612835.5282 MPa; b =242231.47902 MPa;
¢ =1795.0330258 MPa.
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Fig. 1. Design diagram of a truncated ellipsoid Fig. 2. Material strain diagram

To verify the convergence of the computational process based on the finite element
used for different quantities, the problem was solved for elastic strain.

The function o; = f(g;) is taken in the form of a parabola o; = a,&? + b1&; + ¢, with
numerical values of the constants: a=-6612835.5282 MPa; b =242231.47902 MPa;
¢ =1795.0330258 MPa.

To verify the convergence of the computational process based on the finite
element used for different quantities, the problem was solved for elastic strain.

The numerical values of normal stresses at internal pressure g =8 MPa (elastic
strain) in the initial section (S =0.0) and the end section of the elliptical shell are given
in Table 1 for various options for discretizing the structure along the meridional
coordinate S (number of nodes NM) and along shell wall thickness h (number of nodes
NT). Table 1 shows the normal stresses of the internal and external fibers.

Table 1. Values of normal stresses of the internal and external fibers, where %, o£¥ are the meridional stresses
of the internal and external fibers and %, o553 are the circumferential stresses in internal and external fibers

NM Stresses, MPa
o | et | o off | o off ol off off
20%x3 32.18 65.97 34,06 60.61 2.05 62.65 1.08 46.90
405 32.08 65.86 34.22 60.60 0.64 62.43 0.367 47.12
80x7 32.05 65.83 34,28 66.60 0.18 62.36 0.113 47.15
$=0.0 S$=16.06 cm

Table 1 shows the values of physical stresses obtained using Hooke's law (2).
Analysis of the results given in Table 1 indicates the convergence of the computational
process and emphasizes the tendency towards zero meridional stresses in the end section
(S=16.06 cm).

Example 2. The structure shown in example 1 was loaded with pressure
q = 45.6 MPa for a different number of steps (n;= 10, 20, 40, 80). The calculation results
based on Egs. (15) and (19) turned out to be almost identical.

Meridional and circumferential stresses in internal (oi%, oi%) and external fibers
(0¥, 0£%) of the support section, as well as stress intensity (¢/", 67*) based on Eg. (19)
are given in Table 2.
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" Stresses, MPa

) a1t 933 ai" a* 953 i
10 158.19 340.19 319.18 249.67 418.11 355.56
20 160.97 343.45 327.56 215.71 367.71 310.98
40 161.22 343.77 333.43 223.05 380.12 327.36
80 162.36 345.88 336.72 216.65 369.98 319.58

Analysis of the results of Table 2 indicates the convergence of the computational
process with an increase in the number of loading steps.

Meridional and circumferential stresses along the thickness of the shell support
section are given in Table 3 under the load g = 45.6 MPa and n,= 40.

Table 3. Values of meridional and circumferential stresses along the thickness of the shell support section
c11, MPa 161.22 170.99 178.54 187.85 196.65 205.61 223.05
622, MPa 343.77 349.08 352.42 356.99 362.09 365.82 380.12

Diagrams of meridional (¢i%) and circumferential (ci%) stresses are presented in
Figs. 3 and 4 respectively. Numerical values of circumferential stresses shown in Fig. 4
are in adequate agreement with the numerical values of meridional stresses.

th, m

0.01 — 223.03
f;": 5.61
_ 196.65
0.005 7187.85
178.54
417090
16122 O11 MPa
0 r
0 50 100 150 200 230

Fig. 3. Diagram of meridional stresses o;, along the height of the support section

A h m
0.01 ¢

343.77

5242

0.005 | 6.9

362.09
N\ 363.82

‘\33(11: Gy MPa
" 2

340 345 350 355 360 365 370 375 380 385

Fig. 4. Diagram of circumferential stresses a,, of the support section
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Table 4. Values of meridional and circumferential stresses in the internal and external fibers along the
length of the meridian arc
Stresses, Length of meridian S, m
MPa 0.00 1.16 3.38 5.19 7.03 | 1098 | 12.06 | 13.22 | 13.72 14.24 | 14.79 154 16.06
01”11 161.22 | 160.29 |161.09|159.08 | 156.27 |144.30 |135.55|117.86 | 106.79 9131 | 70.62 | 41.28 | -0.014
02”21 343.77 | 341.67 |339.76|331.62|319.41|290.67 | 284.24 | 280.08 | 280.17 | 277.79| 276.19 | 275.29 274.25
oii" 333.43 | 331.39 |329.36|322.28|312.00|286.34|280.74 |276.52|277.12| 275.95| 277.01 | 282.28 294.63
alef 223.05 | 21991 [207.46|192.69|172.94|110.58 | 88.83 | 67.77 | 58.64 51.57 | 42.361 | 29.10 1.365
azeé‘ 380.12 | 377.38 |362.98|363.61|346.49|293.49|287.99 |274.81|275.65| 270.61| 275.55 | 275.38 274.31
Giex 327.36 | 324.53 |311.09|310.69 | 296.18 | 252.12 |251.61 | 243.90 | 247.64| 245.02| 253.12 | 258.15 269.64

Table 4 shows the values of meridional and circumferential stresses, as well as stress
intensities along the length of the meridian, in the internal and external fibers of the shell.

Based on the results of Table 4, graphs of meridional oy, circumferential g,, and
stress intensity o; were constructed (Fig. 5).

o, MPa
400 €H
. (o} 11 —
350 1 N
&H
300 O ==
250 R k &
Gi
200 H
611 =
150
H .
100 O'“ -
50 o
I
0
e 2 3 6 3 10 12 14 16 18 S,m

Fig. 5. Graphs of changes in meridional and circumferential stresses in fibers along the length of the
meridian arc

From the values of stress intensities in the internal and external fibers on Fig. 5, it
is clear that under conditions of plastic strain the material is near the surfaces. And since
the meridional (o;1) and circumferential (o,,) stresses are tensile, it means that the
material between the surfaces is under conditions of plastic strain. There are no areas of
elastic strain at g =45.6 MPa along the section thickness.

Based on Fig. 3 for meridional stresses, a static check of the equilibrium condition
of the structure was performed (Fig. 1) ¥ x = Q, — @, = 0, where Q, is a stress endeavor;
Qq is a pressure endeavor q.

The error is § = 0.6 %. From the values of stress intensities in the internal and
external fibers in Fig. 5, it can be seen that the entire body of the shell is under conditions
of plastic strain o; > o;r = 200 MPa along the entire thickness.
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Conclusions

In the second variant of the physical equations (Eq. (14)) the following relations are
accepted Py, =Pf, +Pf = %+ 0, in other words, it is assumed that during

elastoplastic deformation (o; > g;7) the first invariant of the strain increment tensor
changes according to the law of elastic deformation.

In the third variant of the defining equations (Eqg.(18)) the relations
Py = P;. + PApg = ¢P,, are used, which can be accepted either on the basis of experiment
or on the basis of some hypothesis. In the first and second variants of the defining
equations, the value PF. = 0, and the value P!, = % is used in the increments of elastic

deformation throughout the entire process of elasto-plastic deformation.
In this work, in order to compare the variants of the defining equations, the

expression Py, = P;, + Pfg = I_EZV, is used, in which the results of the calculation of the

presented example based on the second and third variants of the physical equations
turned out to be almost identical.

When calculating structures for which the material dependence P, = ¢P,, is not
linear, the third variant of physical equations should be used.
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