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Abstract. To predict the kinetics of static recrystallization and the resulting grain size in 
austenite of alloyed steels including additions of Nb, V, and Ti, a quantitative model is 
developed. Physically motivated, the model relates the activation energy of the process with 
that of bulk self-diffusion. The known dependence of the latter on the chemical composition of 
austenite solid solution, established previously, essentially simplifies the modeling. Employed 
empirical parameters have been fitted to relevant data covering a wide range of chemical 
compositions (23 steels) and sizes of recrystallized austenite grains. The model satisfactorily 
complies with experiments on steels whose apparent activation energy of recrystallization 
varies from 146.1 to 308.1 kJ/mol. It is notable as well that this performance has been achieved 
with no direct allowance for the pinning of grain boundaries by solute atoms (solute drag 
effect). 
Keywords: steels, austenite, recrystallization, recovery, precipitation, carbonitrides, kinetics, 
modeling 
 
 
1. Introduction 
An important effect of static recrystallization on the austenite structure of hot rolled steels 
[1-20] and hence on their final (transformed) structure attracts a persisting practical interest. To 
simulate this phenomenon, the Kolmogorov-Johnson-Mehl-Avrami (KJMA) equation [21] is 
widely applied. Predictions by related models [2,3,11,19] satisfactorily comply with 
experiments at high temperatures in a wide range of chemical compositions where all alloying 
elements are completely dissolved in austenite. At the same time, the KJMA equation hardly 
enables allowance for the recovery phenomenon that precedes and accompanies the 
recrystallization and thus consumes its driving force. Besides, the deformation-induced 
precipitation of carbonitrides/carbides of microalloying elements (MAE) and their effect on the 
considered process kinetics are even harder to describe within the framework of KJMA. Several 
attempts [12,13,15] have been undertaken to formulate physically based models simultaneously 
involving the recovery, recrystallization, and deformation-induced precipitation in austenite. 
Although promising results are achieved in this way, quantitative models of this type should be 
refined in order to predict the effect of chemical composition on recrystallization kinetics in 
austenite of complexly alloyed steels including those which contain MAE. 

To model the kinetics of recrystallization, activation energy of this process should be 
determined first. According to the physics of diffusional lattice rearrangements at moving 
boundaries of recrystallized grains, this energy should be comparable to that of grain boundary 
self-diffusion. The latter parameter, in turn, correlates with the energy of bulk self-diffusion 
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(AESD). It is notable that experimental results obtained by the radioactive tracer technique, 
which have been compiled by the authors [22], indicate that AESD in solid solutions of 
austenite depends on their chemical composition. An empirical expression proposed in the last 
quoted paper enables accurate calculation of AESD in terms of quantities of alloying elements 
(С, Mn, Si, Ni, Cr, Mo, Nb, V, Ti) most important for up-to-date steels. It is shown that Mn, Si, 
Mo, Nb, Ti notably increase this energy whereas the latter is strongly reduced by С and, to a 
lesser degree, by Ni, Cr and V. With allowance for the physically motivated correlation 
between AESD and the activation energy of recrystallization, we will presume proportionality 
of these parameters where the former depends on the chemical composition of the steel. This 
presumption has been previously verified [23] by successful modeling of the normal grain 
growth in austenite of complexly alloyed steels. 

The present paper formulates an integral model allowing for the three interacting 
processes: recrystallization, recovery, and deformation-induced precipitations. Empirical 
parameters of the model have been fitted to literature data as well as our experimental data on 
austenite recrystallization kinetics in steels of various compositions including those containing 
MAE. 
 
2. Model description 
The model quantitatively treats the main interrelated processes which form the structure of 
austenite in its hot deformation (recrystallization, recovery, precipitations on dislocations of 
deformed austenite). Some simplifying assumptions for involved microscopic mechanisms are 
made as follows. 

Recrystallization simultaneously starts at embryos situated over grain boundaries of 
deformed austenite [12,13]. Alternative nucleation sites [24] (in-grain precipitates or 
dislocation substructure) are not considered. Carbonitrides Me(C,N) with Nb or V for Me, as 
well as carbides of Ti precipitate at nodal points of a uniform dislocation network [12,13,25]. 
Embryonic and growing precipitate particles keep a spherical shape whereas the critical nucleus 
radius keeps the same over the whole material. Therefore, uniformity of its chemical 
composition is assumed. 

In the considered temperature range diffusion mobility of substitution atoms of alloying 
elements (Me) is significantly lower than that of C and N. That is why kinetics of the particle 
nucleation and growth is controlled by the diffusion rate of Me. 

Recrystallization. We determine first the so-called extended recrystallized 
volume ( )extX t [21]:  

34( ) ( ),
3ext rex rexX t N R tπ

=  (1) 

where rexN  is the volume density of nuclei and ( )rexR t  is the average radius of new grains in 
time t after they were nucleated. To evaluate the velocity ( )rex

GV t  of their moving boundaries, 
the following expression is used: 

( ) ( ),rex rex
G GB rexV t M P t=  (2) 

where ( , )rex rex
GB GB AEM M T Y≡ specifies mobility, T is absolute temperature and 

{ , , , ...}AE C Mn SiY y y y=  represents a set of average fractions of the sites of substitution and 
interstitial sublattices occupied, respectively, by the atoms of substitution alloying elements 
and carbon. The term ( )rexP t  in Eq. (2) expresses the driving pressure (force) of 
recrystallization. With Eq. (1) kept in mind and the form-factor of the order of unity included in 

rexN , the extended recrystallized volume takes on form: 
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3

0

( ) ( ) .
t

rex
ext rex GB rexX t N M P d

 
= t t 

 
∫  (3) 

The actual recrystallized volume fraction ( )X t  is expressed in terms of ( )extX t as 
follows [21]: 

( )( ) 1 exp ( ) .extX t X t= − −  (4) 
Driving pressure of recrystallization. Such a pressure characterizes specific energy, 

accumulated in the deformed austenite; the main part of this quantity is due to the increased 
dislocation density [21]. An appropriate estimate for the driving pressure is: 

2( ) 0.5 ( ),rex dP t b t≅ µ r  (5) 

where ( )d tρ  is the dislocation density, µ  is the shear modulus, 2 / 2b aγ=  is the Burgers 
vector magnitude, and 0.364aγ = nm is the lattice parameter of austenite. This expression 

suggests energy of 20.5 bµ  per unit length of dislocation. 
The distribution of dislocations in constitutive grains of a deformed polycrystal is 

generally non-uniform [21]. Specifically, their density near grain boundaries significantly 
exceeds that in grain cores. Accordingly, for the dislocation density in Eq. (5) we have: 

( )( )1
1 1 2( ) ( ) 1 exp ( ) ,d d d d dt t X t−ρ = α ρ +α −α  (6) 

where ( )d tρ  is the average dislocation density calculated with allowance for recovery, and 

1 2, 0d dα α >  are empirical parameters. 
Based on the conventional treatment of the dislocation contribution to work hardening, 

calculated here with allowance for recovery (see Eqs. (16)-(18)), we use the expression: 
2

( )( )d
tt

M bρ

 ∆σ
ρ =   α µ 

 (7) 

with the Taylor factor M = 3.1 and ρα   0.15. The temperature dependence of the shear 
modulus is here evaluated according to [13]: 

( ) 10 3008.1 10 0.91
1810

TT − µ ≡ µ = × −  
(Pa). (8) 

Carbonitrides/carbides of MAE precipitated on dislocations of deformed austenite retard 
migration of grain boundaries (Zener's pinning) and hence reduce the effective driving 
pressure * ( ) :rexP t  

* ( ) ( ) ( ),rex rex ZP t P t P t= −  (9) 
where ( )ZP t  is Zener's pressure. The latter is expressed as:  

( )
( ) 3 ,

( )

i
p

Z GB i
i p

f t
P t

R t
= γ ∑  (10) 

where ( )i
pf t  is the volume fraction for particles of i-th type, ( )i

pR t  is their average radius, 

GBγ  is the specific energy of recrystallized grain boundaries (empirical parameter). 
Volume density of recrystallized grain nuclei. As noted above, the model assumes the 

nucleation of recrystallized grains at the initial grain boundaries of austenite. Thus, according 
to [13], the volume density of such nuclei takes on form: 

,α
= rex GB

rex
c

SN
S

 (11) 
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where GBS  is the specific area of austenite grain boundaries, cS  is a boundary area occupied 
by one critical nucleus, rexα  is a geometrical parameter. Following [13], we will consider the 
area of the critical nucleus 2 ( 0).− =−c rexS P t  Therefore, since the area of grain boundaries is 
inversely proportional to the grain size, Eq. (11) is reduced to: 

* 2

0

( 0) ,
γ

α =
= rex rex

rex
P tN
D

 (12) 

where 0Dγ  is the average diameter of initial austenite grains and *
rexα  is an empirical 

parameter. With *
rexα  including the geometrical factor of the order of unity in Eq. (11), we 

estimate the average grain size in the recrystallized structure as follows: 
1/3.rex rexD N −=  (13) 

Mobility of grain boundaries. When considering recrystallized grains, mobility of their 
boundaries is treated like that in the normal grain growth [23]:  

( ) 0
( ) ( ); exp exp ,

rex rex
rex rex GG AE GG AE
GB AE

g g

S Y Q YM T Y M
R R T

   
= −      

   
 (14) 

where ( )rex
GG AEQ Y  and ( )rex

GG AES Y  are activation energy and entropy of the grain growth, 
respectively, 0

rexM  is an empirical parameter, gR  is the gas constant. According to [23], 
activation entropy proportional to the corresponding energy will be treated with a fitting 
parameter ,GGβ  i.e. ( ) ( )GG AE GG GG AES Y Q Y= β . 

The present model presumes that ( ) ( ),rex rex
GG AE GG SD AEQ Y Q Y= α  where ( )SD AEQ Y  is AESD 

in solid solution of complexly alloyed austenite and rex
GGα  is an empirical parameter. According 

to [22], the dependence of AESD on the chemical composition of the solid solution has the 
form: 

( ) 0.31

0.65 0.3 0.263 0.401

( ) 311691 278242 1 exp( 0.394 ) 88752 22801 6490

84864 38575 7298 132594 82128 ( / ).
SD AE C Mn Si Cr

Mo Ni V Nb Ti

Q Y y y y y

y y y y y J mol

= − − − + + − +

− − + +
 (15) 

Recovery kinetics. The recovery responsible for material softening is ascribed first to 
gradual annihilation of dislocations, i.e. reduction of their density. This effect is expressed 
by [26,27]: 

2

3 2

64 ( ) ( )( ) exp sinh ,
9 ( )

d rec rec

g B

t v U t Vd t
dt M E T R T k Tr

   ∆s ∆s∆s
= − −    α   

 (16) 

where recU  and recV , respectively, are activation energy and activation volume of the recovery 
process that are assumed to be equal 286 kJ/mol and 45b3 [13]; Dv  is the Debye frequency set to 

be 122 10×  s- 1, ( ) 2.6 ( )E T T= µ  is Young's modulus. To integrate Eq. (16), the initial 
condition  

( 0) ,yt∆σ = = σ−σ  (17) 
is used, where σ  is the deforming stress of austenite, dependent on temperature and plastic 
strain rate according to [19], and 0.2yσ ≡ σ  is the yield stress of austenite similarly calculated 
at its plastic strain of 0.2%.  

Note that previous expressions ignore the particle precipitations on dislocations of 
deformed austenite which hinders the dislocation slip and hence diminishes the softening. In 
order to allow for this important effect, Eq. (16) is modified [13]: 
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( )( ) ( ) 1 ,
( )

( ) 0, ,

p
p n

eff n

p n
eff

N td t d t N N
dt dt N t

d t N N
dt

 ∆σ ∆σ  = − <  
   

∆σ  = ≥ 
 

 (18) 

where ( )nN t  is the volume density of nodes of the current dislocation network and ( )pN t  is 
the total volume density of various particles precipitated at such nodes. 

Precipitation of carbonitrides/carbides in deformed austenite. In addition to the 
above-considered recovery and recrystallization, the present integral model quantitatively 
describes precipitations on dislocations of deformed austenite. This treatment is based on 
classical equations for nucleation and growth of precipitate particles [28,29]. Specifically, we 
use an implementation of this approach developed in [13,25,30]. 

Nucleation of particles. According to the classical theory, stationary rate of nucleation is 
expressed as: 

exp ,c
n n с

B

GJ N Z
k T

 ∆
= β − 

 
 (19) 

where temperature and time dependencies of involved terms are omitted for brevity's sake. In 
this equation, nN  is the volume density of potential nucleation sites, Z  is Zel'dovich factor 
admitting the fluctuation dissolution of supercritical embryos, cβ  characterizes the rate of 
diffusion-controlled joining of Me atoms to an embryo of critical radius cR , and Bk  is 

Boltzmann's constant. The energy barrier for nucleation 2
/

4
3c c pG R γ∆ = p γ  is conventionally 

expressed in terms of the specific interfacial energy /p γγ . Factor 
2

4

4 ,
v

c Me Me
c

R D X
aγ

π
β =  (20) 

depends on the bulk diffusion coefficient v
MeD  of Me atoms dissolved in austenite and their 

molar fraction MeX . 
The critical size of an embryonic particle  

/
( , );

2
,p

c Me C N MeC
p

R
G

γγ
= −

∆
 (21) 

is determined by the driving force ( , );Me C N MeC
pG∆  for its formation (considered below), and  

1/ 2

2 ,
3

c

B c

GZ
k T n

 ∆
=  π 

 (22) 

involves the number 3 ( , );4 /
3

Me C N MeC
c c an R V= π  of Me atoms in the critical embryo, where 

( , );Me C N MeC
aV  is a volume per one Me atom in Me(C,N) or MeC particles.  

The model considers particles that form at nodes of the dislocation network. As far as 
the number of free nodes is gradually diminished while the process develops, their 
time-dependent density takes on form: 

1.5( ) 0.5 ( ) ( ),n n N dN N t t t= = α ρ  (23) 
where ( )N tα  is the fraction of dislocation nodes which are not occupied by particles at time t. 
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Driving force of nucleation. Driving force ( , )Me C N
pG∆  for precipitation of Nb and V 

carbonitrides with various chemical compositions MeCyN1-y is expressed according to [30]: 

[ ]

1
( , )

1( , )

( ) ( )ln ,
( ) (1 )

ss ss y ss y
Me C N Me C NB
p yMe C N y

a MeC MeN

X X Xk TG
V yK y K

−

−

 
∆ = −  

−  
 (24) 

where , ,ss ss ss
Me C NX X X  are molar fractions of the corresponding atoms dissolved in austenite, 

MeCK and MeNK  are solubility products. The composition of critical embryos cy  [30] is 
assumed to provide the maximum magnitude of driving force (24) that means:  

1

1
ss
N MeC

c ss
C MeN

X Ky
X K

−
 

= + 
 

. (25) 

In the case of Ti carbides with solubility product TiCK  the precipitation driving force 
takes on a simpler form: 

ln .
ss ss

TiC Ti CB
p TiC

a TiC

X Xk TG
V K

 
∆ = −  

 
 (26) 

Based on the Thermo-Calc software package [31], we determine solubility products in 
(24)-(26) by the following equations: 

[ ][ ] [ ] [ ]

[ ][ ] [ ] [ ]

[ ][ ]

[ ][ ] [ ] [ ]

[ ][ ] [ ] [ ]

10030 14.5 206.0
log 4.78 ,

10780 35.3 225.6
log 4.37 ,

9500log 6.72 ,

10290 56.5 255.4
log 4.57 ,

9100 33.0 254.9
log 4.11 ,

NbC

NbN

VC

VN

TiC

Mn Si
K Nb C

T
Mn Si

K Nb N
T

K V C
T

Mn Si
K V N

T
Mn Si

K Ti C
T

− +
= = −

− +
= = −

= = −

− +
= = −

− +
= = −

 (27) 

where [Nb], [V], [Ti] [C], [N], [Mn] and [Si] are mass fractions (%) of alloying elements in a 
solid solution. 

Growth/dissolution rate. To follow the evolving particle radius, differential equation 

,
eff ss i
Me Me Me

p i
Me Me

D X XdR
dt R X X

−
=

−
 (28) 

is applied, where eff
MeD  is the effective diffusion coefficient of Me atoms, p

MeX  is their 

concentration in particles and i
MeX  is their equilibrium concentration at the particle/matrix 

interface. According to [13,25], eff
MeD  is calculated with allowance for quick diffusion of these 

atoms along with dislocation cores: 
( )2 2( ) 1 ( ) ,eff d v

Me d d Me d d MeD R t D R t D= π ρ + − π ρ  (29) 
where d

MeD  is the related diffusion coefficient and dR  is the radius of dislocation core, 
assumed to be 1.5b. 

In the case of Nb and V carbonitrides which have various compositions, the interfacial 
concentrations are evaluated using simultaneous equations [30] for the balance and 
compatibility of diffusional fluxes: 
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( )

*

*

,

,

( ) ( ),

( ) 1 ( ),

i i
MeC Me C

i i
MeN Me N

i ss i ss
C C C Me Me Me

i ss i ss
N N N Me Me Me

yK X X
K X X
D X X yD X X
D X X y D X X

=

=

− = −

− = − −

 (30) 

where ( ), ( )i i i i
C C N NX X R X X R= =  are the interfacial concentrations of C and N, ,C ND D  are 

respective bulk diffusion coefficients in austenite, * *,MeC MeNK K  are solubility products allowing 
for the Gibbs-Thompson effect: 

( ) ( )

( ) ( )

, ,
*

, ,
*

2
exp ,

2
exp ,

Me С N Me С N
p a

MeC MeC
B

Me С N Me С N
p a

MeN MeN
B

V
K K

Rk T

V
K K

Rk T

γ

γ

 γ
=  

 
 
 γ

=  
 
 

 (31) 

( ),Me С N
p γγ  is the specific energy of the particle-matrix interface. 

Provided C MeD D>>  and N MeD D>> , equations (30) and (31) enable one to specify by 
the term gy the current composition of the interfacial layer and determine the interfacial 
concentrations [30]: 

( ) ( ), ,

1

2
exp ,

1 .

Me С N Me С N
p ai MeC MeN

Me ss ss
MeC N MeN C B

ss
N MeC

g ss
C MeN

VK KX
K X K X Rk T

X Ky
X K

g

−

 g
=  

 +  

 
= + 
 

 (32) 

In the case of TiС particles which have a fixed composition, expression for interfacial 
concentrations takes on form: 

2
exp .

TiC TiC
p ai TiC

Ti ss
C B

VKX
X Rk T

γ γ
=   

 
 (33) 

The current concentration of alloying atoms in a solid solution. While the considered 
particles precipitate, quantities of alloying elements in the solid solution gradually diminish 
from initial values, dependent on the pre-treatment, to respective equilibrium levels at the 
reaction temperature. To save total quantities of alloying atoms when calculating of their 
concentrations both in particles and in the solid solution, the balance equation is applied: 

( )( ), ;
01 ,Me C N MeC

p ss
Me Me MeX X V X+ − =  (34) 

where 0
MeX is the total molar concentration of Me atoms in steel and ( ), ;Me C N MeCV  are the current 

volume fractions of particles. According to this equation, concentrations of Nb, V, and Ti 
dissolved in austenite are expressed: 
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,
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,

,

0

,
1

,
1

.
1

Nb С N
Nb Nb Nb С Nss

Nb
Nb С N

V С N
V V V С Nss

V
V С N

TiC
ss Ti Ti TiC
Ti

TiC

X X V
X

V

X X V
X

V

X X VX
V

−
=

−

−
=

−

−
=

−

 (35) 

Corresponding expressions for C and N have the form: 
( )

( ) ( )
( )

( ) ( )

( ) ( )

( )
( ) ( )

( )
( ) ( )

( ) ( )

, ,0
, , , ,

, ,

, ,0
, , , ,

, ,

(1 ) (1 )
,

1

,
1

Nb С N V С N
N N NNb С N Nb С N V С N V С Nss

N
Nb С N V С N

Nb С N V С N TiC
C C C C TiCNb С N Nb С N V С N V С Nss

C
TiCNb С N V С N

X X V y X V y
X

V V

X X V y X V y X V
X

V V V

− − − −
=

− −

− − −
=

− − −

 (36) 

where ( ),Me С Ny  is the average fraction of C atoms in Me(C,N) particles. 

Sketch of modeling procedure for precipitation of particles. Following [29,30], we 
will use an incremental model that considers relatively small successive changes in short time 
steps ( )ktδ . The particle size distribution function is upgraded at each step with allowance for 
both freshly appeared particles and the growth/dissolution of preexisting ones. Increment 

( ) ( )δk k
nJ t  of the nascent particles number depends on nucleation rate ( )k

nJ  at this step and, to 
upgrade the size distribution function, a new size class is created whose characteristic *

cR
slightly exceeds the previous cR  (see [30] for details): 

*

/

1 .
2

B
с c

p

k TR R
γ

= +
pγ

 (37) 

Characteristics cy  for particles of various composition is derived with equation (25) 

and their size in any i-th class (except for the nascent one) is increased by ( )
( )

( ).
k

k ki
i

dRR t
dt

d = d  

The average composition of particles of this class on k-th time step is evaluated according 
to [30]: 

( ) ( )
( )( ) ( )( )

( )( )
( )( ) ( )( )

( )( )

3 3 3 31 1
1

3 31 ,
k k k k

i i i ik k
i i g

k k
i i

R R R R
y y y

R R

− −

−
 − − = − + 
  

 (38) 

where ( )1−k
iy  is the particle composition at time step (k-1), ( )k

iR  and ( )1−k
iR  are sizes for i-th 

class at time steps k and (k-1), respectively. 
Then, based on predetermined size distribution function ( ) ( )

( ) ( )
, ,( )i i

Me С N Me С NN R , volume 

density ( ),Me С NN , average size ( ),Me С NR , and volume fraction ( ),Me С NV  of Me(C,N) particles are 
calculated: 
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R

N

V N R

=

=

=

=

=
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∑

∑

∑

 (39) 

where ( ) ( )
( ) ( )

, ,,i i
Me С N Me С NN R  are the volume density and radius of the considered particles in i-th 

class and ( ),Me С Nn  is the number of classes in the distribution function. The average 

characteristic of variable particle composition is expressed by:  

( )

( ) ( )( ) ( )

( )

( )

, 3
( ) ( ) ( )

, , ,
1

,
,

4
3 ,

Me С Nn
i i i

Me С N Me С N Me С N
i

Me С N
Me С N

N R y
y

V
=

 π   =
∑

 (40) 

where ( )
( )

,
i

Me С Ny  specifies the composition of Me(C,N) particles in i-th class. 
An important issue in the considered numerical procedure is the selection of time step. On 

the one hand, to ensure accuracy and convergence of the computational scheme, this step must 
be short enough; on the other hand, too small steps would suggest the inacceptable consumption 
of the computational power. For a reasonable compromise, the relative increments of 
concentration and volume fractions should not exceed 0.01. To comply with this restriction, the 
current time step is selected to be the least of:  
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3. Model calibration and discussion of modeling results 
To simulate simultaneously the three interrelated processes (recovery, recrystallization, 
deformation-induced precipitation), empirical parameters of the model have been determined in 
two steps. First, recrystallization parameters allowing for the concurrent recovery are found 
while assuming that atoms of all alloying elements including MAE are completely dissolved in 
austenite, i.e. no precipitation takes place. Next, additional parameters, needful to model the 
precipitation kinetics and interaction of nascent particles with boundaries of recrystallized 
grains, are obtained. All the parameters are fitted to wide experimental data on austenite 
recrystallization in a wide range (23 steels) of chemical composition listed in Table 1. Details of 
the calibration procedure are described in what follows.  

Recrystallization and recovery. To determine an important parameter *
rexα , Eq. (12) 

for the recrystallized grain size has been fitted to experimental data on steels S0 [7] and 
S00 [17]. The resulting * 48.6 10rex

−α = × m2N-2 satisfactorily comply with these data covering 
practically significant ranges of temperature and strain degree of austenite, as well as initial 
grain sizes (Fig. 1). Other parameters have been fitted to wide data on austenite recrystallization 
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in steels S1-S10 at relatively high temperatures where atoms of all alloying elements are in 
solid solution. 
 
Table 1. Chemical composition (mass.%) of steels employed in model calibration  
Steel С Mn Si Cr Ni Mo Nb V Ti N Ref. 
S0 0.17 0.74 0.01 − − − − − − − [7] 
S00 0.05 1.88 0.04 − − 0.49 0.048 − − − [17] 
S1 0.11 0.55 0.26 − − − − − − − 

 
 
 

[1-4, 
6,8] 

S2 0.53 0.71 0.21 − − − − − − − 
S3 0.42 0.79 0.27 − − 0.18 − − − − 
S4 0.44 0.79 0.23 − − 0.38 − − − − 
S5 0.11 1.32 0.24 − − − 0.070 − − − 
S6 0.12 1.10 0.24 − − − − 0.07 − − 
S7 0.15 1.25 0.27 − − − − − 0.017 − 
S8 0.08 1.47 0.20 − − 0.19 0.042 0.06 0.010 0.006 Own 

results S9 0.04 1.90 0.25 0.11 0.45 0.31 0.051 0.02 0.020 0.005 
S10 0.11 0.36 0.23 0.39 1.91 0.31 0.011 0.01 − − 
S11 0.11 1.23 0.24 − − − 0.041 − − 0.0112 

[1-4, 
6,8] 

S12 0.11 1.32 0.24 − − − 0.093 − − 0.0119 
S13 0.21 1.08 0.18 − − − 0.024 − − 0.0058 
S14 0.21 1.14 0.19 − − − 0.058 − − 0.0061 
S15 0.11 1.10 0.24 − − − − 0.043 − 0.0105 
S16 0.12 1.10 0.24 − − − − 0.060 − 0.0123 
S17 0.11 1.05 0.24 − − − − 0.093 − 0.0144 
S18 0.21 1.10 0.20 − − − − 0.062 − 0.0134 
S19 0.15 1.25 0.27 − − − − − 0.055 

0.021* 
− 

S20 0.15 1.10 0.26 − − − − − 0.075 
0.040* 

− 

S21 0.06 1.70 0.20 − − 0.20 0.045 0.040 0.020 0.005 Own 
results 

*Contents obtained by taking into account Ti binding in TiN particles. 
 

Thus obtained 1 0.2dα =  and 2 2.2dα =  for Eq. (6) suggest that the driving pressure 
near grain boundaries at the beginning of recrystallization ( ( 0) 0X t = = ) corresponds to the 
dislocation density ( 0) 1.2 ( 0)d dt tρ = = ρ = whereas ( ) 0.3 ( )d dt tρ = ρ when the process 

completes ( ( ) 1X t = ). Parameters of Eq. (15) for the boundary mobility are 0.64,rex
GGα =  

55.21 10rex
GG

−β = × K-1 and 10
0 6.5 10M −= × m3s- 1N-1. 

Kinetics of austenite recrystallization in steels S1-S10, simulated with allowance for 
recovery, as well as corresponding experimental data are represented in Fig. 2a-l evidencing 
that derived parameters provide good prediction power of the model in a wide range of 
temperature (900÷1150ºС), chemical composition (Table 1), initial grain size (30÷205 µm) and 
deformation conditions (ε=0.2÷0.35; dε/dt=0.5÷5 s-1). The average relative error of the 
predicted recrystallization degree (volume fraction) does not exceed 13% (Fig. 2m). 
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Fig. 1. Comparison of the calculated size of recrystallized grain (lines) with experimental data 

(symbols) for S0 steel [7] 
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Fig. 2. Comparison of simulated recrystallization kinetic curves (a-l) for steels S1-S10 at 
different temperatures, sizes of the initial austenite grain (Dγ0) and deformation parameters  
(ε, dε/dt) to experimental data (symbols), and comparison of model predictions to actual 

recrystallized fractions (m) (<δ> is a magnitude of the average relative error) 
 
Note that obtained 0.64rex

GGα =  confirms, as expected, that effective activation energy 
( )rex

GG AEQ Y  for migration of recrystallized grain boundaries is comparable to that for the grain 
boundary self-diffusion. The range of chemical composition where the model displays good 
performance corresponds to a significant variation of ( )rex

GG AEQ Y  between 146.1 kJ/mol (S2) 
and 308.1 kJ/mol (S9). It is remarkable as well that the considered activation energy suggests a 
novel approach to the grain boundary mobility depending on the chemical composition of 
austenite solid solution. Specifically, unlike the classical model of "solute drag effect" [32] or 
the later "statistical solute-pinning theory" [33,34], the present model enables reasonable 
predictions with no explicit allowance for any pinning by solute atoms. This is rather surprising 
insofar as the considered steels contain high amounts of Mn, Mo, and Nb to which the solute 
drag is commonly ascribed. 

Deformation induced precipitation of particles. This step of calibration determines 
specific energies of particle boundaries ( , )Nb C N γγ , ( , )V C N γγ  and TiC γγ  as well as specific 

energy GBγ  of recrystallized grain boundaries. To simulate precipitation processes, diffusion 
coefficients of Me atoms should also be employed. Such terms for the bulk diffusion of various 
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MAE have been found in the literature (Table 2). To evaluate coefficients of the dislocation 
"pipe" diffusion absent in the literature, related activation energies have been assumed to be 
halves of their bulk counterparts (Table 2). 
 
Table 2. Model parameters for precipitation of various particles 
Parameter Values 

Volume per atom of Me in a particle, m3 

( , ) 292.22 10Nb C N
aV −= ×  
( , ) 291.75 10V C N

aV −= × [35] 
292.04 10TiC

aV −= ×  

Bulk diffusion coefficient of Me atoms, m2s-1 

40.83 10 exp( 266500 )v
Nb gD R T−= × − [13] 

40.25 10 exp( 264200 )v
V gD R T−= × − [30] 

40.15 10 exp( 251200 )v
Ti gD R T−= × − [36] 

Dislocation pipe diffusion coefficients of Me 
atoms, m2s-1 

40.83 10 exp( 133250 )d
Nb gD R T−= × −  

40.25 10 exp( 132100 )d
V gD R T−= × −  

40.15 10 exp( 125600 )d
Ti gD R T−= × −  

Specific energy of particle/matrix interface, 
J/m2 

( , )

( , )

0.26 0.095exp( 5410 )

0.35 0.129exp( 2840 )

0.33

Nb C N Nb

V C N V

TiC

y

y
γ

γ

γ

γ = − −

γ = − −

γ =

 

 
In fitting ( , )Nb C N γγ  to data on recrystallization kinetics of steels S11-S14 micro-alloyed 

by Nb under the solvus temperature of Nb(C,N), a significant effect of its reduction when 
increasing quantity of Nb in steel has been revealed. The corresponding dependence of 

( , )Nb C N γγ  on Nby  is evident in Table 2. The latter shows as well that a similar effect derived 

from data on steels S15−S18 is peculiar to ( , )V C N γγ . At the same time, the recrystallization 
kinetics of steels S19 and S20 micro-alloyed by Ti does not display a certain dependence of 

TiC γγ  on Ti content under the solvus temperature of TiC. When such particles precipitate, the 

process kinetics is satisfactorily described with constant TiC γγ . 

The monotonous diminishing of effective GBγ  at increasing temperature, revealed in 
calibrating the integral model, is satisfactorily approximated by 

7( ) 2.46 10 exp( 0.014 )GB T Tγ = × − J/mol. Qualitatively similar temperature dependence of GBγ  
was obtained in [13]. 

Figure 3 illustrates the correspondence of modeling results, obtained with the 
above-considered empirical parameters, to experimental data on recrystallization kinetics in 
various micro-alloyed steels. Apparently, the model has good performance in application to 
both steels micro-alloyed by one of Nb, V, Ti (Fig.  3a,b; 3c,d, and 3e, respectively) and 
complexly micro-alloyed steels (Fig. 3f). 
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Fig. 3. Comparison of modeling results of recrystallization kinetic curves for steels S13-S18 
(a-f) at different temperatures, sizes of the initial austenite grains (Dγ0) and deformation 

parameters (ε, dε/dt) with experimental data (symbols) 
 
4. Conclusions 
A physically motivated model is formulated to predict the static recrystallization kinetics of 
austenite and the resulting grain size in complexly alloyed steels including those micro-alloyed 
by Nb, V, and Ti. The model simultaneously treats the three interrelated phenomena of 
recrystallization, recovery, and the deformation-induced precipitations. It is presumed that 
activation energy of the process is proportional to the activation energy of bulk self-diffusion, 
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the latter being dependent on the chemical composition of the solid solution according to the 
previously established empirical expression. 

Empirical parameters of the model were fitted to an extensive database on the kinetics of 
austenite recrystallization for 23 steels with a wide range of chemical composition (mass.%): 
C (0.04÷0.53), Mn (0.36÷1.90), Si (0.01÷0.27), Cr (0.11÷0.39), Ni (0.45÷1.91), 
Mo (0.18÷0.49), Nb (0.00÷0.093), V (0.00÷0.093), Ti (0.00÷0.075). The fitting is 
implemented in two steps as follows. The first step, using relevant data on 12 steels, determines 
recrystallization parameters with allowance for the recovery effect in the case of complete 
dissolution of alloying elements including microalloying ones, i.e. when no precipitation takes 
place. Kinetic parameters of particles precipitation on dislocations of deformed austenite, as 
well as their interaction with migrating boundaries of recrystallized grains, are derived from 
experimental data on 11 micro-alloyed steels. 

As shown in this work, the proposed model of austenite recrystallization complies well 
with experiments on numerous steels in a wide range of temperature (825÷1200ºС), initial grain 
size (30÷285 µm), the degree (0.2÷0.35) and rate (0.5÷5 s-1) of strain. The process activation 
energy in the considered wide range of chemical compositions varies by more than two times 
(146.1 to 308.1 kJ/mol). An interesting property of the model is that good correspondence to 
experimental data is achieved with no explicit allowance for the boundary pinning by dissolved 
Me atoms although the treated steels contain Mn, Mo, and Nb to which the pronounced solute 
drag effect is commonly ascribed. 
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