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Abstract. In this article, the solution to the elasticity boundary-value problem for an
infinitesimally thin dilatational disk (ITDD) embedded in an elastically isotropic half-space is
presented. The plane of the disk is parallel to the free surface. To solve the boundary value
problem, the method of virtual defects is used. The image (mirror) ITDD and radial
Somigliana dislocation loops (RSDLs), distributed continuously over the free surface
coaxially with the ITDD, are chosen as virtual defects. The ITDD displacements, strains, and
stresses are represented in the form of the sums of the Lipschitz-Hankel integrals. It is shown
that the elastic field of the ITDD disk is distorted near the free surface and possesses nonzero
dilatation and hydrostatic stress. Numerical estimates of dilatation are given and its influence
on some characteristics of semiconductors is briefly discussed.
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1. Introduction
The role of stressors — sources of internal mechanical stresses and elastic strains in unloaded
solids can be hardly overestimated. They can affect practically all physical and mechanical
properties of solids. First, the stored elastic energy associated with stressors can be released
giving rise to the formation of various defects such as dislocations, cracks, etc. [1-4]. Second,
stressors induce elastic distortions changing interatomic distances from their equilibrium
values and thus changing materials properties [5-8]. For example, in semiconductors, elastic
strains (and stressors as one of the reasons for them) modify the lattice constant and symmetry
[9] and therefore control electronic band structure that has a significant effect on the
electronic, piezoelectric, and optical properties of semiconductor materials. Examples of the
studies of such effects in various semiconductors can be found in Refs. [10,11].

In general, stressors can be considered as singularities of the elastic continuum with a
particular geometry of the domain for their localization. This means that there are point (0D),
linear (1D), surface (2D), and volume (3D) stressors. One might note that such a
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consideration of stressors is related to the classification of defects in crystals and solids
[12,13]. Therefore, stressors are nothing else as well-known defects: point defects,
dislocations and disclinations, planar defects, and elastic inclusions. We have also to note that
cracks and inhomogeneities and other stress concentrators are excluded from the class of
stressors because they generated no elastic field in the absence of external load.

In this study, we focus on a stressor with circular geometry — a thin dilatational disk-like
inclusion placed in the vicinity of the free surface of an elastically isotropic half-space.
Investigation of such type of a stressor is dictated by the important results for point center of
dilatation and ellipsoidal inclusion [10] that evidenced a strong screening of elastic fields of
the stressors by a free surface. In this connection, it is worth mentioning a set of publications
devoted to the elasticity problems for circular defects and inclusions interacting with plane-
free surface or phase boundaries. Circular loop defects near a free surface or in a plate-free
surface have been studied for prismatic dislocation rings in Refs. [14,15]. Elastic fields of
guantum dots, cuboidal inclusions, dislocation loops, and spherical inclusions in half-space
have been studied in Refs. [15-19].

In Section 2 we start with the statement of the elasticity problem for the infinitesimally
thin dilatational disk (ITDD) placed at the finite distance from the surface of an isotropic half-
space. In Section 3 we provide the necessary background on the elastic properties of the
ITDD in infinite media and give the formulas for elastic fields for the radial Somigliana
dislocation loop (RSDL). This will allow us to find the close-form solution for elastic fields of
the ITDD in an isotropic half-space in Section 4. Then, we discuss the found results in Section
5 and conclude in Section 6.

2. Statement of the problem and the method of solution

As shown in Fig. 1, the stressor - infinitesimally thin dilatational disk of radius a is placed at a
distance d from the free surface in the isotropic elastic half-space. This defect is defined by
the following eigenstrain [20]:

& =bH (1—%]5(z+d), i—rp2, (1)

1,£>0
0,¢{<0
is Heaviside step-function;5(z) — Dirac delta-function; I, ¢,z are cylindrical coordinates
(see Fig. 1), and no Einstein summation rule is used.

where b is a dimensional factor characterizing the local magnitude of dilatation; H ({") :{
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Fig. 1. The stressor in the form of the infinitesimally thin dilatational disk (ITDD), near a
planar free surface of a half-space
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The ITDD is perfectly aligned with the surrounding matrix. The free surface is flat,
smooth, and stress-free. The elasticity for the material of a half-space is linear and thus, obeys
Hooke's law [21]:

X, Y, Z
o, :ZG(gijJrﬁgkké‘ijJ,i, jk=lor )
r,o,z
where Cartesian X, Y,z or cylindrical I, ¢,z coordinates can be used; o; and ¢; are
components of stress and elastic strain tensors, respectively; G is the modulus of elasticity in
shear and v is Poisson's ratio, &;; is Kronecker delta; and Einstein summation rule is applied.
The boundary conditions at the load-free surface can be written in the following form:
X, Y, Z
oyl ,=0i=50r (3)
r, o,z
where ai;‘s are the stresses of the defect placed in the elastic half-space that should be found
as a result of the solution of the elasticity boundary-value problem.

The solution of such types of elasticity problems can be reached by exploring the virtual
defect method known in the theory of defects. In this method, the elastic field p;

(displacements, strains, and stresses) of the real defect is represented as [22,23]

pij =" pij +! pij , (4)
where “p; is the field of real defect under consideration in an infinite medium without free
surface or interfaces, 'p; is the additional field due to ensembles of virtual defects distributed

with distribution functions “f (£) (where index k is a counter for virtual defect ensembles and

£is a variable characterizing the position of a probe virtual defect in the ensemble) and placed
in an infinite elastic medium. For planar boundaries, ensembles of virtual defects are placed
either on free surfaces or at some distance from the interfaces [24-26]. In degenerate cases,
instead of distributions one can have isolated defects, which are known as image or mirror
defects [22].

Boundary conditions at free faces and/or interfaces dictate the value of the elastic field
there:

Pij |S =G, (5)
where ¢; are well-defined functions depending on the radius vector pointing to the points of
the surface and/or interface. By using the form for elastic field from Eq. (4) in the boundary
conditions of Eq. (5), one can arrive in the equations for unknown distribution functions

“f (c) of virtual defects. When these functions are found the solution of the boundary-value
problem for the defect acquires the following form:

pij:wpij|S+ZIDkf(§)kpij|sd§! (6)

where the integration is performed over the domain D of the virtual defect distribution.

In this work, we consider the combination of continuously distributed virtual defects
placed directly on the free surface with the single image defect. To solve the cylindrical
symmetry problem, we choose the radial Somigliana dislocation loops as virtual surface
defects and additional infinitesimally thin dilatational disk with opposite sign of dilatation as
an image (mirror) defect.
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3. Background

Elastic fields of an infinitesimally thin dilatational disk in an infinite elastically isotropic
medium. We reproduce the results of works [13,20,27] for elastic fields of ITDD in an
infinite isotropic elastic medium. The elastic fields are given in the coordinate system with the
origin in the center of the disk, see Fig. 2.

Local dilatation

Fig. 2. The infinitesimally thin dilatational disk (ITDD) in an infinite isotropic elastic medium

The total displacements u; and total strains &; of the ITDD in a continuous medium
consist of two parts: elastic (u;, &;) part and related to eigenstrain (U, g” ) ones [28]:

u' =u +u . (7)

& =& +&. (8)
The ITDD displacements were found in the following form [13]:

gt = 8B 5 1.0 (9a)
2(1-v)

u; =0, (9b)

o (@+v) :

= sgn(z)J (1,0;0). 9c
=y I 00) (9c)

Here J(m, n; p) are the Lipschitz-Hankel integrals:
+o0 _HK
Imump) = [ 3,()3,(Ex)e  di. (10)
a
0

where J_ and J, are Bessel functions of the first kind.
With the help of found displacements elastic strains ¢;; of the ITDD are determined as:

at . (1+v)b(1 1 j

:_r— = —\] 1,0,1 __\] 1;110 ’
grr 8r grr 2(1_V) a ( ) r ( ) (lla)
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o T 2A-v)r
aut . (L+v)b

gZZ az gZZ 2(1—1/)& J ( ’O7 ) ( )
1({ou! ou' @+v)b )

== z L 111), 11d

&n 2[ ar 62) 2(1—v)asgn(z)‘](' D (11d)

Erp =€, =0. (11e)
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It is easy to check that the trace of the elastic strain tensor (volumetric strain) of the
ITDD in an infinite elastically isotropic medium vanishes:
E=&;=6,1¢&,,+¢&,

_(+v)b 2
4(1 V)( J@,0;1) J(llO)j

L+v)b L+v)b

o L0~ 3 (1,0:1) 0. (12)

2(L-v)r 2(1-

Ty

-1 0 1 2 3
y/a y/a
Fig. 3. Stress maps in the zy - plane for the ITDD, which is in the infinite elastic medium. The
stresses are given in units of G ( +”) and the coordinates are normalized to the disk radius a

This reduces Hooke's law given by Egs. (2) to the simpler form o =2Gg;, which
allows finding the stresses of ITDD:
(1+v)b
( ) J(101)——J(110) (13a)
-V
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@+v)b

% =G (1L30), (13b)
_ ~@+v)b ,
o, =-G d—v)a J(@L,0;1), (13c)
o =L @), (13d)
@-wv)a
o =0,= 0. (13e,1)

Obviously, that stresses defined by Egs. (13) satisfy the equation of equilibrium [21]:

0
oo, 190, 0o, +£(0rr—0 )=0, (14a)
or r op oz r 7

0 0 0
Tro +1 Too G“’Z+gc7r =0, (14b)
o r op oz r "7

0
00y, 190, | 90, +£GrZ =0. (14c)
o r Op oz r

From Eqgs. (13) we easily see that the hydrostatic stress is: o =0, +0,,+0, =0. This

property that is observed for the stresses of ITDD, is characteristic of all dilatational defects
placed in an infinite isotropic medium. The maps of non-zero stress tensor components of
ITDD shown in Fig. 2 are given in Fig. 3.

Elastic fields of a radial Somigliana dislocation loop in an infinite elastically
isotropic medium. In the solution of the elasticity boundary-value problem for the ITDD in a
half-space, we will use radial Somigliana dislocation loops (RSDLs) as virtual surface
defects. Single RSDL is shown schematically in Fig. 4. This defect is defined by the
following eigenstrain [23]:

g, =wrH (l—%jé(z), (15)

where w is the magnitude multiplier of the radial displacement vector of a disclination loop, ¢
is the radius of the loop.

r

Fig. 4. Radial Somigliana dislocation loop (RSDL) with radius ¢ in the infinite elastically
isotropic medium
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Fig. 5. Stress maps in the zy-plane for the RSDL with radius c located in an infinite
elastically isotropic medium. Stresses are given in units of and the coordinates are

2(1 v)
normalized to the loop radius ¢

The elastic fields of RSDL in an isotropic elastic medium can be derived from the total
displacements u$¢ found in Ref. [26]

o osgn(z)c _ﬂ
us e [2(1 V)21 0)|ZO_0 J(2, 11)|ZO } (16a)
us =0, (16b)

sd _ _ | | .
us e ){(2 1)J(2,0;0)- J(z,o,l)] (16¢)
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These displacements lead to the following elastic strains gfd and stresses aﬁd :

£ = ”Sg”(z){2(1—v)3(2,o;1)—2(1 23(2,10)- |Z|J(2 0:2) + |Z|J(2 11)|, (172)
4(1-v) r

s _ 0sgn(z)| .\ C a2l

= aicw) [2(1 VI@210)- J(le)} (17b)
«_ 0sgn(z)||z]

=y [ 3(2,0:2) - 2v(2,0; 1)} (17¢)
i —%{' Les-3e 11)} (17d)

&y =63y =0, (17¢,f)

o :G“’S—Q”(Z)[Z(V—DEJ(ZLO)—ﬂa(z,o; 2)+23(2,0:0)+ 2! paNer: 1)} (18a)

2(1-v) r

o :G‘"S—g”(z){z(l—v)ﬁ\](z,l; 0-2lie11+2v 32,0 1)} (18b)
7o 21-v) r
sd Gow

o =gy e —J(2 0;2), (18¢)
sd Gw | Zl

T ){ 12,12 -I(2.L 1)} (18d)

o5, =05 =0. (18e,)

The RSDL stress maps were plotted in accordance with Eqgs. (18) are given in Fig. 5. An
important property of the found stresses is the absence of o,, components at z=0. This feature

will be used below in the solution of the elasticity boundary-value problem for the ITDD.

4. Elastic field of ITDD in the isotropic elastic half-space
Implementation of the virtual defect technique to the elasticity problem for the ITDD in
a half-space. In our model, shown schematically in Fig. 6, the real ITDD is located at z=-d,

the mirror ITDD - at z=+d, virtual RSDLs are on the free surface with unknown
distribution function f (c).

According to Eqg. (3) boundary conditions for the stresses of ITDD, that is in the elastic
half-space, can be written as:

oyl =0, (19a)

oyl =0. (19b)
We search for the stresses of ITDD in the following representation:

G =0, +(7U, (20)

where o; are the stresses of the real defect (i.e., ITDD) in infinite elastic space and an

additional aiij term comes from virtual defects. There are two boundary conditions in
Eqs (19) therefore, we consider the additional field as the sum of two members:

oy =0y +GSSd (21)
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where o{‘}d is due to virtual dilatation disk of opposite dilatation sign (mirror disk) and ofj-d is

due to RDSLs distributed continuously with radial density f(c) on the free surface z = 0
(Fig. 4). Variable c is the radius of a probe loop in the distribution of RDSLSs.

A z
Image (mirror) ITDD

Distribution of RSDLs

Free-surface

Elastic half-space

Fig. 6. Schematics of defect configuration used in the solution of the elasticity boundary-
value problem for real ITDD. Image (mirror) ITDD with opposite signs of dilatation and
distribution of surface RSDLs are used as virtual defects

In the framework of the proposed model, boundary conditions become the integral
equations with respect to unknown distribution function f(c):

md
+0,

O-ZZ 7=0

. +j f(c)o¥(r,c, z)| dc=0, (22a)

md

+0

o 0 r

r

i, +j f(c)oy(r.c,z)|  dec=0, (22b)

7=

where we must take into account that

o™ z:O—‘UzzL_o—GgH) bt j 3,(x)3, (k- —)ea “xdic, (23a)

on(re,2)| =0, (23b)

o =-o,| =-G gi\‘gb [RIGMCE —)e; xdx, (23c)
- __Go L

od(rez)| = 2(1 )3(2,1,1)|§§+0-2(1_V) ! 3,(x)J,(x C)KdK. (23d)

After substitution of Egs. (23) to the boundary conditions given by Egs. (22) we arrive
in a single integral equation for the function f(c):

KT Jl(K‘)Jl(K‘-L)e%KKdK ++f f (C)dc+jZo J,(x)Jd,(x -L)Kdl(' =0, (24)
0 a 0 0 c
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b
where K =4(1+v)—.
aw

The found integral equation can be solved with the help of the pair of Hankel
transformations [29]

H, (1) :TJV(/Ir)l//(r)rdr . (25)
w0 = [ 3,0)H, ()42, (26)

Introducing a new variable g =x/c (x=/c, dx =cdf)in the second member of Eq. (24)
and changing the order of integrals we get:

KT Jl(K)Jl(K-é)e_;KKdK+ T Jl(ﬂr)ﬂdﬁT J,(Bc) f(c)c*dc =0, (27)
tha; can be reduced to: 0 0
K [ 3,003, De = “wdic+ [ 3,(Br)H,(8)pd f=0. (28)

+00

where H,(f) = J J,(Bc) f (c)c’de is Hankel transform of the function f (c)c.

0
Finally, we get the equation:

K [ 3,(x7)J,()e *xdxc+ [ 3, (xF)H, (x)a *xdx = 0. (29)
0 0

where the designations=r/a and d =d /aare introduced.

Applying Hankel transformation to both integrals of Eq. (29) we obtain the algebraic
equation for unknown H, (x) and then find:
H, (k) =-K a%J,(x)e . (30)

Elastic field of the ITDD in elastic half-space. Using the result given by Eq. (30) it is
possible to write in the integral form displacements, strains, and stresses of RSDL
distribution. Finally, this allows us to determine the desired elastic fields of the ITDD in an
isotropic half-space.

ITDD displacements:

=5 {Jm 110)-31°QL o)+sgn(2)[ 23002 -40-)30 0L O)H o
2(1-v) a
UZS — O ’ (Slb)
uf* = gl(I V)){Sgn(z 2,)3%(1,0;0)-sgn(z - z,)J P (L,0; 0)+¥J(3)(1, 0;)-2(2v-1)39(0; O)}’ (31c)
where J®(m,n; p) = J':Jm(zc)Jn(Kg)er'(éldK: &= | Z:d | )
J®(m,n; p) =J‘°°Jm(K)Jn(K£)er—K§sz; g = |z—d| ’
0 c C
Z|+

o

29 m ;P = [ 3, (03, (e e s =L
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ITDD strains:

8+V;b[ 190, -= J<“(1,1;o)—EJ<2)(1,0;1)+19J(2)(1,1;0)
v)a

+sgn(z) [— 2(1-v)J®1,0;1) +

a 2= V)J(3)(110)+|Z|J(3)(102) |Z|J<3>(111)ﬂ (32a)

SW;ELr ®(1,1;0) - J<1)(11o)+sgn(z)[|Z'J<2)(1,1;1)——2(1_rv)aJ(Z’(l,l;O)ﬂ, (32b)
1%
(1+V)b 1 100 @ (©) A1 0
e ( 01)+ J@(1,0;2) +sgn(z)| 2v3¥(1,0;1) - |z|J 10;2) ||, (320)
gfvﬂ an(z-2,)3 (LD - Zsgn(z - 2)3 LY + IV ALY - 'Z|J(3’(“2)} (529
= g(;'i =0. (32¢/)
ITDD stresses:
-G @+v)b Ki‘](l)(l’();l)_1‘](1)(1’1;0))_(1\](2)(1’0;1)_1\](2)(1’1;0)}{2|ZZ| ®(1,0;2)
1-v) |\a r a r a
_4_(Vr_1)sgn(z)J(?’)(l,l;O) 2sgn(3° .0)- 212 'sgn(z)J“’(lll)} (332)
(1+V)b{ J(l)(llo) J(2>(1,1;0)_w\](3’(1,1;0)
1-v) r
#2490 0.2 ——4“9”(2) 90 0;1)} , (330)
:G%*V))b[ 2J<1>(101)+ J®(1,0:1) - J(3’(1O 2)} (33¢c)
-V
G (L+v)b 2|z|

0 {—sgn(z—zO)J(l)(1,1;1)+sgn(z—zO)J(Z)(l,l;l)+2J(3)(1,1;1) J“(llZ)} (33d)
-V

Hydrostatic stress:

2
=Y o =0y +o +on =—4G sgn(z)w J9(1,0;1). (34)
l-v)a

The maps of non-zero stress tensor components of the ITDD in a half-space are given in
7, whereas Fig. 8 presents the plots for hydrostatic stress (trace of the stress tensor) for

the ITDD positioned at various distances from the free surface of a half-space.
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y/a y/a
Fig. 7. Stress maps in the zy - plane for the ITDD, which is in a half-space. The stresses are

given in units of G % and the coordinates are normalized to the disk radius a. Parameters

used for plots: the ITDD coordinate zo=-a, Poisson ratio v = 0.234
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—-65 ‘ ‘ ‘ ‘ —-6- | B
y/a y/a
(a) (b)

Fig. 8. Maps of hydrostatic stress in the zy - plane for the ITDD located in elastically isotropic

half-space. Stress is given in units of G gtgz and the coordinates are normalized to the disk

radius a. Parameters of calculations: ITDD coordinate (a) zo=- 0.1a and (b) zo = - a; Poisson
ratio v= 0.234

5. Discussion

In this study, we investigated the elasticity boundary-value problem for infinitesimally thin
dilatational disk (ITDD) placed in the vicinity of the free surface of an isotropic half-space.
The ITDD was defined by its eigenstrain, see Eg. (1), and the elastic field of ITDD in an
infinite elastic medium, see Egs. (9), (11), and (13), was used as a starting point for the
solution. Other important steps of the solution included the introduction of virtual defects: the
mirror ITDD with dilatation of opposite sign and surface distribution of radial Somigliana
dislocation loops (RSDLs), see Fig. 6. With the aid of chosen virtual defects, the boundary
conditions on the free surface could be transformed to a single integral equation, see Eq. (24),
with respect to the distribution function f(c) of RSDLs with a variable radius c. Then, the

Hankel transform of the product f(c)c was found in the concise form, see Eq. (30), which

allowed us to get final formulas for the elastic field of the ITDD in the isotropic half-space,
see Eqgs. (31) to (34). These formulas were written in terms of Lipschitz-Hankel integrals
(defined by Eq. (10)), which are easily represented via elliptic functions. The last fact ensured
fast numerical manipulation and plotting the maps of ITDD stresses.

It was found that the boundary conditions significantly change the distribution of the
stress field of the ITDD in the half-space, see Fig. 7, compared to the case of the infinite
medium, see Fig. 3. Due to the presence of a free surface, the symmetry of the elastic field
about the plane containing ITDD is broken. Obviously, Egs. (31) to (34) establish the
dependence of the elastic field on the position of the ITDD relative to the free surface, i.e., on
the depth d. As the ITDD approaches the free surface, the elastic field becomes localized and
demonstrates larger gradients. This may affect materials properties, more specifically
electronic and optoelectronic properties of semiconductors, as was noted in the Introduction
Section.

Expression (34) reflects the fact that in a half-space there is the appearance of the ITDD
hydrostatic stress. This is different from the case of the ITDD in an infinite elastically
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isotropic medium, where the hydrostatic stress is zero. The examples of hydrostatic stress o™
maps are given in Fig. 8. The important feature that is seen in the plots is the localization of
o™ in the layer between ITDD and free surface. When ITDD approaches the surface the
level of hydrostatic stress increases. In general, the occurrence of hydrostatic stress is caused
by the breaking of the symmetry of the medium by the presence of the free surface. As it was
discussed, e.g., in Ref. [10], the modification of stressor elastic field leading to the hydrostatic
stress and volumetric elastic strain strongly influence the position of the semiconductor
valence band and bandgap. We plan to investigate this effect in more detail for stressors of
different shapes in our ongoing study.

Fig. 9. A single infinitesimally thin dilatational disk (ITDD) (a) and axisymmetric dilatational
inclusions composed of ITDDs: a cylinder (b), a truncated cone (c), a sphere (d)

Exploring the obtained results, we propose to model stressors with cylindrical symmetry
with the help of sets of coaxial ITDDs, see schematics in Fig. 9. By doing so, we can utilize
the found for the ITDD solution to determine the elastic field in half-space for dilatational
inclusions with the following shapes: a cylinder, a solid cone, a sphere, an ellipsoid, etc. The
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elastic fields of such inclusions can be derived from the elastic field of the ITDD according to
simple integral formulas (for three cases considered in Fig. 9):

of = [oy'(2) 2z, (382)
oy =[o(z, a(z))%dz, (38b)
o =| a;w(z,a(z))‘%dz, (38c)

tc

where ag',aij ,op are the stresses of dilatating cylinder, truncated cone, and sphere,

respectively; %A is linear (axial) density in ITDD distributions with &, designating gof the

volumetric strain of the dilatating inclusion. In Egs. (38b,c), the radius a is variable, which
depends on the axial variable z (a = a(z)), but in Eq. (38a) a is constant.

6. Summary and conclusions

We have found an analytical solution to the elasticity boundary-value problem for
infinitesimally thin dilatational disk (ITDD) placed in the vicinity of the free surface of
elastically isotropic half-space. The ITDD displacements, strains, and stresses have been
determined in a close and concise form. The results obtained have demonstrated that the
boundary conditions significantly affect the ITDD elastic field in the case of a half-space
compared to the case of an infinite medium. An important feature of the ITDD elastic field in
semi-infinite medium concerns the emergence of hydrostatic stress and volumetric strain
which are not peculiar to dilatational defects in an infinite elastically isotropic medium. This
property needs to be taken into account when analyzing the stressor effect on various physical
and mechanical materials characteristics including those for semiconductors where strain-
related effects can be essential. Finally, we have outlined the use of the obtained results for
the elastic analysis of finite volume cylindrically symmetric dilatational inclusions.
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