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Abstract. A mathematical model of the dynamics of a curved pipeline as a membrane shell 
filled with an ideal compressible fluid is constructed. A form of an approximate solution of 
the model equations is found in which the dimension of the problem reduces by one. An 
asymptotic analysis of the obtained differential equations is performed for various small 
parameters. Two systems of model equations with different characteristics are obtained. These 
systems are transformed into systems of first-order equations in canonical form with explicitly 
defined Riemann invariants. The characteristics of the obtained systems of equations are 
found and the main types of waves propagating in a curved pipe are identified. Numerical 
experiments have been performed. The results obtained correspond to the results from the 
literature sources. 
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1. Introduction 
The problem of the pressure wave propagation in a fluid-filled long curved elastic pipe and 
the effect of the pipe bending on this process are considered. The theoretical propositions of 
the study are described in [1,2]. 

The engineering background of the problem consists in the fact that pipelines can shift 
from their initial position during operation [3]. It is assumed that there is a possibility to find 
the coordinates of the position of the pipeline profile based on the results of the analysis of the 
propagation of hydroelastic vibrations in it [4]. To solve this inverse problem, it is necessary 
to study the direct problem, which is the subject of our study. In addition, the analysis of wave 
processes in complex pipeline systems is a separate, practically important task [5]. 

In the fundamental work [6], water hammer in rectilinear cylindrical pipes is 
investigated. This research is continued in numerous works of mechanics, among which we 
highlight the articles [7-9]. 

In the work of G.T. Aldoshin [7], a review of studies from L. Euler to the present day is 
performed. The deep interrelation of various problem statements, from hemodynamics to 
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waves in metal pipes, is noted. The importance of studying composite pipes and nonlinear 
phenomena is noted. In this context, the article [10] is of great importance, which solves the 
problem of the propagation of water hammer in a system of two coaxial cylinders, with a 
filled with liquid space between them and a filled with gas inner cylinder. For a long time this 
problem resisted theoretical analysis. 

A review of the foreign literature up to 2015 related to the dynamic analysis of filled 
with liquid pipeline systems, taking into account the fluid-structure interaction, is carried out 
in [11]. Various types of models and modeling algorithms of various levels of complexity are 
compared, and the scope of their application is discussed. 

The modern literature on vibrations in pipelines is very extensive. 
Nonclassical theories of water hammer are developed in [12,13]. In [12], a one-

dimensional mathematical model is presented that describes the acoustic vibrations of thick-
walled pipes filled with liquid. The model has correction conditions and coefficients that take 
into account the wall thickness. In [13], a water hammer accompanied by cavitation is 
numerically investigated. 

The phenomena of resonance in connection with the vibrations of underwater pipelines 
induced by vortices are investigated in [14-16]. In [14], focused on modelling of transverse 
vibrations of an underwater pipeline in a vortex fluid flow, dynamic analysis, and prediction 
of alternating stress in the pipe. In [15], the free vibrations of two cylinders in a laminar fluid 
flow are numerically investigated. In [16], a mathematical model of reduced order is 
constructed that describes the interaction of a cylinder and a liquid under vortex-induced 
vibrations. The presented model contains an explicitly distinguished singularity at the 
resonance point. 

The theoretical foundations and numerous important examples of the statics and 
dynamics of curvilinear pipes are described in the works of V.A. Svetlitsky, for example, in 
[17]. The monograph [17] is collected extensive research material on the vibrations of flexible 
rods and hoses.  

Let's refer to the question of history. N.E. Zhukowski [6] determined that the wave 
velocity of the water hammer in the pipeline is related to the relative circumferential stiffness 
of the pipe. He assumed that in any cross-section, the pressure is distributed uniformly, and 
neglected the inertia of the fluid in the radial direction, the mass of the pipe wall, and the axial 
and bending stresses in the pipe wall. In 1956, R. Skalak [8] extended the Zhukowski 
formula, taking into account the Poisson effect. He presented the pipe wall in the form of an 
elastic membrane, which allowed to take into account the axial stresses and inertia of the pipe. 
A. Thorlay [18] performed a similar study but also conducted an experimental test of the 
theory. This has given rise to many publications related to the study of new effects of water 
hammer in pipes. 

Vibrations of curved pipelines and pipes with knees, taking into account the Poisson 
effect and various ways of fixing the knee, are studied in [8,18,19]. In [9,20], the effect of 
fixing the pipeline knee on the propagation of pressure waves in a stopped flow of an ideal 
liquid is studied. Developments [21,22] in this direction followed the path of increasing the 
number of branches and knees of the pipeline, leaving the main parameters and characteristics 
of mathematical models unchanged. These studies are carried out within the framework of the 
theory of rods. 

Taking into account the Poisson effect and the connection between the dynamics of the 
fluid and the pipe through deformation led to the discovery of fundamentally new phenomena 
in the theory of water hammer. It is advisable to continue studying the relationship of the 
geometric parameters of the pipeline with the Poisson ratio in the framework of the theory of 
shells. 
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The question of mathematical modeling of pipes as shells is considered in [23]. The 
limits of the applicability of the rod and shell models for one class of problems about 
pipelines, the problem of tunneling, when the pipe is directly laid in the ground, are 
established. It is pointed out the limitations of the rod model for the considered range of tasks 
since the pipeline is a three-dimensional structure, surrounded on all sides by the external 
environment. 

The fundamental problem of interaction between a cylindrical shell and a liquid filling it 
is studied in the work of A.S. Volmir [24]. The focus is on questions about the flow around 
the shells and their vibrations. Shells of regular cylindrical or conical shape are considered, 
the liquid is considered incompressible. An extensive bibliography on hydroelasticity 
problems is given. 

Much attention is given to stationary problems of curvilinear pipes as fragments of 
toroidal shells in the classical work of V.V. Novozhilov [25]. Numerous examples of 
calculating stresses and deformations under various methods of applying a load to a segment 
of a toroidal shell are considered. 

The discussion about the advisability of applying the theory of shells to pipeline 
systems continued in the articles [26,27]. In the publication [26], the dynamics of the pipe 
under the influence of the reverse shift of the ground during an earthquake are investigated. 
The problems that cannot be solved by the rod model are investigated. The article [27] is 
devoted to the topic of modeling the dynamics of underground pipelines under the influence 
of discontinuous ground shifts based on the theory of shells. 

Thus, there is an extensive class of problems about the dynamics of pipelines, to which 
it is necessary to apply the methods of shell theory. 

We applied this approach in the article [28], where a mathematical model of vibrations 
in a curved underground pipeline is constructed and partially investigated. This approach was 
then developed in [1]. The mathematical model is verified using various examples from the 
literature in the article [2]. 

In the 30s-40s of the XX century, V.Z. Vlasov [29] found that in their general 
formulation, the equations of the theory of shells contain terms that do not make a significant 
contribution to stresses, deformations, and resultant forces. This conclusion was confirmed 
later in the works of V.V. Novozhilov, for example, in [25]. This means that there is a class of 
problems in which these terms can be neglected. From this conclusion, the problem of 
simplifying the model arose [1,2]. 

Based on the classical works on water hammer [6,8,10,18] and the main assumptions 
made in them (see [30]), the model of the pipe in this work is based on the model of a 
membrane shell. The model of liquid motion is based on the model of an ideal compressible 
fluid. 

The aim of the work is to study the influence of pipe bending on the propagation of 
vibrations in the pipe-liquid system, on the one hand, within the framework of the mechanical 
models used, and on the other hand, within the methods of simplifying these models proposed 
in [1,31]. 

The work has the following structure. In section 2, the geometry of the problem is 
described, small parameters are introduced and a general description of the mechanical 
process is provided. In section 3, from the equations of motion of a membrane shell and an 
ideal compressible fluid are derived reduced equations of the mathematical model (5), (9), 
(10), from which the angular coordinates are excluded. The expansion in the second small 
parameter is performed and equations (11), (16) are obtained. In section 4, the model 
equations are analyzed with additional assumptions about small parameters. As a result, two 
different systems of equations (20), (24) are obtained. In section 5, changes of variables are 
made in these systems of equations, as a result of which they are reduced to the canonical 
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form. The characteristics of the obtained systems of first-order equations are found. In section 
6, numerical experiments have been performed. In sections 4, 5, 6 it is established that the 
constructed mathematical models describe the types of waves known in the scientific 
literature, that is, these models are consistent with the known results.  

 
2. Problem geometry and initial assumptions 
We consider a long metal pipe (see Fig. 1), filled with a compressible ideal liquid. Let the 
centerline of the pipe be a plane curve Γ  with natural parametrization: 

( ) ( ){ }, : , ,0 .x y x x s y y s s LΓ = = = < <  Let all the physical parameters of the pipe material 
and the liquid filling it is known. At the point O , a longitudinal pressure wave in the liquid is 
excited. It is required to find the dynamics of the system. 

 

 
Fig. 1. Pipeline and coordinate systems 

 
To find the dynamics of the pipe-fluid system, we assume the following: 

1) A linear approximation is acceptable.  
2) An approximation of the membrane theory of shells is acceptable. 

3) 0

00
min ( )

s L

R
s

ε
ρ

≤ ≤

= , 1ε  , where 0R  is the radius of the pipe, 0 ( )sρ  is the radius of 

curvature of the curve Γ . 

4) 0Rµ
λ

= , 1µ  , where λ  is the characteristic wavelength of the process under 

study. 

For what follows, we introduce the curvature function: 00

0

min ( )
( ) ( )

s L
s

f s s
ρ

ρ
≤ ≤= . 

 
3. Equations of motion 
The purpose of this section is to derive the quasi-one-dimensional equations of fluid and pipe 
motion of the corresponding system of equations describing the three-dimensional case. 
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The curvilinear coordinate system used ( ), ,s Rθ  is shown in Fig. 1. Its detailed 
description is given in [1]. Here ( ), Rθ  are the polar coordinates in the cross-section 
corresponding to the arc length s . 

The linearized system of equations of fluid motion in an arbitrary curvilinear coordinate 
system has the form: 

( )1 grad
f

p
t ρ

∂
= −

∂
v

; 

( )2

1 div 0f
f

p
c t

ρ∂
+ =

∂
v . (1) 

The system of equations for the shell of the studied shape in the forces (see [25,32]) are: 
1

0

0 0 0 0

1 cos1 sin 2 0
( ) ( ) sin

sR N S S X
s s R s R n

θθ
ρ θ ρ θ

−
  ∂ ∂

+ + + + =  ∂ ∂ + 
; 

( )1

0

0 0 0 0

cos11 sin 0
( ) ( ) sin

sN NR NS Y
s s R s R

θθ
n

θ
θ

ρ θ ρ θ

−
−  ∂∂

+ + + + =  ∂ ∂ + 
; (2) 

0 0 0

sin 0
( ) sin

sN N Z
s R R

θ
n

θ
ρ θ

+ − =
+

. 

In the systems of equations (1), (2), it is denoted: sN  – longitudinal stresses of the shell 
along the axis s , Nθ  – the same along the axis θ , S  – shearing forces, X , Y , Z  – inertia 
forces along the s , θ  and the normal, respectively, fc  – the velocity of sound in liquid,  

fρ  – fluid density under normal conditions, v  – fluid velocity vector, p  – fluid pressure. 
The deformations of the shell of this shape we express in terms of displacements by the 

formulas: 
1

0

0 0 0

cos sin1 sin
( ) ( ) ( )s

R u v w
s s s s

θ θε θ
ρ ρ ρ

−
   ∂

= + + +   ∂   
, 

0 0

1 v w
R Rθε

θ
∂

= +
∂

, 

1

0

0 0 0

cos 11 sin
( ) ( )

R v uu
s s s R

θγ θ
ρ ρ θ

−
   ∂ ∂

= + − +   ∂ ∂   
. 

Here u , v , w  are displacements of the pipe points in the direction of the axes s , θ  
and R , respectively. 

Further, expressing sN , Nθ , S  according to Hooke law in terms of deformations (see 
[25,32]), and deformations – in terms of displacements, we substitute the result in (2). We 
take into account that, according to [33], the inertial forces are equal to: 

2

2t
uX h

tn ρ ∂
= −

∂
, 

2

2t
vY h

tn ρ ∂
= −

∂
, 

2

2w t
wZ p h

tn ρ ∂
= −

∂
. 

Here and below is indicated by: tρ  – pipe material density, wp  – the pressure on the 
wall, h  – pipe wall thickness, ap  – atmospheric pressure. 

We transform the unknowns and variables to a dimensionless form. To do this, we 
introduce the variables sζ λ= , tt ω= , where ω , λ  is the characteristic frequency and 
wavelength of the vibrations processes associated with the relation fcλω = . We make the 
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following change of unknowns: 0'u u R= , 0'v v R= , 0'w w R= , w
w

a

pp p′ = . Here 'u , 'v , 

'w  are dimensionless displacements of the pipe points in the direction of the axes s , θ  and 
R  respectively. 

Leaving the first-order terms by ε , we get: 

( ) 0 0 0' '1 sin ' cos ' sin sinR R Ru uf v f w f fε θ ε θ ε θ ε θ
λ ζ λ ζ λ ζ

∂ ∂ ∂
− + + − +∂ ∂ ∂  

( ) 0' 1 ' '' 1 sin ' cos
2

Rv v uw f u fnn ε θ ε θ
θ θ λ ζ θ

 ∂  − ∂ ∂ ∂ + + + − − + +   ∂ ∂ ∂ ∂     

( )
2 2 2

0 0
* 2

' ' '1 cos 0t
R Ru v uf

E
ωε n θ ρ

θ λ ζ t
 ∂ ∂ ∂

+ − + − = ∂ ∂ ∂ 
; 

( ) ( ) ( )0 01 ' '1 sin 1 sin ' cos
2

R Ru vf f u f
n

ε θ ε θ ε θ
λ ζ θ λ ζ
−  ∂ ∂ ∂

− + − − + ∂ ∂ ∂ 
 (3) 

( ) 0' '' 1 sin ' cos ' sinRv uw f v f w fn ε θ n ε θ n ε θ
θ θ λ ζ

 ∂ ∂ ∂
+ + + − + + + ∂ ∂ ∂   

( )
2 2 2

0 0
* 2

' ' '1 cos ' 0t
R Ru v vf w

E
ωε n θ ρ

λ ζ θ t
 ∂ ∂ ∂

+ − − − − = ∂ ∂ ∂ 
; 

( )0 0' ' ' 'sin ' ' 1 sinR Ru v v uf w w fε θ n n ε θ
λ ζ θ θ λ ζ

 ∂ ∂ ∂ ∂ + + + + + − +  ∂ ∂ ∂ ∂    

( )
2 2 2

0 0
* * 2

''cos 'sin 0w a
t

R p p R wf v w
h E E

ωn ε θ θ ρ
t

′ ∂
+ + − + =

∂
. 

Here denote: n  – Poisson ratio; E  – Young modulus; ( )
*

21
EE

n
=

−
, LL λ′ = . In 

accordance with the monograph by V.V. Novozhilov [25], we impose boundary conditions at 
the ends of the tubular membrane shell: 

' 0u = , ' 0v =  at 0ζ = , Lζ ′= . 
We make two assumptions about the displacement v :  

1) ( ),v v ζ t=  – no longitudinal waves propagating along the circumference;  
2) v ε≤  – the smallness of the amplitude of torsional vibrations in problems of 

propagation of vibrations in a pipe. 
Under these assumptions, the displacement v  disappears from the first and third 

equations of the system (3), and then there is no need to solve the second equation. 
We represent 'u , 'w , wp′  in the form [34]:  

( ) ( )0 1' , , sinu u uζ t ε ζ t θ= + , 

( ) ( )0 1' , , sinw w wζ t ε ζ t θ= + , (4) 

( ) ( )0 1, , sinw w wp p pζ t ε ζ t θ′ = + . 
The correctness of (4) is proved by the sequential expansion of the solution of the 

system of equations (3) into series, first by powers ε , then by the trigonometric functions 
sinθ , cosθ . In this case, the terms with the factor cosθ  turn to zero. Substituting (4) in (3) 
and equating the terms for the same powers of the parameter ε  in the left and right parts of 
the equations, we get:  
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2 2
0 0

0 2 2 0f

t

cu uw
c

n
ζ ζ µ t

 ∂  ∂∂
+ − = ∂ ∂ ∂ 

, 

2 2
20 0 0 0

0 * 2 2 0fw a

t

cu R p p ww
h E c

n µ µ
ζ t

∂ ∂
+ − + =

∂ ∂
, (5) 

( )
2 2

01 1
1 1 0 02 2 2

1 1 0
2

f

t

c uu uw u fu f w
c

n n n
ζ ζ µ µ t ζ ζ µ

   ∂ ∂ ∂∂ − ∂ −
+ − − − − + =   ∂ ∂ ∂ ∂ ∂   

, 

( )
2 2

20 1 01 1
1 0* 2 2 1 2 0fw a

t

cR p p uu ww f f w
h E c

n µ µ µ n n
ζ t ζ

∂∂ ∂
+ − + + − + =

∂ ∂ ∂
. 

Here 
*

t
t

Ec ρ=  is the longitudinal wave velocity in a pipe material plate. 

From the boundary conditions attached to equations (3), we obtain the conditions 
on (5): 

( ) ( )0 00, , 0u u Lt t′= = , ( ) ( )1 10, , 0u u Lt t′= =  at 0ζ = , Lζ ′= . 
Further, using the technique given in [1], for a liquid, one can obtain equations with 

respect to physical variables: 
 

0R
f

V p
t R

ρ ∂ ∂
+ =

∂ ∂
; 

0

1 sin 0s
f

V R pf
t R s

ρ ε θ
 ∂ ∂

+ − = ∂ ∂ 
, 

2
0 0

1 sin1 sin 0
( )

s R R
f R

f

V V Vp R f V
c t R s s R R

θρ ε θ
ρ

   ∂ ∂∂
+ − + + + =   ∂ ∂ ∂   

, (6) 

0
R R R

wV
t=

∂
=

∂
. 

Here R  is radial coordinate, sV , RV  are fluid velocities along the axes s , R  
respectively. The system of equations of motion is supplemented by a boundary condition on 
the pipe wall. The boundary conditions at the ends of the pipe have the form [2]: 

( ) ( )1 2 10s s
V p F tµ µ

=
+ = , ( ) ( )3 4 2s s L

V p F tµ µ
=

+ = , 

where iµ  takes the values 0 or 1, depending on the statement of the problem. 
We change of variables: 

sζ λ= , tt ω= , Rξ λ= ; 

R fV V cξ = , s fV V cζ = , ap p p′ = , 

where ap  is atmospheric pressure. Enter the value 

2
2

a

f f

pa
cρ

= . 

After calculations from (6), we get: 
2 0

V paξ

t ξ
∂ ′∂

+ =
∂ ∂

; 21 sin 0
V pf aζ εξ θ
t µ ζ

∂ ′  ∂
+ − = ∂ ∂ 

; 

2 1 sin sin 0
V V Vpa f f Vζ ξ ξ

ξ
ε εξ θ θ

t µ ζ µ ξ ξ
∂ ∂′   ∂

+ − + + + =  ∂ ∂ ∂  
; (7) 

'wVξ ξ µ t=

∂
=

∂
. 

Asymptotic analysis of the equations of hydroelastic oscillations in thin-walled elastic pipeline 753



Representing the velocities and pressure in (7) in a form similar to (4): 
( )2

0 1 sinV V V Oξ ξ ξε θ ε= + + ; 

( )2
0 1 sinV V V Oζ ζ ζε θ ε= + + ; (8) 

( )2
0 1 sinp p p Oε θ ε′ = + + ; 

and equating the terms for the same powers of ε , from (7), (8) we get: 
0 2 0 0

V paξ

t ξ
∂ ∂

+ =
∂ ∂

; 0 2 0 0
V paζ

t ζ
∂ ∂

+ =
∂ ∂

; 

0 0 02 0 0
V V Vpa ζ ξ ξ

t ζ ξ ξ
∂ ∂∂

+ + + =
∂ ∂ ∂

; (9) 

0
0

wVξ ξ µ
µ

t=

∂
=

∂
. 

1 2 1 0
V paξ

t ξ
∂ ∂

+ =
∂ ∂

; 

1 2 2 01 0
V ppa aζ ξ
t ζ µ ζ

∂ ∂∂
+ − =

∂ ∂ ∂
; 

1 1 1 0 02 1 0
V V V V Vp fa fζ ξ ξ ζ ξξ

t ζ ξ ξ µ ζ µ
∂ ∂ ∂∂

+ + + − + =
∂ ∂ ∂ ∂

; (10) 

1
1

wVξ ξ µ
µ

t=

∂
=

∂
. 

Using the expansions of the unknowns into a series by the powers of the parameter µ , 
the system of equations (9) can be reduced (see [1,28]) to the form: 

02 0 02 0
Vp wa ζ

t ζ t
∂∂ ∂

+ + =
∂ ∂ ∂

, 

0 2 0 0
V paζ

t ζ
∂ ∂

+ =
∂ ∂

, 

22
0

0 0 2 22w
wp p

a
µ

t
∂

= −
∂

, (11) 

0
0

wVξ ξ
t

∂
=

∂
;   0 0p

ξ
∂

=
∂

. 

( ) ( ) ( )1 0 2 0 010, 0,V p Fζµ t µ t t+ = , ( ) ( ) ( )3 0 4 0 02, ,V L p L Fζµ t µ t t′ ′+ = . 
Equations (11) describe the propagation of hydroelastic vibrations in a straight 

cylindrical pipe. The second-order correction to 0wp  in µ  is known and found in another way 
in [8]. Thus, the mathematical model of fluid motion (9), (10) is in agreement with the known 
scientific results.  

The right side of the system of equations (10) depends on the given function ( )f ζ . For 
simplicity, we assume that the curvature of the pipeline profile is constant. Then 

1.f ≡  
Further, the entire analysis is performed under this assumption. 
We change of variable rξ µ=  and represent the solutions (10) in the form: 

( )(0) (1) 2 (2) 3
1 1 1 1V V V V Oξ ξ ξ ξµ µ µ= + + + , 
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( )(0) (1) 2 (2) 3
1 1 1 1V V V V Oζ ζ ζ ζµ µ µ= + + + , (12) 

( )(0) (1) 2 (2) 3
1 1 1 1p p p p Oµ µ µ= + + + . 

We substitute (12) in (10) and equate the terms at the same powers µ  in the left and 
right parts of the equations. We denote 

(0) (1)
1 1 1p p pµ= + ; (0) (1)

1 1 1V V Vζ ζ ζµ= + ; (1) (2)
1 1 1V V Vξ ξ ξµ= + . 

We get the relations: 
1 2 2 01 10,  0

V pp pa r a
r

ζ

t ζ ζ
∂ ∂∂ ∂

+ − = =
∂ ∂ ∂ ∂

, 

1 1 1 02 01 0
V V V V wpa r r

r r
ζ ξ ξ ζ

t ζ ζ t
∂ ∂ ∂ ∂∂

+ + + − + =
∂ ∂ ∂ ∂ ∂

; (13) 

1
1 11 0

,  0
r r

wV Vξ ξt= =

∂
= =

∂
. 

Differentiating the third equation (13) sequentially with respect to r  and t , and using 
(11), we obtain for 1Vξ : 

2
1 1 0 0

2 2 0
V V V w
r r r

ξ ξ ζ

ζ t
∂ ∂  ∂∂

+ − + = ∂ ∂ ∂ ∂ 
; 

1
1 1r

wVξ t=

∂
=

∂
; 1 0

0
r

Vξ =
= . (14) 

The solution of the problem (14) is: 

0 020 01
1

1 12 2
3 3

V Vw wwV r rζ ζ
ξ t ζ t t ζ

∂  ∂    ∂ ∂∂
= − − + + −    ∂ ∂ ∂ ∂ ∂    

. (15) 

Substituting (15) into (13), and representing 1Vζ  as: 

( ) ( )1 1, , ,V V r Vζ ζ t ζ t= + , 
from (13) we get: 

02 01 1 1 12 2 0
3

Vwp V wa ζ

t ζ t t ζ
 ∂  ∂∂ ∂ ∂

+ + + − =  ∂ ∂ ∂ ∂ ∂  
, 

21 1 0V pa
t ζ

∂ ∂
+ =

∂ ∂
.  (16) 

( ) ( ) ( )1 1 2 1 110, 0,V p Fµ t µ t t+ = , ( ) ( ) ( )3 1 4 1 12, ,V L p L Fµ t µ t t′ ′+ = . 

With an accuracy of terms of the order of 2µ , the pressure on the pipe wall is equal to 

1 1wp p= . 
Equations and boundary conditions (5), (11), (15), (16) form a closed system for 

determining the first two terms of the decompositions (4), (8) of unknown functions over a 
small parameter ε . 

 
4. Particular asymptotic expansions 
The important role of the Poisson effect in the propagation of hydroelastic waves in pipes is 
established in [8,9,22] and others. Therefore, the relation of small parameters to the Poisson 
ratio is given below, and it is shown how the introduction of various relations between them 
makes it possible to simplify the equations (5), (11), (16).  

We consider two cases: 
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1) 3/2ε µ ; 
2) ε µ . 

Here we adhere to the restriction 1/2n µ , emphasizing that we are talking about orders 
of magnitude. The base for simplifying the equations is that the order terms 2ε  were 
discarded during the derivation, so we also neglect them in the model. 

In the first case, we present the solutions of the fourth equation of system (5) in the 
form: 

( )(0) (1) 2 (2) 3
1 1 1 1w w w w Oµ µ µ= + + + , 

( )(0) (1) 2 (2) 3
1 1 1 1u u u u Oµ µ µ= + + + . (17) 

We substitute (17) in the last equation of the system (5) and equate the terms at the 
same powers µ  in the left and right parts of the equation, and replace the term nµ  with 3/2µ . 
We get: 

0 (0) 0
1 1 0*:   2 0aR pw p w

h E
µ n− + = ; 

1 (1) 0
1:   0uwµ

ζ
∂

+ =
∂

; (18) 

( )3/2
1 0:   0u uµ

ζ
∂

− =
∂

. 

Multiplying the second equation (18) by the parameter µ , adding it to the first 
equation, and denoting (0) (1)

1 1 1w w wµ= + , we get: 

0 0
1 1 0* 2 0aR p uw p w

h E
µ n

ζ
∂

− + + =
∂

. (19) 

Since the first equation of the system (16) is composed accurately to the first orders in 
µ , the values of 1w  in (16) and (19) can be considered equal. Therefore, the complete system 
of model equations for case 1 has the form: 

2 2
0 0

0 2 2 0f

t

cu uw
c

µ n µ
ζ ζ t

 ∂  ∂∂
+ − = ∂ ∂ ∂ 

; 

2 2
20 0 0 0

0 0* 2 * 2 2

1 0
2

fa a

t

cu R p R p ww p
h E a h E c

nµ µ
ζ t

 ∂ ∂
+ − + + =  ∂ ∂ 

; 

20 0 0V pa
t ζ

∂ ∂
+ =

∂ ∂
; 

2 0 0 02 0p V wa
t ζ t

∂ ∂ ∂
+ + =

∂ ∂ ∂
; (20) 

0 0
1 1 0* 2 0aR p uw p w

h E
µ n

ζ
∂

− + + =
∂

; 

2 0 01 1 1 12 2 0
3

w Vp V wa
t ζ t t ζ

  ∂ ∂ ∂ ∂ ∂
+ + + − =  ∂ ∂ ∂ ∂ ∂  

; 

21 1 0V pa
t ζ

∂ ∂
+ =

∂ ∂
. 

The equation for 1u  is excluded, since this value does not affect the pressure variations, 
which corresponds to the conclusion [8,9]. 
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Analyzing system (5) in case 2, when ε µ , we represent 0w  and 1w  as: 

( )(0) (1) 2
0 0 0w w w Oµ µ= + + , 

( )(0) (1) 2
1 1 1w w w Oµ µ= + + . (21) 

Substituting (21) in (5) and equating the terms for the same powers of µ  in the left and 
right parts of the equations, we get: 

at 0 :µ  (0) 0
0 0* 0aR pw p

h E
− = , (0) 0

1 1 0* 2 0aR pw p w
h E

n− + = ; 

at 1 :µ  (1) 0
0 0uw n

ζ
∂

+ =
∂

, ( )(1) 01
1 1 0uuw n n

ζ ζ
∂∂

+ + − =
∂ ∂

. (22) 

In this case, (1)
1w  is not calculated, since substituting (21) in (4), we get: 

( ) ( )(0) (1)
0 1 1, sinw w w wζ t ε µ θ= + + , 

and the product εµ  has the order 2ε . From (22), denoting (0) (1)
0 0 0w w wµ= + , (0)

1 1w w= , we 
get: 

0 0
0 0* 0aR p uw p

h E
n µ

ζ
∂

− + =
∂

, 

0
1 1 0* 2 0aR pw p w

h E
n− + = . (23) 

The function 1u  disappeared from the equations. The equations of the mathematical 
model for case 2, taking into account (23), take the form: 

2 2
0 0

0 2 2 0f

t

cu uw
c

µ n µ
ζ ζ t

 ∂  ∂∂
+ − = ∂ ∂ ∂ 

, 

0 0
0 0* 0au R pw p

h E
nµ

ζ
∂

+ − =
∂

, 

20 0 0V pa
t ζ

∂ ∂
+ =

∂ ∂
, 

2 0 0 02 0p V wa
t ζ t

∂ ∂ ∂
+ + =

∂ ∂ ∂
, (24) 

0
1 1 0* 2 0aR pw p w

h E
n− + = , 

2 0 01 1 1 12 2 0
3

w Vp V wa
t ζ t t ζ

  ∂ ∂ ∂ ∂ ∂
+ + + − =  ∂ ∂ ∂ ∂ ∂  

, 

21 1 0V pa
t ζ

∂ ∂
+ =

∂ ∂
. 

Thus, for a fixed wavelength λ , in the membrane shell approximation, it is possible to 
describe the processes occurring in pipes either with a smaller bend with greater accuracy 
(case 1), or with a stronger bend, but with less accuracy (case 2). When choosing the method 
of description, it should be borne in mind that the characteristics of the systems of equations 
(20) and (24) differ, as will be shown below. 

 
5. Analysis of equations by the method of characteristics 
To reduce (20), (24) to systems of first-order equations, we change of variables: 
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2
0

02
t

f

c u w
cζσ µ n

ζ
 ∂ 

= + ∂ 
; 

2
0

02
t

f

c uw
cθσ nµ

ζ
 ∂ 

= + ∂ 
; (25) 

0
0

ww
t

∂
=

∂
 ; 0

0
uu
t

∂
=

∂
 . 

We denote: 
2

0
2

f f

t t

cR
h c

ρ
α

ρ
= . 

Taking into account (25), equations (20), (24) take the following form. 
Case 1: 

0 0uζσ
µ

ζ t
∂ ∂

− =
∂ ∂



, 

2
20 0 0

0* 2

11 0
2

f a t

t f

R w R p c p
h h E cθ

ρ
µ σ

ρ t
  ∂

+ + − =  ∂ 



, 

2
0

02 0t

f

c u w
c

ζσ
µ n

t ζ
∂  ∂ 

− + = ∂ ∂ 



 , 

2
0

02 0t

f

c uw
c

θσ n µ
t ζ

∂  ∂ 
− + = ∂ ∂ 



 , 

20 0 0V pa
t ζ

∂ ∂
+ =

∂ ∂
, (26) 

2 0 0 02 0p V wa
t ζ t

∂ ∂ ∂
+ + =

∂ ∂ ∂
, 

2 0 01 1 1 12 2 0
3

w Vp V wa
t ζ t t ζ

  ∂ ∂ ∂ ∂ ∂
+ + + − =  ∂ ∂ ∂ ∂ ∂  

, 

21 1 0V pa
t ζ

∂ ∂
+ =

∂ ∂
, 

0 0
1 1 0* 2 0aR p uw p w

h E
µ n

ζ
∂

− + + =
∂

. 

Case 2: 

0 0uζσ
µ

ζ t
∂ ∂

− =
∂ ∂



, 

( )
2

2 20 0 0
2 1 0ft

f t

c u R pa
c h

ζ ρσ
n µ n

t ζ ρ t
∂ ∂ ∂

− − − =
∂ ∂ ∂

 , 

20 0 0V pa
t ζ

∂ ∂
+ =

∂ ∂
, 

( )2 0 0 01 2 2 0p V ua α n µ
t ζ ζ

∂ ∂ ∂
+ + − =

∂ ∂ ∂


, (27) 

21 1 0V pa
t ζ

∂ ∂
+ =

∂ ∂
, 
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2 01 1 1
0

12 2 0
3

Vp V wa w
t ζ t ζ

  ∂ ∂ ∂ ∂
+ + + − =  ∂ ∂ ∂ ∂  

 , 

0 0
1 1 0* *2 0a aR p R pw p p

h E h E
n− + = . 

We divide the analysis of equations of the zeroth and first approximation. In this case, 
the solutions of the zeroth approximation equations are considered known when analyzing the 
first approximation equations [35]. 

The canonical form of the system of equations (26) for the zeroth approximation: 

02 0w
t ζ
+ +∂Ι ∂Ι

+ + =
∂ ∂

 , 

02 0w
t ζ
− −∂Ι ∂Ι

− + =
∂ ∂

 ; 

2

02

J J 0t

f

c w
c

n
t ζ

− −∂ ∂
+ − =

∂ ∂
 , 

2

02

J J 0t

f

c w
c

n
t ζ

+ +∂ ∂
− − =

∂ ∂
 ; (28) 

( )
2

2
02 1 0t

f

c w
c

n
t

∂Σ
− − =

∂
 ; 

( ) ( )20 0 01 11 J J 0
2 2 2

f f

t t

R w R
h h

ρ ρnµ
ρ t ρ+ − + −

  ∂
+ + Σ + + − Ι + Ι =  ∂ 



. 

The desired functions of the system of equations (28): 
2

0 0a p V+Ι = + ; 2
0 0a p V−Ι = − ; 

0J t

f

c u
cζσ µ+ = +  ; 0J t

f

c u
cζσ µ− = −  ; 

θ ζσ n σΣ = − ; 0 0w w=   
are Riemann invariants for the system (26). They propagate along with the characteristics: 

1d
d

t
ζ

= ; 1d
d

t
ζ

= − ; 

f

t

cd
d c

t
ζ

= − ; f

t

cd
d c

t
ζ

= ; (29) 

0d
d

t
ζ

=  (two multiple characteristics).  

We find the characteristics of the system (27) by equating to zero the determinant of the 
matrix composed of coefficients for derivatives [36]. We get: 

( )2 2 42 1 0k x kxδ δ n β− + + + = . (30) 
Here 

1 2δ α= + ; 
2

0
2

f f

t t

cR
h c

ρ
α

ρ
= ; 

( )
2

2
2 1t

f

ck
c

n= − ; 0 f

t

R
h

ρ
β

ρ
= ; dx

d
t
ζ

= . 

We represent the solution (30) as a series with respect to the parameter 2n : 
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( )2 4
0 1x x x On n= + + . 

For unknown 0x  we get 

01 1 2x δ α= ± = ± + ; 

2
02 1/ 1f

t

c
x k

c
n= ± = ± −

.
 (31) 

The corrections for the coefficient 2n  will be equal to 

11
2

1
x

k
β δ
δ

= ±
−

, 

( )12
2
1

x
k k

β
δ

= ±
−

. (32) 

Approximate solutions are made according to the rule: 
2

0 1i i
d x x
d

t n
ζ

= + . (33) 

The search for the exact solution of equation (30) is not difficult, but this solution is 
very extensive. It can be seen from (31)-(33) that 0ix  describes the waves that arise in the 
classical theory of water hammer [6], and 1ix  – the influence of the Poisson effect on their 
propagation. Based on the assumptions about the order of the parameters for this case, taking 
into account the Poisson effect is necessary to keep the declared accuracy of the model, since 

2n µ . It follows from (32) that this effect increases the wave velocity in the liquid and 
decreases it in the pipe wall.  

It can be seen from (29), (33) that the zeroth approximations of both cases give the same 
types of waves that are described in [19,9], respectively. 

Considering the solutions of the zeroth approximation to be known and comparing the 
equations of the first approximation in systems (26) and (27), we can conclude that the 
characteristics of the subsystems of the first approximation in (26) and (27) coincide. They 
have the form: 

1 2d
d

t α
ζ

= ± + , 

and are obtained from the corresponding homogeneous system of equations, which is the 
same for both cases: 

1 11 0
1 2t ζα

+ +∂Ι ∂Ι
+ =

∂ ∂+
, 

1 11 0
1 2t ζα

− −∂Ι ∂Ι
− =

∂ ∂+
, 

where 
2

1 1 11 2a p Vα+Ι = + + , 
2

1 1 11 2V a pα−Ι = − + . 
Thus, in the first approximation of the parameter ε , a wave moving at the velocity 

1 2fc α+  appears in a curved tube. It can be hypothesized that this wave is the precursor 
wave mentioned in the article [9]. 
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6. Results of numerical analysis 
To verify the mathematical model, a test example was chosen, described in [37,2]. In [37], a 
mathematical model is developed and the acoustic vibrations of a curved pipe, which is a 
fragment of a torus, are calculated. In [2], the problem statement is modified to analyze the 
mutual influence of the pipe and the liquid filling it. 

Let the metal pipe be a segment of the torus with a length 1 4  of the total length of its 
circumference. The pipe has a centerline radius of the 0 0.4 mρ =  , section radius 

0 0.0015mR =  and the length of the axis 0.3mL = . Other parameters of the mechanical 
system: 0.0006mh = , 37800kg mtρ = , 112 10 PaE = ⋅ , 0.3n = , 3870kg mfρ = , 

1300m cfc = , 5
0 10 PaP = , 0 150Hzω = .  

The frequency and amplitude of pressure fluctuations are indicated by 0ω  and 0P . 
Constant pressure is maintained at s L= . 
Comparison with the results of the calculation of the technical shell. The numerical 

analysis is performed in comparison with the mathematical model [2]. 
For the consistency of the numerical analysis, the mathematical model [2] is reduced to 

a membrane form. To do this, the moment components are excluded from the shell equations, 
as a result, the shell is described by equations (2). This is equivalent to adding to a 
mathematical model (5), (11), (16) dissipative components responsible for the internal friction 
of the flow and the resistance of the external medium in the work [2]. 

The system of equations of the mathematical model is supplemented with initial and 
boundary conditions: 

( )0 ,0 0w s = , ( ) ( ) ( ) ( ) ( )0 0
0 0 0,0 ,0 ,0 ,0 ,0 0u wu s s s p s V s

t t
∂ ∂

= = = = =
∂ ∂

; 

( ) ( )0 00, , 0u t u L t= = , ( )0 0 00, 2 cosp t P tω= , ( )0 , 0pV
L t

t
∂

=
∂

. 

For the numerical solution, an explicit difference scheme is applied, described in detail 
in [2]. 

The graphs of the dimensional functions 0u  are shown in Fig. 2. 
 

 
Fig. 2. Displacement of the centerline at 0.1s =  m. The continuous line is the displacement of 

the membrane shell, the line with markers is the semi-momentless shell 
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The graphs show that taking into account the bending moments in the framework of 
V.Z. Vlasov shell theory [29] does not lead to a significant change in the solution in the 
zeroth approximation with respect to the parameter ε  (4). 

To estimate the relative deviation, the values of magnitude are found: 
0 0

1
0max

T

T

u u
uε −= , 

where 0Tu  is the longitudinal displacement of the semi-momentless shell [2]. The graph of 1ε  
as a function of time is shown in Fig. 3. The calculation is performed at a time interval of 
16 ms. 
 

 
Fig. 3. Relative deviation of displacement 1ε  

 
The graph shows that the greatest relative difference in the displacements of the semi-

momentless and membrane shells is observed with a strongly nonstationary motion at the 
initial moments of time. At the same time, the absolute values of deviations are small even 
under these conditions. 

For stationary vibrations, the relative deviation does not exceed 5%, this value is equal 
to the error of the shell theory. Similar results are obtained for other parameters (pressure and 
velocity of fluid, radial displacement). 

It follows from the performed numerical experiments that in the linear approximation 
and with stationary vibrations in the mathematical model of a uniformly curved thin-walled 
pipe, it is possible not to take into account bending moments. 

Verification of the mathematical model. The constructed mathematical model of the 
dynamics of a curved pipeline as a membrane shell is studied in MATLAB. This package 
requires presenting the equations in a special form: 

, , , , , , , , ,m mu u u uc x t u x x f x t u s x t u
x t x x x

−∂ ∂ ∂  ∂  ∂     = +      ∂ ∂ ∂ ∂ ∂      
, (34) 

where c , f , s  are vectors, x  and t  are independent variables in space and time, u  is the 
required vector-function, m  is the symmetry constant, which equals to zero in our case. 
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The system of equations of the model (20) for case 1 in the zeroth approximation, 
reduced to the form (34): 

0 0 0
2

0

1 p p p

t

u u w
c t s s R

n
∂ ∂ ∂

= + ∂ ∂ ∂ 



; 

0 0 0 00 0
0 * 2 *

0

1
2

f p p p p

t

w u w pR RR
h E c t s R h E

ρ
n

∂ ∂ 
+ = − − +  ∂ ∂ 



; 

0 01p p

f

V p
t sρ

∂ ∂
= −

∂ ∂
; (35) 

0 0
02

0

1 2p p
p

f f

p V
w

c t s Rρ
∂ ∂

= − −
∂ ∂

 ; 

0
0

p
p

w
w

t
∂

=
∂

 ; 

0
0

p
p

u
u

t
∂

=
∂

 . 

Here all the values are dimensional. 
To solve the system of equations (35), the pdepe function is called with the following 

initial and boundary conditions: 

( )
2
0

0 *,0 a
p

R pw s
hE

= , ( ) ( ) ( ) ( ) ( )0 0
0 0 0,0 ,0 ,0 ,0 ,0 0p p

p p p

u w
u s s s p s V s

t t
∂ ∂

= = = = =
∂ ∂

; 

( ) ( )0 00, , 0p pu t u L t= = , ( )0 0 00, cospp t P tω= , ( )0 , 0pV
L t

t
∂

=
∂

. 

The parameters of the mechanical system are listed at the beginning of section 6. 
The result of calculating the longitudinal displacement of the pipe wall at 0.2s =  

according to the formulas (35) is shown in Fig. 4 in dimensionless parameters. The oscillation 
pattern is qualitatively consistent with the results of the calculation [37] without taking into 
account friction, where a mathematical model of hydroelastic vibrations of a pipeline loaded 
with a pulsating fluid flow with similar parameters is numerically analyzed. The time and 
distance from the beginning of the pipe are agreed with [37]. In both cases, the oscillations are 
not damped. 
  

 
Fig. 4. Dimensionless longitudinal displacement of the pipe wall at a distance of 0.2 m 

from its beginning 
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As a result of the fast Fourier transform in MATLAB, two graphs of the amplitude 
spectrum of longitudinal vibrations of the pipe wall are obtained using the built-in fft function. 
Segments of length 3 (Fig. 5a) and 26 t  units (Fig. 5b) are studied. You can notice a sharp 
increase in the amplitude of vibrations of the pipe wall at a frequency of 400 Hz, which can be 
caused by the phenomenon of resonance.  

Peaks of 150 and 425 Hz on the amplitude spectrum are obtained in the source [37]. The 
spectrum in Fig. 5 looks complex, but the maxima near the above frequencies are well 
highlighted. 

 

 
a       b 

Fig. 5. The amplitude spectrum of the longitudinal vibrations of the pipe wall at the 
point 0.2s = : a – up to 3t = , b – up to 26t =  

 
Thus, the obtained results are consistent with the known data from the literature. We 

also note that the constructed mathematical model can be numerically investigated in standard 
mathematical packages and does not require the development of special solution methods. 
 
7. Conclusions 
Problems solved: 

1. A mathematical model of the dynamics of a curved pipeline as a membrane shell 
filled with an ideal compressible fluid is constructed. 

2. The form (4), (8) of the approximate solution of the model equations is proposed, in 
which the dimension of the problem is reduced by one (the angular coordinate is excluded). 

3. The radial coordinate is eliminated from the model equations, by consecutive changes 
of variables and transformations. A reduced mathematical model is constructed (5), (11), (16), 
the desired functions of which depend only on one spatial coordinate and time. 

4. For two relations between the parameters of the mathematical model, an asymptotic 
analysis of the equations of the reduced model is performed, which led to two different 
systems of equations (20), (24) with different characteristics. 

5. The resulting systems of model equations are transformed into systems of first-order 
equations. This result was obtained by replacing unknown functions and isolating Riemann 
invariants. The characteristics of the obtained systems of equations are found and the main 
types of waves propagating in a curved tube are selected. 

6. Numerical experiments have been performed. The results obtained correspond to the 
data from the literature sources.  
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Thus, within the framework of the assumptions made, a simpler mathematical model is 
constructed than that used in [1,2]. It is shown that it has sufficient generality to cover a wide 
class of pipe vibration phenomena described in the literature on the basis of the rod theory.  

In applications, the proposed mathematical model can be applied to calculate transient 
and oscillatory modes in curved pipelines, mentioned, for example, in [9,20,37]. In addition, 
this model can be used to create data arrays for training neural networks of pipeline 
monitoring systems [4]. 
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