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Abstract. A problem of reflection of elastic wave in micropolar media with the void at non-
free surface is considered. The governing equations are formulated for a specific model. The
equations so obtained are put in two dimensions and converted into dimensionless form and
then solved with the help of the reflection technique. Non-free boundary conditions are taken
to obtain the amplitude ratios of different reflected waves i.e. Longitudinal displacement wave
(LD-wave), Longitudinal void volume fraction wave (LVVF-wave), Transverse wave (T-
wave), and Micro-rotational wave (MR-wave). These amplitude ratios are obtained
numerically and also shown graphically for the non-free surface as well as for the free surface
to depict the impact of stiffness and void. From the present study, certain cases are also
deduced.
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1. Introduction

When a plane wave traveling through an elastic medium comes across a boundary surface of
the medium, it gets reflected into the medium. This phenomenon occurs in many situations,
e.g. seismology, engineering, optics, etc. The investigation of the reflection problem of plane
waves is an important tool to analyze various properties of the medium. For example, such
problems find applications in the field of seismology as a method for determining the
characteristics of the earth's internal structure as well as for the exploration of valuable
materials. Various authors have contributed to the field of elasticity and wave propagation,
notable of them are [1-8].

An elastic material that consists of small pores is defined as linear elastic material with
voids. In the classical theory of elasticity, the volume of such pores is neglected which plays
an important role as the volume of such pores is to be taken as an independent kinematic
variable. Nunziato and Cowin [9] developed a theory that is based on non-linear elastic
material having voids. Later on, Cowin and Nunziato [10] extended this to a linear elastic
material having pores. Various authors have done different research on micropolar elastic
material with void and notable them are [11-16].
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In the context of micropolar porous media Marin [17] formulated a heat-flux theory that
includes the heat-flux vector and an evolution equation for it. Lianngenga [18] studied
the problem of attenuations and phase velocities of plane body waves and their reflection from
a stress-free surface in the micropolar material with voids and also computed amplitude
as well as energy ratios of reflected waves. Kumari and Kaliraman [19] observed variation
in modulus of amplitude ratios of various reflected and refracted waves against incident
waves traveling at high frequency as well as at low frequency in micropolar elastic solid with
a void. Marin et al. [20] showed that the solution of mixed IBVP (initial boundary value
problem) for porous micropolar bodies depends continuously on coefficients that couple the
micropolar deformation equations. With the help of normal mode analysis, Alharbi et al. [21]
obtained the expression for the components of stress, displacement components, microrotation
components, and temperature field and also studied the effect of heat source on these
expressions in the micropolar medium with void under thetheory of the three-phase-lag model
of thermoelasticity.

In the above-mentioned work, it is observed that the reflection of waves in micropolar
elastic wave medium is usually taken over the free surface. However, In actual engineering
problems due to accumulative damage, the interface may be imperfect and it will lead to a
non-free surface with distributed elastic constraint or support. The study of the non-free
surface is at the incubating stage. Zhang et al. [22] calculated energy flux ratios of reflected
waves at the non-free surface of a micropolar elastic half-space. Singh [23] calculated
reflection coefficients of thermoelastic waves by assuming different boundary conditions at
the non-free surface.

The concept of a non-free surface is also used in various fields of Physics such as
acoustics and electromagnetism therefore a problem on the boundary surface is considered as
non-free with a micropolar elastic constraint with the void, where each mass point is
subjected to the normal, tangential and rotational stiffnesses. The amplitude ratios of reflected
waves are calculated for the desired boundary conditions at a non-free surface. The impact of
voids and the influence of the non-free surface on amplitude ratios are shown graphically
against the angle of incidence.

2. Governing equations
The field equations and constitutive relations in absence of body forces, body couples, and
heat source (Eringen [24] and lesan [25]) are as follows:

A+ WV(V.T) + (u+ KV + K(V x §) + B*Vq = p%, (1)
(a+ BV(V.$) +YV2 + K(V x T) — 2K = pi%, @)
V2 - 0'q— Eq— B (V.1 = pr' 2 3)
tij = Aup .55 + u(ui,]- + u]-,i) + K(u]-,i — ei]-rq)r) + B*qdij, 4)
m;; = ady 85 + Bbij + Vb, (5)

where A,p are Lame's constants, t is time, t;; are stress components, g denotes volume
fraction field, &;; is Kronecker delta, p is density, U is displacement vector, $ denotes
microrotation vector, g, is an alternating tensor, o, B, y, K are micropolar constants, j denotes
micro-inertia, m;; denotes component of couple stress tensor, w*, f*, a*, &, x* are material
constants due to presence of voids, V2 represents Laplacian operator.

3. Solution procedure
We consider a homogeneous, isotropic micropolar elastic half-space with the void at a non-
free surface. The rectangular cartesian coordinate system (X1, Xz, X3) having an origin at
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interface x3 = 0 is considered along with xz-axis pointing normally into the medium as
shown in Fig. 1. Plane waves in x;-x3 plane are considered such that the wave-front is
parallel to x,-axis, therefore all the fields variable depend only on X3, X3, and t. Thus, the

problem is considered two dimensional, so we take

l_i = (ulf 01 U3), $ = (0: d)Z' 0)

_\'1 -aXi3

L

Micropolar elastic half-space
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Fig. 1. Geometry of the problem

Dimensionless quantities are taken as
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t3; =agn; g_: + % — a4y, (13)
09
g, = K:, (14)
where
%2 2 * * : J
o = z_(,il{’ aj; = %K’ agp = :;_Z)li’ A3 = epcp e T %ﬁoz{' 415 = %ﬂ)i' d16 = KFP]C?

With the help of the expression given by Helmholtz decomposition, u; and uz can be
expressed as
=20 W =00 (15)

M= o Ty 3 T ok, oy

By applying equation (15) in equations (8)-(11), we get
(v2 - ;—;) @ +2a,q=0, (16)
(2292 = Z) ¥ + a5, = 0, (17)
(as7? = 25— a7 ) 22 V2 = 0, (18)
(5113Vz - :_:2 — a4 — a5 %) q— a6V = 0. (19)

Assuming the motion to be harmonic and for solving the equations (16)-(19), we
assume the solutions as
( ®,q, IIJ; q)z) — ((po, qo' L|Jo, q)zo)euc(xl sin 8p—x3 cos 90+vt)' (20)
where k denotes as a wave number, tis known as iota, 6, is the angle of inclination, and
quantities such as ¢°,q° y° and ¢,° are arbitrary constants. Using the values of ¢, q, 1,
and ¢,, we obtained the following equations
(v* + Ag1v? + Agz) (@, q) = 0, (21)
(v* + Agsv? + Ag) (W, ;) = 0, (22)
where v = (%) denotes the velocity of waves, v; (i = 1 — 4) are velocities of the LD-wave,

LVVF-wave, T-wave, and MR-wave respectively and
_ _(34316_al4+(313+1)(1)2+L(1)315)

Apr = , Aoz =

w2-ajstiwagg

a3 w? aza;—azag—(as+ay)w?
Agz =

)

w2-ajs+iwags’ w?-a,

4. Boundary conditions

For the free surface, the component of stresses is zero but for the non-free surface, some finite

values may exist and they are proportionate to the components of displacement as well as

rotational components, and appropriate conditions at x; = 0 are

. . N

(1) tzs = —1Syuz, (iDtz; = —1Sauy, (iii)ms; = —1S3¢,, (lV)a_)Z = 0. (23)
In equation (23) S,,S,, and S; represent the stiffness along the normal component,

tangential component, and rotational component. The stress field and displacement field are

expressed in terms of complex quantities as it is observed that there is a phase shift between

the stress field and displacement field due to the mathematical relation uy = uqu; but

actually, extra phase shift does not exist so to overcome this extra phase shift effect, we
introduced a negative unit, —c into the right side of equation (23).

5. Reflection at the non-free surface

To obtain amplitude ratio at non-free surface we consider @, q, ¢, and ¢, as follows:
Q= Z AOi eLKO(X1 sin By —x3 cos Bp) +Lwt + Aieuq(xl sin 0; +x3 cos 91)+L(.0t, (24)
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q= Z di (Aoiemo(xl sin 09 —x3 cos Bg)+Lwt + Aieuq(xl sin 0 +x3 cos Gi)+twt), (25)
lIJ — Z BOi eLKO(X1 sin 6y —xX3 cos Bp) +Lwt + BieLKj (%1 sin Bj +x3 cos Gj)+m)t' (26)
¢2 — Z fi(BOielKO(Xl sin By —x3 cos ) +wwt + Bieuc]- (%1 sin 6 +x3 cos 9]-)+Lwt)’ (27)
where
w? — K;? sk +a; —w? _
di =, fi = 2 ) (1 = 1)2)) (] = 3)4);
ay aAgK;

j
where Ay; (i = 1,2) are the amplitude of incident LD-wave, LVVF-wave, and By;(i = 1,2)

are the amplitude of incident T-wave and MR-wave. A; are the amplitude of the reflected LD-
wave and LVVF-wave. B; are the amplitude of the reflected T-wave and reflected MR-wave.
Snell's Law is given by

sin By sin 6;
T (28)
where
KV =w,atx; =0({=1-4), (29)
vy, incident LD — wave
v = Uy, incident LVVF — wave
Ugz, incident T — wave
Uy, incident MR — wave

Considering the phase of the reflected waves and using the equations (28)-(29),
we can write,

1
cosB; Yo 2 w2 2
5 [(Uj> sin Gol . (30)
As given by Schoenberg [26], we can write,
cos B; cos 6, G _
=—+1 , G=1-4),

U U, 21V, ) )
cosf, 1 Vo 2 2 ™ 2 2
J 02 02

— —R e — e B = 2 I - - e )
5 o Re [(U]_> sin 0] G g1d I (U]‘> sin 0]

where U, and 9_] denote the real phase speed and the angle of reflection respectively. c;
represent the attenuation in a depth and it is assumed to be equal to the wavelength of the
incident wave i.e. (2mv,)/w,

-1

2 = 22 sin?0, + [Re ([ov,)? - Sinzeo]%)]z] E

Vo sin By

Invoking the boundary conditions (23) along the equations (12)-(14), (15) and using the
values of @, q,y,and ¢, from equations (24)-(27) along with equation (30), we obtained
following system of equations as
2biR; =Y; (,j=1-4), (31)

2 Vo 2 2
(;) — sin“0,

2
v

byp = —d, [as (2—2)2 sin?0, + aq (z—‘;)

1
2
sinzeol ,
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Up\? | (Vo : i Yp
b,p = —dpKpsin Bp(a;; + 1) (E> (E) —sin®By| — dpKpS; Esin 0o,

b,y = f, K2 quvoz in%0 ““2'29 f qu UOZ
2q = fpKg 311(;) ; — sin“0Q, _(E) sin“8, —a12+qu 2; E —

2
sinzeol ,
1

2 2
bsp = ucqz—z (U—O) — sinzeol +1S3, bzq = 0,

Uq

2 2
b4p = leUll(Ui) - sinzeol , b4q = 0, (p = 1,2),(q = 3,4),

Up
where R;,R,,R3, and R, are the amplitude ratios of reflected LD-wave, LVVF-wave, T-
wave, and MR-wave making an angle 064, 6,, 65, and 6, respectively as shown in Fig. 1 and

are given by
Ay A, B, B,
Rl = E, Rz = E, R3 = E, Rl = E.

For incident LD-wave, A* = Aq1,

Y1 =—bi1, Yy =by, Y3 = by, Y, = by
For incident LVVF-wave, A* = Ay,

Y1 = —bis, Yy =Dby, Y3 = b3y, Y, = bys.
For incident T-wave, A* = By,

Y1 = bys, Y, = —bz3, Y3 =Dbass, Y, = bys.
For incident MR-wave, A* = By,

Y1 = by, Y, = —bzs, Y3 =Dhay, Y, = byy.

6. Particular cases

Elastic medium with the void. Ifa = =y = K= 0, then the above results reduce to
elastic media with void having the following changes:

(v* + Ag1v? + Ag2) (@, q) = 0,

2 —
(V - aZ)lIJ - 0;
where
_ —(ajaje—aja+(ajz+1)o?+1wa;s) . a;3w? o _ A+2p
Ay = > ) Ap="F""—"7" a@="73 A9 = .
w _al4+l.(1)315 w —314+L(A)315 pCl u

Micropolar elastic media. If «* = B* =& = w* = k" = 0, then results for reflected
waves deduce for micropolar elastic media and following changes are observed,

(V2 =D =0,
(v* + Ag3V? + Ag) (U, d2) = 0,
where
__ azay—azae—(as+az)w? __ aasw
A03 === 30062_375 ? i A04- - ;2537'

The above results tally with those obtained by Zhang et al. [22] after substituting
appropriate values of the parameters.



232 Sachin Kaushal, Rajneesh Kumar, Arun Kochar

7. Numerical result and discussion

Following are values of micropolar parameters for numerical computation given by Eringen
[27], physical constants are given by [16],

A=9.4x10"Nm2,u=4x 10°Nm2, K=1.0 X 101°Nm2?,

Yy=0.779 x 107°N, §=0.2x 107m?, p = 1.74 x 103 Kgm 3.

The values of the void parameters are taken as
of =3.688 x 1072 N,f* = 1.1384 x 101 Nm™2, & = 1.147 x 10'° Nm2,
K* = 1.175 X 107 °m?, * = 0.0787 x 10~ Nsm™2.

A comparison of values of the amplitude ratios of different reflected waves against the
angle of incidence 6, is represented graphically for micropolar non-free surface i.e.

S1 =S, =S; = 0.5 (with the void and without void) and for free surface i.e. S; =S, =
S; = 0 (with the void and without void). The computation for micropolar non-free surface
(MNFS) without void is represented by a small dashed line and for micropolar non-free
surface (MVNFS) with the void is represented by a small dashed line with center symbols
triangle (A) respectively. The computation for micropolar free surface (MFS) without void is
represented by a solid line and for micropolar free surface (MVFS) with the void is
represented by solid with center symbols diamond (&) respectively.

Longitudinal displacement (LD)-Wave. Figure 2 demonstrates the trend of |Rq| vs.
0,. It is noticed that the magnitude of |R4| shows steady state behavior for all the considered
cases. It is also observed that in most of the intervals, the magnitude of the values of |R4| is
slightly greater for MVFS & MVNEFS in comparison to MFS & MVFS which depicts the
impact of void parameters on amplitude ratios.

Figure 3 depicts the variation of |R,| vs. 8. It is observed that at the beginning, the
value of |R,| for MVFS & MVNFS have greater magnitude as compared with MFS & MNFS
respectively but with an increase in 6, the trend reversed.

Figure 4 exhibits the plot of |R3]| vs. 6,. It is noticed that the behavior of |R5| for all the
considered cases follows a similar trend with a significant difference in their magnitude but
the magnitude of |R5| for MFS is higher as compared to other considered cases.

From Figure 5, it is noticed that the value of |R,| for MVFS and MVNFS increases in
the first half of the interval, and later on, the value decreases, and the magnitude of |R,]| is
more for MVFS as compared to MVNFS and this difference in magnitude shows the impact
of stiffnesses on amplitude ratios.
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10 —| ————— o5 o
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|
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(=]

Amplitude ratio IR,

0 18 36 54 72 920 0 18 36 54 72 90
Angle of incidence Angle of incidence

Fig. 2. Variation of Amplitude ratio |R,| for Fig. 3. Variation of Amplitude ratio |R,| for
LD wave LD wave
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Longitudinal void volume fraction (LVVF)-Wave. The effect of the stiffnesses is
notable on amplitude ratios from Fig. 6 in which the value of |R,| decreases for MVNFS and
MVEFS as 6, increases. It is also noticed that magnitude of |R,| is greater for MVNFS in

comparison to those observed for MVFS.

Figure 7 depicts the variation of |R,|vs. 8. It is noticed that |R,| follows a similar
trend for MVFS and MVNFS i.e. first increases and attains its maximum value at 6, = 24°,
then starts decreasing as 6, increases. The magnitude of |R,| is more for MVNFS when
compared with MVFS which depicts that stiffnesses play a vital role in amplitude ratios.

4 —

-
b + [ MvFs
1.6 —T s n
, | R
%“ 1.2 — g /A \
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£ 0s | g ; . .
- ~
1 — f N
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0.4 Ve .
_ T N
0 1 ° \ \ \ \ \
0 18 36 54 72 90 0 18 36 54 72 20
Angle of incidence Angle of incidence
Fig. 6. Variation of Amplitude ratio |R,| for Fig. 7. Variation of Amplitude ratio |R,| for
LVVF wave LVVF wave

Figure 8 shows the variation of amplitude ratio |R3| vs. 8,. It is seen that the value of
R3] for MVNFS & MVFS decreases in the entire range except when 0° < 6, < 9°, the
magnitude of the values of |R5| are greater for MVNFS in comparison to those obtained for

MVEFS.
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From Figure 9 it is observed that the value of |R,| for MVNFS decreases for small
values of 6, and as 0, increases, |R,| shows steady behavior for both MVFS & MVNFS. Due

to the presence of stiffness the magnitude of the values of |R,| for MVNFS is smaller as
compared to MVFS.

0.25 —

i 1 \ 1.02 —
-
02 — J &~
.
_ J \
o

o 015 — ]l A\ B
£ . E
2 - i ———— MVFS B
% —— - MWNFS AN e
£ o1 I N é—

iy AN

\\
0.05 — f
g
0 \ \ \ \ | o° SRR I I I \
0 18 36 54 72 90 0 18 36 54 72 90
. . . Angle ofincid_ence . . . . Angle of incidence . .
Fig. 8. Variation of Amplitude ratio |R3| for Fig. 9. Variation of Amplitude ratio |R,| for
LVVF wave LVVF wave

Transverse (T)-Wave. Figure 10 depicts the variation of |R;| vs. 0. It is noticed that
in absence of void effect i.e. for MFS & MNFS the value of |R,| shows a decreasing trend in
the entire range whereas for MVFS and MVNEFS, it shows a vice-versa trend in the entire
interval except when 0° < 6, < 10°.

Figure 11 shows the variation of |[R,| vs. 6,. It is seen that |R,| shows ascending trend
for MFS in the first half of the interval and vice-versa trends are noticed in the left over the
interval whereas due to the presence of stiffnesses, |R,| for MNFS shows an increasing trend
in 0° < 6, < 18° and descending behavior in the rest of the interval. It is also observed that
IR, | shows steady state behaviour for MVFS & MVNFS and increases sharply as 6, = 80°.

MFS
8 — [N
MFS MNFS
DN
MNFS MVFS

L e MVFS —— a — MVNFs
— A& —— MVNFS

Amplitude ratio IR,/
Amplitude ratio IR,

36 54 72 90 0 18 36 54 72 90
Angle of incidence Angle of incidence

Fig. 10. Variation of Amplitude ratio |R,| for  Fig. 11. Variation of Amplitude ratio |R,| for
T wave T wave
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Figure 12 depicts the variation of |R3| vs. 8,. The value of |R;| for MFS and MNFS
shows descending behavior in the first half of the interval and then increases in the rest half of
the interval, whereas |R;| follows a similar trend for MVFS and MVNFS i.e. increases near
the boundary and decreases afterward, magnitude of |Rs| is greater for MVFS.

From Figure 13, it is noticed that the value of |R,| for MVNFS and MVFS decreases
for 0° < 0, < 10°, and the magnitude of |R,| for both the cases shows ascending trend for
the rest of the interval. It is also noticed that the magnitude of |R,| for MVFS is more than
that of MVVNFS.

1.2 —
MFS

——  —— MNFS 16 —
——<o—— MVFS

—— A —— MVNFS

Amplitude ratio R,

Amplitude ratio IR,

02
\ \

° 1 insgle of incit:lent;ae4 & ® 0 i Aansgle of incidencse4 & %
Fig. 12. Variation of Amplitude ratio |Rs| for  Fig. 13. Variation of Amplitude ratio |R4| for
T wave T wave

Micro-rotational (MR)-Wave. Figure 14 depicts the variation of |[R;| vs. 8. It is
observed that the value of [R,| for MFS and MNFS shows small variations about the origin in
the interval 0° < 6, < 80° and then increases left over the interval whereas the trend of |R,|
for MVFS and MVNFS is increasing in nature due to the presence of stiffness parameters.

In Figure 15, it is noticed that the value of |R,|shows a steady state for all the
considered cases in 0° < 6, < 50° and as 0, increases, |R,| for MVFS & MVNFS shows
decreasing behavior while |R,| for MFS & MNFS shows the opposite trend as observed for
MVES & MVNFS.

Figure 16 depicts the value of |R;| for MVNFS and MVFS increases in the 0° < 6, <
54° and decreases in the remaining range, the magnitude of MVNFS is more than MVFS
which reveals the impact of the non-free surface on amplitude ratios. A similar impact of
stiffnesses can be observed for the values of MNFS and MFS as the magnitude of |R;]| for
MNFS is more than MFS with ascending behavior.

From Figure 17, it is noticed that initially the value of |R,| for MVFS and MVNFS
increases and it reaches the maximum at 6, = 54° and then decreases with an increase in 6,
the magnitude of amplitude ratio |R,| for MVFS is more than that of MVNFS.
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Fig. 16. Variation of Amplitude ratio |R3| for  Fig. 17. Variation of Amplitude ratio |R4| for
MR wave MR wave

8. Conclusion
In the present article, the phenomenon of reflection of the elastic wave at a non-free surface
with a micropolar elastic constraint with void has been studied. The amplitude ratios of four
reflected waves namely LD-wave, LVVF-wave, T-wave, and MR-wave are calculated
numerically. The impact of stiffnesses and void parameters on these amplitude ratios are
demonstrated graphically. From the numerically computed results following observations are
made:

(@) The results indicate that due to the presence of stiffnesses, the magnitude of |R,| and
IR, | is smaller as compared to those obtained for free surface, whereas in the case of |R3| and
|R,], it shows similar oscillatory behaviour with a significant difference in their magnitude
when LD-wave is incident.

(b) It is observed that when LVVF-wave is incident, the magnitudes of |R,|, |IR,|, and
|R3]| in the case of free surface are smaller while |R,| shows a vice-versa trend which depicts
the significant impact of stiffnesses on amplitude ratios.



Wave propagation under the influence of voids and non-free surfaces in a micropolar elastic medium 237

(c) In the case of incident T-wave, it is observed that void parameters play a vital role in
amplitude ratios as |R;|and |R,|show opposite behaviour for MVFS & MVNFS as
compared to MFS & MNFS, while in the case of |R;| and |R,| they show similar behavior in
the entire range.

(d) It is seen that when MR-wave is an incident, void and stiffness parameters play a
major role as the magnitude of |R;|, |R,|, and |[R,| for MVFS are greater as compared to
MVNEFS. It is also noticed that in absence of a void parameter trends are reversed i.e. values
of |R,| and |R3]| for the non-free surface are greater as compared to the free surface.

The physical application of this model can be found in the area of seismology where the
results are helpful for the exploration of valuable materials such as minerals, crystals, and
metals. The results are also useful in geophysics and earthquake engineering.
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