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Abstract. We consider an elastic inclusion in a cylinder with isotropic materials properties.
The inclusion possesses a multi-step dependence of the dilatational eigenstrain along the
cylinder axis. Basing on the solution for the trace of the stress tensor of the dilatational
inclusion with sharp boundaries (single-step inclusion) the stored elastic energy of the multistep inclusion is determined and analyzed. Then, the found analytical solution for the
inclusion energy is used to investigate the energy properties of the transition region between
the cylinder domains with a constant level of dilatational eigenstrain. The application of the
obtained results to the relevant physical problems of mechanical behavior of hybrid
nanodisk/nanowire (ND/NW) semiconductor heterostructures is discussed.
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1. Introduction
Many practical applications use elastic cylinders as an important element: these can be loaded
macro-objects in building construction [1], centimeter size working parts of various machines
[2], or broadly used components in modern nanowire (NW) electronics and optoelectronics
[3,4]. Elastic response of such objects with cylinder geometry on mechanical or thermal
loading is the subject of numerous original works, see e.g., Refs. [5-8], monographs, and
textbooks [9-11].
In this study, we focus on the elasticity of a circular cylinder that possesses a prescribed
eigenstrain, the well-known examples of which are thermal expansion, deformation
associated with phase transformation, crystal lattice mismatch, and plastic deformation. When
eigenstrain is nonuniform in the cylinder interior, stresses and stored elastic strain energy
http://dx.doi.org/10.18149/MPM.4752021_4
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appear in an otherwise mechanically unloaded cylinder. In principle, the eigenstrain can be
nonuniform in axial, radial, or azimuthal directions. Due to the characteristic geometry of the
cylinder, the axial variation in the eigenstrain plays the most prominent role. When the
eigenstrain is localized in a finite domain of the cylinder one can also consider such a
configuration as an elastic Eshelby-like inclusion [12].
At present, analytical solutions for a number of elasticity problems for cylinders with
axially nonuniform eigenstrain have been reported. The solution for the elastically isotropic
cylinder with a single finite size axial region (inclusion) with sharp boundaries and with
dilatational eigenstrain was given in Ref. [13]. The found in this work result was used to
determine elastic properties for the infinite row of dilatational inclusions (DIs) in a cylinder
[14] and was also expanded to the case of a single DI in a cylinder made of transversally
isotropic material [15]. The latter finding was rediscovered in a different form in Ref. [16].
Finally, in our recent works [17,18] the results were given on the elastic properties of DIs for
the cases of sharp and blurred (diffused) boundaries with linearly or exponentially varying
eigenstrain in the cylinder axial direction.
In this paper, we develop an approach to determine the elastic field and associated
elastic energy in an elastically isotropic circular cylinder with DI demonstrating step-like
dependence of the dilatational eigenstrain along the cylinder axis. Such multi-step DIs can be
useful to model strain-stress state in experimentally observed hybrid nanodisk/nanowire
(ND/NW) semiconductor heterostructures [19-21].
2. Background: single-step dilatational inclusion
We consider an elastically isotropic circular cylinder (see Fig. 1) of radius a , in which there
exists an axially varying dilatational eigenstrain ε * (z ) :
*
*
*
ε=
ε ϕϕ
= ε=
ε * (z ) ,
rr
zz

(1a)

(1b)
ε= ε= ε= ε (z ) ,
where either cylindrical r,ϕ ,z , or Cartesian coordinates z, y,z are used, respectively. For
practically important cases, function ε * (z ) can be constant in the domain z1 < z < z2 separated
by the transition regions from the rest of the cylinder volume, where it is assumed to be zero,
see Fig. 1.
*
xx

*
yy

*
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*

Fig. 1. Schematics of a circular cylinder with axial nonuniform dilatational eigenstrain ε * (z )
localized in the domain z1 < z < z2 plus transition regions. Cartesian (x, y, z ) and cylindrical
(r ,ϕ , z ) coordinate systems are shown
In general, the eigenstrain is defined as a stress-free deformation with respect to a
reference state [22]. From a physical point of view eigenstrain can be described as a change in
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the lattice constant of the material (for simplicity we deal with cubic materials with a single
lattice constant) from the initial value ai to a final value a f :

ε* =

a f − ai

.
(2)
ai
For a finite domain with different chemical composition (and hence with unequal lattice
constants) observed in NWs, it is natural to define eigenstrain as a lattice mismatch ε m that is
peculiar to the heterointerfaces, which bound the domain under consideration. These
heterointerfaces (boundaries) can be either sharp (abrupt or localized) [19, 23] or smooth
(diffuse or blurred) [24,25] in the direction of NW axis. One can also analyze a single
heterointerface (or transition regions) separating two parts of a NW of infinite extend
[17,18,26,27].
In Ref. [17], the technique was proposed for finding the elastic fields in an isotropic
cylinder with a prescribed distribution of the eigenstrain ε * (z ) by utilizing the solution for
infinitesimally thin dilatational disk in the form of convolution with weight function ε * (z ) .
Then, in Ref. [18], the solutions for elastic fields and stored strain energy for individual DIs
with sharp and blurred boundaries were given in full detail.

(a)

(b)

(c)
Fig. 2. Distributions of eigenstrain ε * (z ) in a cylinder with dilatational inclusions (DIs) were
used for modeling hybrid ND/NW heterostructures.
*
(a) ε (z ) for single-step DI – sDI; (b) ε * (z ) for double-step DI – dDI;
(c) ε * (z ) for multi-step DI – nDI
The eigenstrain function shown in Fig. 2a is written as
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 h1

(3)
− | z | H [ r − a ] ,
2

where ε1 is the magnitude of the eigenstrain, H [p ] is the Heaviside step-function, h1 is the
length of the domain with constant eigenstrain, was used in Refs. [17,18] to model hybrid
ND/NW heterostructures with well localized boundaries. In the following, we designated this
case as a single-step dilatational inclusion (sDI).
All stress tensor components for the sDI can be found in the closed analytical form [18].
Here we only give the formula for the trace sDIs ii of stress tensor as a function of coordinates,
inclusion length, and magnitude of the eigenstrain:

4G (1+ν )ε1  h1
sDI
| z | H [1- r ] +
s ii ( r,z ) =
H
-(1-ν )
2


ε * (z ) =ε1 H 

∞
I1 I 0 (r β )
8G (1 +n ) 2ε1
 h1 β 
sin
(4)
 2  cos z β d β ,
π (1 −n ) ∫0 β 2 I 02 − (β 2 − 2n + 2)I12


where G and ν are a shear modulus and Poisson ratio of the material of the cylinder,
respectively; I n (ζ ), n = 0,1 are the modified Bessel functions of the first kind, and for

+

brevity, the notations I n = I n (β ), are introduced. Variables r , z and parameter h1 are
normalized to the radius of the cylinder a : r = r / a , z = z / a , h1 = h1 / a . One can recognize
that the first term in Eq. (4) comes from the stresses of the cylindrical DI in an infinite
isotropic medium, whereas the second term arises due to boundary conditions that should be
met on the cylinder lateral free surface.
The strain energy of the sDI was determined from the expression given in Ref. [17]:
1
1
− ∫ ε ij*s ij dV =
− ∫ ε * (z ) sDIs ii (r,z ) dV ,
EsDI =
(5)
2V
2 VsDI
where the first equality is just the well-known relation [22] for finding the energy associated
with an elastic field (stresses σ ij ) caused by an eigenstrain ε ij* in a body with volume V and
the second equality provides the result of the application of this relation to the sDI with the
volume VsDI placed in the elastic cylinder. As a result, the energy of an isolated sDI was found
in the following form [18]:
2
∞


2G (1+n )ε12π a 3   8(1+n )
I12
h1 β 
(6)
=
EsDI
h
sin
d
β
 1
.

2
2 
∫0 β 2 [β 2 I 02 -(1-n )
+
(
2
2)
I
]
2
β
π
n
1




In this formula, the first term in the parentheses, i.e., h , when used with the in front
1

multiplier, defines the energy of cylindrical sDI in an infinite isotropic elastic medium; the
second term is responsible for the energy decrease of such sDI due to the screening effect of
the lateral cylinder surface.
3. Strain energy of multi-step dilatational inclusion
Double-step DI with eigenstrain dependence shown in Fig. 2b can be constructed as a
superposition of two overlapping sDIs with lengths h1 , h2 and eigenstrain magnitudes ε1 , ε 2 ,
correspondingly. In such a configuration, the stored in the cylinder elastic strain energy EdDI
(1)
(2)
in addition to self-energies EsDI
and EsDI
includes interaction energy W :

(1)
(2)
EdDI = EsDI
(ε1 ,h1 ) + EsDI
(ε 2 ,h2 ) + W (ε1 ,ε 2 ,h1 ,h2 ) ,

(7)
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where the dependence of each of energy contributions on the geometrical characteristics of
sDIs in the cylinder, is specified, and the interaction energy term can be found from the
formula similar to Eq. (5):
4G (1 +ν )ε1 ε 2 π a 3 
W (ε1 ,ε 2 ,h1 ,h2 ) =
−ε 2 ∫ sDIs ii(1) dV =
h1 −
(1 −ν )
V
sDI2

h1β
h β
(8)
sin 2 d β ,
[β I − (β − 2n + 2)I ]
2
2
0
where the trace of the stress tensor is attributed to the first sDI, but the eigenstrain magnitude
and the volume are attributed to the second sDI and, as before the normalized values
h1,2 = h1,2 /a are used.
32G (1 + n ) 2ε1 ε 2 a 3
−
(1 −n )

EdDI

∞

∫β

I12

2

2 2
0

2

2
1

sin

Combining the results given by Eqs. (6) and (8) we get:
2
∞



h1 β 
8(1+n )
2 
=
2Cε1 π h1 −
A
(
)
sin
d
β
β
+


∫0
2
π




∞


 β 2

h
n
8(1
+
)
2
+2Cε π h2 −
β
β
A
(
)
sin
d
+


π ∫0
2 



∞
h β
h β
+4Cε1 ε 2 π h1 −32C (1 +n )ε1 ε 2 ∫ A(β ) sin 1 sin 2 d β .
2
2
0
2
2

Here, the designations С =

(9)

G (1+ν )a 3
I12
and A(β ) = 2 2 2
are
(1-ν )
β [β I 0 − (β 2 − 2ν + 2) I12 ]

introduced.
The found formula for double-step dilatational inclusion energy EdDI can be rearranged
by exploring the known integral representations [28]:
∞
∞
π
1
π
1
a = ∫ 2 (sin aβ ) 2 d β , min(a, b) = ∫ 2 sin a bbb
sin b d
(10a,b)
2
β
2
b
0
0
and accounted for h2 ≥ h1 to the following form:
2
2
∞


h1 β 
h2 β 
2
= 8Cε ∫ B (β )  sin
 d β + 8Cε 2 ∫ B(β )  sin
 dβ +
2 
2 


0
0
∞
h β
h β
+16Cε1 ε 2 ∫ B(β )sin 1 sin 2 d β ,
2
2
0
∞

EdDI

2
1

where B(β ) =

(11)

β 2 I 0 2 − β 2 I12 − 4I12
.
β 2 [β 2 I 0 2 − (β 2 − 2ν + 2) I12 ]

Finally, the similarity of integrals in Eq. (11) makes it possible to rewrite the formula
for the energy of double-step dilatational inclusion in an elastically isotropic cylinder in the
following compact form:
∞
2
h j β
hi β
(12)
sin
EdDI = 8C ∑ ε i ε j ∫ B(β )sin
dβ .
2
2
i , j =1
0
When using such compact notation of the formula, one must count the interaction
energy term twice since there is the multiplier "16" but not "8" in Eq. (11).
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The found result allows us to find the energy EnDI of multi-step configuration with the
eigenstrain showing n steps (see Fig. 2c):
∞
n
h j β
h β
(13)
EnDI = 8C ∑ ε i ε j ∫ B(β )sin i sin
dβ .
2
2
i , j =1
0
If the length h1 of the central part of the multi-step DI becomes much larger than the
cylinder radius a and the lengths of other parts hk , k = 2 n , are related to h1 via length
differences 2∆hk of a finite magnitude:
(14)
hk= h1 + 2∆hk ,
the energy of the system can be considered as the energy of two heterointerfaces (boundaries)
with step-like eigenstrain transition regions. As a result, the energy EnB of such multi-step
transition region is:
2
∞
n

hi β 
1
2
=
lim EnDI 4C ∑ ε i lim ∫ B(β )  sin
EnB =
 dβ +
hi →∞
2 hi , j →∞
2 
i =1

0
∞
n
(h1 + 2∆h j )β
(h + 2∆hi )β
dβ =
+8C lim ∑ ε i ε j ∫ B(β )sin 1
sin
h1 →∞
2
2
i , j =1
0
∞
n
2
i
=i 1 =
i , j 1,
0
i≠ j
n

=2C ∑ ε

∫ B(β )d β + 4C ∑

∞

ε i ε j ∫ B(β )cos (∆hi − ∆h j )β d β .

(15)

0

where, as usual, we use normalized values ∆hk = ∆hk / a . Note that in Eq. (15), we need to
calculate the ij-interaction energy term once.
For the uniform distribution of eigenstrain steps with ε k = ε 0 / n and 2=
∆h
hk +1 − hk ,
h =h + 2(k − 1) ∆h , ∆h= (k − 1) ∆h , ∆h = ∆h / a for the energy E of the transition region we
k

1

k

nB

find:

∞
∞
∞
n
2Cε 02
4Cε 02
2Cε 02
cos n ∆h β - 1

EnB =
d
d β . (16)
∆h β d β =
B
B
(
)
(
)
i
j
B
cos
(
)
(
)
β
β
β
β
+
∑
n ∫0
n 2 ∫0
n 2 ∫0
cos ∆h β - 1
i , j =1,
i≠ j

4. Discussion and Conclusions
It was found in our earlier work, see Ref. [18], that the dependence of the elastic strain energy
of the single-step dilatational inclusion (sDI) on its lateral size h1 exhibits a maximum at
h1 ≈ 0.6a (for Poisson ratio ν = 0.3 ) with a being cylinder radius. The same property, i.e.,
the presence of maximum, remains for multi-step DI when its size increases with a fixed
structure of steps. The difference, however, appears in the saturation values of the energy at
h1 → ∞ . These values characterize the doubled energy of the transition region (step

boundary) EnB with the prescribed step structure, see Eq. (15).
One can also analyze the energy of the step boundary EnB (in the case of equal length of
the steps) as a function of the step length Δh for a various number of steps n. Such
dependencies are plotted in Fig. 3 for cases n = 2 and 3. Again, for Δh → ∞ the energy
saturates to the value of the sum energy of 2 of 3 sharp boundaries with dilatation jump ε 0 / 2
or ε 0 / 3 , correspondingly. An interesting feature of the dependencies shown in Fig. 3 is the
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appearance of shallow minima at Δ h < a . With n increasing the position of the minimum
shifts to smaller Δ h .
 ∆ / (n − 1) and n → ∞ , formula (16) transforms to the
In the other case when=
Δh
following:
∞
∞
 / (n − 1)] − 1
 2

2Cε 02
8Cε 02
∆β
cos[n∆β
lim EnB = lim 2 ∫ B(β )
d β = 2 ∫ B(β )  sin
(17)
 dβ .
 / (n − 1)] − 1
n →∞
n →∞ n
∆
cos[∆β
2 

0

0

Such a configuration corresponds to the diminishing of the individual dilatation step
length with a fixed length of the transition region ∆. The found energy coincides with that one
for the boundary with linear blur studied in Ref. [18].

Fig. 3. Energy of the multi-step boundary EnB as a function of the step length Δ h for a
different number of steps n is shown. The energy is given in units Gε 02 a 3 , where G is the
shear modulus, ε 0 is the maximum eigenstrain value, a is the radius of the cylinder. Plots are
presented for Poisson ratio ν = 0.3
It has been already mentioned that transition regions with both sharp and smooth
variations of crystal lattice parameters are experimentally observed in semiconductor NW
heterostructures [19-21,23-25]. We propose to use the developed in the present study
approach for modeling multi-step dilatational inclusions in an elastic cylinder for the
description of such objects. Any observed dependence of crystal lattice parameter in a NW
can be approximated with a step-like function that will allow us to utilize the found analytical
expressions for elastic fields and stored strain energy. The next step in the analysis will be the
investigation of the stability of NW heterostructures with the prescribed distribution of
eigenstrain with respect to the formation of various defects, e.g., misfit dislocations. This is
the subject of our ongoing study.
In conclusion, the stored elastic energy of the multi-step dilatation inclusion in an elastic
cylinder has been determined and analyzed. The analytical solution for the inclusion energy
has been used to investigate the energy properties of the transition region between the
cylinder domains with a constant level of dilatational eigenstrain. The application of obtained
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results to the relevant physical problems of mechanical behavior of hybrid nanodisk/nanowire
(ND/NW) semiconductor heterostructures has been briefly discussed.
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