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Abstract: We consider a textile composite material reinforced by carbon fibers with 3D 
orthogonal braiding and a polymer matrix. Microstructural studies were carried out to find the 
mean values and variation coefficients for the parameters of the braid unit cell within the 
reinforcement cage. We have constructed an algorithm along with geometric models for cells 
and fragments of the composite structure, providing different descriptions for the parameters 
of the binder yarn. The micromechanics problem was solved by the local approximation 
method; the fields of structural stresses and strains were determined for different models of 
composite fragments. The fields were averaged to compute the composite's effective elastic 
properties compared to the experimental data.  
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1. Introduction 
Developing 3D reinforced composites (3DRC) incorporating woven, interlock, or rod 
reinforcements is a promising direction for advancing structures and technologies of 
composite materials [1]. 3D composite materials with a diverse range of physical and 
mechanical properties can be produced by tailoring the braiding pattern or the number and 
type of fibers along the reinforcement directions. In particular, the tear strength in the 
transverse direction and the shear resistance can be considerably improved in comparison 
with layered composite materials. 

Modern braiding technologies allow generating complex 3D reinforcement cages that 
can be further impregnated to manufacture preforms whose shapes closely match the required 
component, reducing the labor intensity and production costs [2]. Spatially reinforced 
composite materials are increasingly in demand in aerospace engineering for heavily loaded 
structures, with an ever-widening range of applications. 

As more versatile tools emerge for configuring the braiding patterns, novel approaches 
are developed for predicting effective mechanical characteristics and selecting the optimal 
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parameters of 3DRC structures for specific components. This paper is dedicated to 
constructing geometric structural models and predicting the effective elastic characteristics of 
the 3D reinforced composite accounting for mechanical tolerances in the braiding pattern of 
the reinforcement cage. 

Specialized software packages are used for constructing geometric models describing 
the 3DRC structure: the best-known examples include TexGen, WiseTex, and Techtext CAD 
[3-14]. TexGen is an open-source software package developed by the research team led by 
Prof. Long at the University of Nottingham in 2006 [3-5]. The software can generate unit 
cells for the braiding pattern, with the geometric parameters input via the menu interface 
(these include the number of warp and weft yarns, width, height, and spacing for each set of 
yarns, etc.). WiseTex is a software package developed by Lomov's research group at KU 
Leuven in 2000 [6–10], capable of not only modeling the geometric structure of cells and 
fragments of textile composites like TexGen but also predicting their effective elastic 
properties. Furthermore, WiseTex incorporates an algorithm coding structural topology, 
providing additional options for computer simulation of geometric models for complex 
braiding patterns in 3DRC. The TechText CAD software package was developed at the 
University of Manchester in 2000-2002. It allows modelling the geometric structure of 
interlock woven fabrics and their deformation during manufacture [11-14]. In addition, 
TechText CAD can compile additional modules for controlling the production of interlock 
preforms with industrial weaving machines based on the simulation results.  

It should be borne in mind that the above software packages simulate 'idealized' woven 
textiles corresponding to a given reinforcement geometry within the materials. They can be 
used to extract qualitative estimates for the effective elastic characteristics of the material 
from the given parameters of the structure. However, the operational parameters of 3D 
reinforcements and composite materials based on them (tensile forces and thicknesses for 
different yarn sets, pressures and flow rates of the impregnating agent, etc.) can fluctuate 
wildly during manufacture. This inevitably produces deviations/variations in the geometric 
parameters of the cage, such as paths of yarns, areas, and shapes of their cross-sections, and 
spacings between the yarns. These fluctuations in the material structure vary in different areas 
of the component because the textile reinforcement is deformed unevenly throughout the 
manufacturing process. The effect of these fluctuations in the parameters of the reinforcement 
cage on the mechanical characteristics of 3DRC has received scarce attention this far. 
Therefore, it remains to be elucidated whether the software packages developed for modeling 
geometric structures are suitable for predicting the effective elastic characteristics of real 
composite materials. We intend to explore this issue in our study. 

Efforts should be made to construct models of the real structure of 3D reinforced 
composites accounting for random or regular deviations in the operational parameters and to 
assess the effect of these deviations on the elastic characteristics of the composite material. 
This paper presents the estimates obtained from the results of tomographic and 
microstructural studies on the parameters of the geometric structure in 3DRC specimens. The 
resulting estimates were used to construct computational geometric models of the unit cell 
and fragments of the 3DRC structure with the help of the TexGen software package and an 
algorithm we developed, aimed at solving the micromechanics problem for 3DRC in 
fragments of the structure based on local approximation [15]. The algorithm was applied to 
numerically solve boundary-value problems and compute the effective elastic properties of 
3D reinforced composite. The predicted effective elastic properties are compared with the 
results of mechanical tests in 3DRC specimens.  

We intend to resolve the challenge of improving the prediction accuracy for the 
effective elastic properties in real 3D reinforced composites accounting for manufacturing 
tolerances in the structure parameters. Moreover, the newly available models can serve for 

90 A.N. Anoshkin, P.V. Pisarev, D.A. Ermakov, K.V. Roman



analyzing how the spread in geometric parameters of the composite structure affects its 
mechanical characteristics, predicting nonlinear deformation and strength estimates in 3DRC 
under complex loading. 
 
2. 3D reinforced composite material 
We consider a 3D reinforced textile composite with a repeating orthogonal braiding pattern. 
The preform of the analysed material is a plate with constant thickness, containing 10×10 to 
15×15 repeating unit cells in a plane and one cell in the bulk of the plate. Thus, the spatial 
structure of the weave in the material can be assumed to be repeating in the plane and having 
a finite size in the third direction. The composite material is prepared by pressurized 
impregnation of a textile reinforcement cage with a polymer adhesive in a rigid mold.  

The repeating cell of the tested material contains two rows of warp yarns, three rows of 
weft yarns, and two binder yarns (Fig. 1) [16]. The yarns are complex and contain 
approximately 12,000-15,000 elementary fibers (filaments) [16]. The filaments in the unit cell 
are characterized by their paths and can have different thicknesses, densities and cross-
sectional shapes. Both single and double yarns can be used for cell braiding. Next, we 
consider a particular case of a unit cell where the weft centerline is a double yarn, and the 
remaining yarns are single. The mechanical behavior of the filaments in the 3DRC composite 
is generally described by models of fiber bundles or unidirectional fiber composites; the latter 
is adopted in this study. The model used is described in [17,18].  

 

 
Fig. 1. Reinforcement scheme of repeating unit cell in 3DRC 

 
The racetrack model, first introduced by Kemp [19], was used to describe the unit cell 

of the material considered in the paper (Fig. 2). The warp and weft yarns are taken to be 
straight in this model, while the binder yarn is represented by a line segment passing between 
the warp yarns and connected to two arcs passing around the weft yarns. This description of 
the binder yarn is simpler than the spline approximation used by other models, for example, in 
[20]. Kemp's model assumes that all yarns have constant cross-sections, shaped as rectangles 
with semi-circular corners.  

The structure of the unit cell is described by the following main parameters (Fig. 2): pw1  
and pН1  are the width and height of the cross-section for the single warp yarn (Fig. 2b); pw2  
and pН 2  are the width and height for the double warp yarn (Fig. 2b); wfw  and wfН  are the 
width and height of the cross-section for the single weft yarn (Fig. 2a); wpН  is the height of 
the cross-section for the binder yarn (Fig. 2a); wpR  is the width of the binder yarn (Fig. 2a); 

wfϕ is the crimp angle of the weft centerline path undulating around the binder yarn (Fig. 2b); 

1wT  and pT2  are the distance (thickness of the adhesive layer) between the warp/weft yarns 
and between the double warp yarns (Fig. 2b); pR1  is the distance between the centerlines of 
single warp yarns in the top row. 
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a b 

Fig. 2. Kemp's racetrack model for 3DRC unit cell: cross-section of weft yarns (a) and 
cross-section of warp yarns (b)  

 
The list of parameters used in this paper to describe the unit cell largely corresponds to 

Kemp's model; the difference is that the paths of the weft yarns are not straight in the model 
used but are described instead by segments and arcs of the circles around the binder yarns. 
The problem complexity was increased based on the results of microstructural studies. 

The parameter values of the unit cell were found from the results of tomographic and 
microscopic studies on the composite structure. 
 
3. Tomographic and microscopic studies 
Specimens for microstructural studies of 3DRC were cut from a single plate preform together 
with specimens for subsequent mechanical tests. Four 15×25 mm and 25×25 mm specimens 
without additional surface treatments were prepared for tomographic studies (Fig. 3). Four 
25×25 mm specimen slices with polished surfaces were prepared in accordance with 
GOST 2789 for optical microscopy studies. 

 

 
Fig. 3. 3DRC specimens 

 
Tomographic studies were carried out with a prototype microfocus X-ray computer 

tomograph we constructed at Saint Petersburg Electrotechnical University "LETI" [21–23]. 
The microfocus source was a sealed tube with an anode voltage of 130 kV, an anode current 
of 200 μA, and the size of the focal spot ranging from 20 μm to 100 μm. A PRODIS.Mark flat 
panel detector with a pixel size of 50 μm and an active area of 120x240 mm was used for 
recording the projection data. Combining this equipment in a laboratory tomography allows 
obtaining projection data with a magnification up to ×100. Preliminary studies at the 
laboratory setup were conducted for 25×25 mm specimens of layered and 3D reinforced 
carbon fibers; we detected pores with the dimensions of 10-12 μm and the parameters of the 
unit cells in the interlock filler (thickness and crimp angles of the yarns, adhesive layers 
between the yarns in the cell with the dimensions of about 15 μm). 

The tomographic images were reconstructed from the results of multi-angle X-ray 
imaging of the specimens with the MicroCT Bruker software [24]. Figure 4 shows an 
example of reconstructed 3D images for structure fragments of the given 3DRC specimens. 

92 A.N. Anoshkin, P.V. Pisarev, D.A. Ermakov, K.V. Roman



We considered a total of 4 3D tomographic images for 4 specimens and 48 planar sections for 
each specimen. 

 

  
a c 

  
b d 

Fig. 4. Plane sections of reconstructed 3D images for structure fragments of the 3DRC 
specimens: (a) cross-sectional view of warp yarns (along the weft yarns); (b) cross-sectional 

view of weft yarns (along the warp yarns); (c) cross-sectional view of binder yarns at 
crossover point, (d) view along the binder yarns 

 
Figure 2 shows an example of plane sections for reconstructed 3D images for single 

specimens. Analyzing all planar sections of the 3DRC specimens, we found that the paths of 
the warp yarns can be assumed to be straight, and the weft yarns undulating over the binder 
yarns deviate slightly from the straight lines described by the angle φwf (see Fig. 2 and Fig. 6), 
while the path of the binder yarn is S-shaped (Fig. 2d).  

The cross-section of the warp and weft yarns can be described by an ellipse or a 
rectangle with rounded corners (Fig. 4a-1 and Fig. 4b-1). The cross-sectional shapes and areas 
of these yarns only vary insignificantly for all the images considered. We decided to describe 
the section of the warp and weft yarns with a rectangle with rounded corners, which 
corresponds to Kemp's model, serving as a basis for selecting the parameters of the structure 
to be determined. The cross-section of the binder yarn between the warp yarns has a shape 
close to a truncated ellipse with pointed ends (Fig. 4a-2). The cross-sectional area of the 
binder yarn increases in the area of contact with the warp yarns of the top row (Fig. 4c-2) and 
decreases in the area of contact with the warp yarns of the bottom row (Fig. 4c-3). An 
algorithm for modeling the unit cell in 3DRC was developed to account for this phenomenon, 
allowing to set the variation in the area of the binder yarn along its path. 

The results of the tomographic study indicate that Kemp's model with its main 
assumptions (the warp and weft yarns are straight, the binder yarn is approximated with a 
truncated ellipse, cross-section of the yarns is described by a rectangle with rounded corners) 
can be taken as the basis for determining the geometric structure of 3DRC. In this case, the  
S-shape of the path and the variation in the cross-sectional area of the binder yarns should be 
additionally taken into account. The numerical values of the parameters for describing and 
subsequently modeling the given geometric structure of the material were found through 
microsection analysis.  

The computed volumes of geometric objects in tomographic images of the 
microstructure were used to extract an estimate for the total volume fraction of the 
reinforcement cage, amounting to 65.51%, and estimates for the volume fractions of the warp, 
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weft, and binder yarns, amounting to 32.83%, 59.21%, and 7.96%, respectively; all estimates 
were obtained for a cell in 3DRC (Table 1).  

The final stage of tomographic studies consisted of selecting orthogonal planes of the 
specimen slices to subsequently prepare microsections. This allowed obtaining microsections 
with planes of characteristic cross-sections: across the weft yarns, across the warp yarns, and 
across the binder yarn. Several characteristic cross-sections were obtained at different points 
of the yarn paths perpendicular to the plane of the section, allowing us to estimate the 
variation in the parameters of the cell along the path of this yarn.  
 
Table 1. The volume fraction of yarns in the reinforcement cage of the 3DRC tested  

Estimation method Vfo,(%) Vfu,(%) Vfp,(%) Vfk,(%) 
Tomography 32.83 59.21 7.96 65.5 

TexGen model  38.32 48.07 13.61 52.8 
Simplified model of 3DRC cell 

(model 1) 33.86 52.95 13.19 53.9 

Refined model of 3DRC cell 
(model 2) 33.88 58.06 8.06 68.6 

 
Microscopic studies of 3DRC specimen microsections were carried out with a  

Carl Zeiss Axiovert 40 MAT microscope. About 90 micrographs with a magnification up to  
×10-100 were taken in the course of microscopic studies; Figure 5 shows characteristic 
micrographs.  
 

    
a b c d 

Fig. 5. Micrographs of unit cell in 3DRC: along the binder yarns (a); along the weft yarns (b); 
cross-section of a single warp yarn (c); cross-section of a double warp yarn (d) 
 

The parameter values of the 3DRC unit cell were determined from analysis of the 
microsections (Fig. 2): pW1 , pН1 , pW2 , pН 2 , wfW , wfН , wfR , pR1 , 1wT , pT2 , wfϕ . The study 
comprised 5 to 33 measurements of these parameters. The measurement data were statistically 
processed to obtain the mean value, the standard deviation, and the variation coefficient for 
each parameter (see Table 2).  

Figure 6 shows example schemes for determining these parameters in four 
microsections of different orthogonal planes for the same specimen. Figure 6a shows the 
parameters of the cross-sectional areas S1f and Swp for the weft yarn and the stitching yarn (the 
latter was approximated by a truncated ellipse with pointed ends), the crimp angle wfϕ  of the 
weft yarn, the heights H1p, H2p and the widths W1p, W2p for single and double warp yarns. 
Figure 6b shows the height Hwf, the width Wwf, the area Swf and the distance wfR  between the 
centerlines of the weft yarns. Notably, the corner radii of the rectangles describing the cross-
sections of the warp and weft yarns were taken equal to half the height of the respective cross-
sections, and the width was defined as the greatest distance between the centers of the 
rounded corners. Figure 6c shows the distance pR1  between the centers of single warp yarns. 

94 A.N. Anoshkin, P.V. Pisarev, D.A. Ermakov, K.V. Roman



Figure 6d shows the thicknesses Tw1 of the adhesive layers between the weft and warp yarns 
and T2p between the double warp yarns.  

 

    
a b c d 

Fig. 6. Images of 3DRC microsections with the given parameters of the braided structure: 
parameters 2-4, 8-12 from Table 2 (a); parameters 1, 5-7 from Table 2 (b); parameter 8 from 

Table 2 (c); parameters 13, 14 from Table 2 (d) 
 

Table 2. Geometric parameters of 3DRC structure 

№ Parameter Minimum 
value 

Maximum 
value 

Mean 
value 

Variation 
coefficient, 

%  

Number of 
measurements 

1 Cross-sectional area of 
weft yarn Swf, mm2 1.32 1.49 1.415 3.236 15 

2 Cross-sectional area of 
warp yarn S1f, mm2 0.95 1.07 1.001 3.113 16 

3 Cross-sectional area of 
binder yarn Swp, mm2 0.32 0.38 0.356 6.256 7 

4 Crimp angle of weft 
yarn φwf, º 

158.59 163.13 160.438 1.026 8 

5 Height of weft yarn 
Hwf, mm 0.62 0.83 0.735 7.436 33 

6 Width of weft yarn Wwf, 
mm 1.98 2.36 2.12 5.011 15 

7 Distance between weft 
yarns Rwf, mm 0.26 0.65 0.543 10.219 16 

8 
Distance between 

centerlines of warp 
yarns R1p, mm 

3.27 3.33 3.3 0.91 5 

9 Height of single warp 
yarn H1p, mm 0.58 0.73 0.651 8.33 7 

10 Width of single warp 
yarn W1p, mm 1.55 2.01 1.825 10.69 5 

11 Height of double warp 
yarn H2p, mm 0.75 0.86 0.791 3.55 19 

12 Width of double warp 
yarn W2p, mm 1.27 1.44 1.345 4.306 12 

13 
Thickness of adhesive 
between warp and weft 

Tw1, μm 
4.5 18.02 10.51 37.3 12 

14 
Thickness of adhesive 
between double warp 

yarns T2p, μm 
12.61 47.75 28.14 48.26 11 
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Analyzing the microsections, we detected numerous compactions of the binder yarns in 
the 3DRC structure considered, as illustrated by Fig. 5a. Therefore, in contrast to the 
assumptions formulated by Kemp [19], we assumed in the simulation that the area and cross-
sectional shape of binder yarn were variable along its path. The areas Swf of the binder yarn 
were determined at seven points along its path; the area here varied in the range from 
0.32 mm2 to 0.38 mm2. 

Considering all of the microsections obtained, we can see that a binding layer (polymer 
matrix) is found between the yarns of the reinforcement in the composite material considered. 
Thus, the subsequent statement of the micromechanics problem does not need to account for 
the contact interaction of reinforcing yarns without a binding layer to compute the structural 
stress and strain fields or predict the effective elastic characteristics of 3DRC. The parameters 
of the binding layer between the weft and warp yarns and between the double warp yarns, Tw1 
and T2p, respectively, are given in Table 2.  

The parameter values of the 3DRC structure considered were used to construct a 
geometric model of the unit cell for subsequent prediction of the effective elastic 
characteristics of the composite. 
 
4. Modeling of the composite material structure 
Computer simulation of the composite's unit cell was carried out using TexGen [3-5] and a 
program written based on the algorithm we developed. Using TexGen with an incomplete set 
of parameters from Table 1 allows us to quickly construct a geometric model of the unit cell. 
The unit cell was modeled using the mean values of height, width, and cross-sectional area of 
the yarns, the distance between the yarn centerlines, and the thickness of the bonding agent 
between the yarns (Table 1). The geometric model of the 3DRC cell constructed in TexGen is 
shown in Fig. 7a.  
 

  
a b 

Fig. 7. Model of unit cell in TexGen (a) with intersecting yarns (b) 
 

The volume fractions of warp, weft, and stitching yarns in the 3DRC cell were 
computed for the model built in TexGen by the formulas from [25] (Table 1). Comparing the 
estimates obtained from the analysis of the tomographic images (Table 1), we found a 
difference of 4.44% for volume fractions of warp yarns, 9.99% for weft yarns, and 5.55% for 
binder yarns. In general, the difference in the volume fractions of the reinforcement cage in 
the cell, obtained from the results of tomographic analysis and constructed in TexGen, 
amounted to about 15.8% (Table 1).  

The reason for this difference lies in yarn intersection errors generated at crossover 
points for the unit cell simulated by TexGen with the given parameters of the composite 
structure (Table 2). Figure 7b shows an example of intersecting weft and warp volumes in the 
model of the unit cell constructed in TexGen. Intersection correction is done in TexGen  
by removing crossovers for yarns of the same class, accordingly changing the volume 
fractions of these yarns in the cell. This circumstance should undoubtedly produce a 
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difference in the elastic characteristics of the composite predicted using the constructed 
geometric model of the cell.  

The steps necessary for simulating 3D braiding in the cell corresponding to the 
experimental data include, aside from correctly describing the yarn interlocking, accounting 
for the variation in their cross-sectional shape along the path. For this purpose, we developed 
a specialized algorithm for modeling yarns in 3DRC unit cells [26]. We used the boundary-
representation method (B-rep) for geometric forms of spatial structures [27-29] so that the 
yarns were described by surfaces and characterized by two functions, their centerline path and 
the cross-sectional area of the yarn along the path.  

The centerline paths were simulated by straight lines for warp yarns, by line segments 
connected by arcs at points of crossover with binder yarns for weft yarns, and by S-shaped 
curves described by a segment with two arcs for binder yarns. The cross-sections of the  
warp and weft yarns were assumed to be constant and described by rectangles with rounded 
corners (the parameters are given in Table 2). The cross-section of the binder yarn was 
generally assumed to be variable and approximated by an ellipse with variable parameters of 
the semi-axes xa, xb.  

We constructed two models of the 3DRC cell with different descriptions of the variation 
in the cross-section of the binder yarn. According to the first, simplified model, the cross-
section was assumed to be constant, described by a rectangle with rounded corners, 0.45 mm 
high, 0.7 mm wide, with a corner radius of 0.1 mm and an area of 0.312 mm2.  

According to the second, refined model, the cross-sectional shape of the binder yarn 
varied along the trajectory, while the area remained constant, equal to Swp = 0.356 mm2, 
corresponding to the mean value measured in the microsections. The cross-section of the 
binder yarn was described by an ellipse with the parameters of the semi-axes xa, xb, whose 
values were given at seven characteristic points of the path (see Fig. 8). Point 1 corresponds to 
the region where the binder yarn contacts the weft yarn from the top row, points 2-6 are 
located in its S-shaped segment of the path with different cross-sectional values, point 7 
corresponds to the region where the binder yarn contacts the weft yarn from the bottom row. 
The value of the semi-axis xa of the elliptical yarn cross-section varied in the range from 
0.31 mm to 0.38 mm, and the values of the semi-axis xb from 0.28 mm to 0.62 mm. Notably, 
varying the cross-sectional shape along the path can lead to some variations in the anisotropy 
parameters for this model of the material, which was established by producing predictions for 
its effective elastic properties.  

 

 
Fig. 8. Scheme for simulating the binder yarn in the 3DRC cell (model 2) with characteristic 

points along its path 
 
A nonlinear approximation was adopted between the points with the given parameter 

values of the elliptical semi-axes characterizing the yarn cross-section, making it possible  
to generate smooth surfaces describing the binder yarns in the simulated cell. The parameter 
values of the warp and weft yarns used to construct the model of the unit cell are  
given in Table 2. 
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The developed algorithm allows describing the configuration of the binder and weft 
yarns in the 3DRC cell with better accuracy, accounting for the manufacturing tolerance of 
the reinforcement cage parameters. The geometric models of the 3DRC cell constructed by 
the developed algorithm and the shape of the binder yarn in the models are shown in Fig. 9. 
Comparing the volume fractions of different yarn sets in the constructed models of the 3DRC 
cell (Table 1) with tomographic estimates, we established that the difference in describing the 
volume fraction for model 1 amounts to 1.04% for warp yarns, to 6.26% for weft yarns, and 
to 5.23% for binder yarns. For model 2, these differences amount to 1.04%, 1.15%, and 0.1%, 
respectively. The overall difference in the volume fraction of the reinforcement cage from the 
tomographic data is of the order of 11.6% and 3.1% for the simplified and refined models, 
respectively. Apparently, the refined model of the 3DRC cell, constructed by the developed 
algorithm, is in agreement with the tomographic model with respect to the volume fractions of 
yarn sets in the reinforcement cage of the material. We should note that a larger number of 
finite elements are required to subsequently construct the numerical model of the refined 
3DRC cell for describing the paths and shapes of the binder and weft yarns, compared to the 
model constructed in TexGen. 
 

  
a b 

Fig. 9. Model 1 (a) and model 2 (b) of 3DRC unit cells, constructed by the algorithm 
developed  

 

  
a b 

Fig. 10. Simplified model 1 (a) and refined model 2 (b) for a fragment of 3DRC 
 

Fragments of the composite material were constructed based on geometric models of 
cells using threefold plane translation, including one cell in the center and those adjacent to it 
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(Fig. 10). A boundary-value problem was formulated below for these fragments to compute 
the stress and strain fields in the matrix and fibers of the composite material, predicting its 
mechanical characteristics by the local approximation method.  
 
5. Statement of the micromechanics problem for a structure fragment and an algorithm 
for predicting the elastic characteristics in composite material 
The method of local approximation was proposed by Sokolkin and Tashkinov in [15] and 
further elaborated in [17,18,30,31]. The method relies on the property of linearity, i.e., rapid 
attenuation of correlation functions corresponding to non-uniform stress and strain fields 
(obtained by solving several mechanical problems for composite materials) at a distance of 
two or three characteristic dimensions [17]. In view of this property, it was proposed to 
simulate the required stress and strain fields in the structural elements of the composite by its 
fragments containing one characteristic cell of the structural element in the center and one or 
two nearby layers of the adjacent cells. As a fragment is deformed, the layers of adjacent cells 
produce fields of structural stresses and strains in the central cell; these fields are close to 
those evolving in a composite material with many cells due to the local nature of the 
interaction between the structural elements. The values of the structural stress and strain fields 
averaged over the central cell of the fragment corresponding to the macroscopic stresses and 
strains of equivalent fields evolving in a homogeneous medium with effective mechanical 
properties. Consequently, solving a number of boundary-value problems for the selected 
composite fragment, the effective elastic properties of the composite material can be 
computed from the values found for the averaged (macroscopic) stresses and strains.  

The local approximation method was used in [17,18,30,31] for predicting the effective 
elastic characteristics and solving problems of nonlinear deformation and structural failure in 
unidirectional fiber composites. Solving these nonlinear problems allows determining the 
parameters in the constitutive equations of nonlinear deformation and the strength criteria of 
fiber composites under arbitrary three-dimensional loading. 

We considered a structural fragment of the composite including nine unit cells 
constructed by the developed algorithm with the mean values of the structure parameters 
given in Table 2. However, the local approximation method also allows solving stochastic 
micromechanical problems in implementations for samples of composite fragments with an 
arbitrary arrangement of elements [17]. We intend to explore this topic in our future studies.  

Let us formulate a boundary-value problem for the 3DRC fragment. Solving it by the 
local approximation method, we can obtain microstress and microstrain fields in the structural 
elements of the composite material (matrix in the fibers) corresponding to the given 
macroscopic stresses or strains. 

The computational scheme of the problem includes the given 3DRC fragment (Fig. 10) 
containing nine unit cells. According to the local approximation method, such forces f



  
or displacements uwere given at the boundary of the fragment that the strains or stresses 
averaged over the central cell of the fragment were equal to the given microscopic stresses  

*
ijσ  or strains *

ijε . 
The system of equations for the boundary-value problem from anisotropic elasticity 

theory for a fragment of inhomogeneous structure includes the equilibrium equations, the 
Cauchy geometric relations, and the constitutive equations. 

( ))(+)(
2
1

=)(;0=)( ,,, rururεrσ ijjiijjij
 ; )()(=)( rεrСrσ ijijklij

 ; (1) 
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  (2) 
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Here )(rσ  and )(rε  are the stress and strain tensors in the structural elements of the 
composite material (matrix and fibers), )1(

ijklC  and )2(
ijklC  are the elastic moduli tensors of fibers 

and matrix, respectively, )()( ri λ  is the indicator function, where i is an index corresponding to 
the structural element (1 corresponds to the fiber, 2 to the matrix). 

System (1) and (2) is closed by boundary conditions and conditions for adjusting them 
by local approximation [17,18,30,31]. Displacements u  or forces f



are given at the fragment 
boundary Γ; they are computed in terms of auxiliary tensors for adjusting the boundary 
conditions ijklA  or ijklB  and the given microscopic stresses *

ijσ  or strains *
ijε : 

( ) ( ) ,ˆ Γ∈= rijij frnr σ  ;=ˆ 0
ijij urε  (3) 

,ˆ *
ijijklA σσ = .ˆ *

ijijklB εε =  (4) 
The boundary conditions (3) and (4) allow obtaining the structural stress and strain 

fields from the solution of the boundary problem in the central cell of the fragment, 
corresponding to the given macroscopic stresses or strains. For this purpose, we should first 
determine the components of the tensors for adjusting the boundary conditions ijklA  or ijklB
from the solution of six test problems on the deformation of the fragment considered. 
However, conditions (4) do not have to be satisfied precisely to predict the effective elastic 
properties of the composite. Here it is sufficient to solve six boundary problems for the 
fragment under arbitrary conditions (3) independent of each other and obtain the stresses *

ijσ  
and strains *

ijε  by averaging with respect to the central cell: 

∫ ,
1

=*

lV
ij

l
ij dVσ

V
σ ∫=

lV
ij

l
ij dV

V
.1* εε  (5) 

We can obtain systems of linear equations by assuming these averaged stresses to be 
macroscopic, arising in an equivalent homogeneous medium, and substituting them for all k  
problems ( k =1,2,…,6) into Hooke's law for an anisotropic medium in matrix form [32] with 
the matrix of effective stiffnesses *

ijC  or compliances *
ijS .  

,= * k
jij

k
i εCσ  .= * k

jij
k
i σSε  (6) 

The corresponding tensor and matrix notations for stresses, strains, and elastic moduli 
for writing Hooke's law are given, for example, in [33]. Performing a rearrangement, we  
can divide systems of equations (6) into six systems of linear equations relative to the 
unknowns *

ijC  or *
ijS . 
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jj
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Solving these systems (7) with respect to the unknowns *
ijC , *

ijS , we can determine the 
effective stiffnesses, compliance, and technical elastic constants for an anisotropic 
homogeneous medium equivalent to 3DRC. 

Considering the boundary-value problems ( k =1,2,…,6) mentioned above, it is the most 
convenient to choose the problems on uniaxial strain in the fragment along each of the 
coordinate axes and pure shear in three coordinate planes. The corresponding boundary 
conditions were given by the displacements, and one central point of the fragment was 
additionally fixed to achieve the stability of numerical simulations performed to solve FEM 
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problems. Our computations of effective stiffnesses *
ijC  and compliances *

ijS  from the 
solution of system (7) assumed that the material was orthotropic and the elastic moduli tensor 
satisfied the symmetry conditions. For this reason, the diagonal components *

ijC , *
ijS , 

reflecting the mutual influence of shear strains on each other and on longitudinal stresses, 
were taken equal to zero, while the components of the effective compliance matrix *

ijS  
ji,(  = 1,2,3), located symmetrically relative to the main diagonal, were averaged for 

subsequent computations of elastic constants. 
The given composite model assumed that the yarns impregnated with a polymer 

adhesive consisted of a unidirectionally reinforced transversely isotropic composite material 
whose elastic properties were computed by the Chamis ratios [34]. The elastic properties  
of impregnated carbon filament and polymer matrix used in the computations are  
given in Table 3. 
 
Table 3. Properties of structural elements in 3DRC  

Material xE , 
GPa 

yE , 
GPa 

zE , 
GPa xyν  yzν  xzν  

xyG , 
GPa 

yzG , 
GPa 

xzG , 
GPa 

Impregnated carbon 
filament 200 9.5 9.5 0.014 0.24 0.014 6.93 12.84 6.93 

Polymer matrix 3.7 0.38 1.34 
 

The boundary-value problem formulated in accordance with the local approximation 
method for the composite fragment was solved numerically by the finite element method 
(FEM) using the ANSYS software. Discretization of the fragments was performed using 
SOLID186 solid-state elements. The computational mesh comprised 2.7 million elements and 
5.8 million nodes, selected by estimating the convergence of the numerical solution on the 
predicted values of the elastic moduli (the difference was no more than 1%). 
 
6. Discussion of computational results and comparison with experimental data 
We numerically solved six boundary problems on tension along the coordinate axes and with 
a shift in the coordinate planes of the model fragments constructed for the simplified and 
refined 3DRC structures, obtaining fields of structural stresses and strains in the central cell of 
the fragments. Averaging these fields over the volume of the central cell yielded the 
corresponding values of macrostresses and macrostrains for a homogeneous medium with 
effective properties; next, the above-described algorithm was applied to produce the effective 
compliances and elastic constants for 3DRC. 

Table 4 and Figure 11 show a complete set of effective elastic characteristics, computed 
by two 3DRC models, simplified (model 1) and refined (model 2). For comparison, Table 4 
presents the experimental estimates of the effective elastic moduli xE , yE , xyG  (the OX axis 
is directed along the warp yarns, the OY axis along the weft yarns), obtained by the material's 
manufacturer. Mechanical tests were performed for the same 3DRC specimens that 
participated in microstructural studies. Uniaxial tensile tests were performed by the ASTM 
D3039 standard with a loading rate of 1 mm/min for two sets of strip specimens, the variation 
coefficient for the mean values of Young's modulus amounted to 2.6%. Shear tests were 
performed by the ASTM D5379 standard for a set of five V-notched specimens at a loading 
rate of 2 mm/min, the variation coefficient for the mean values of the shear modulus 
amounted to 12.3%. For convenience, Table 4 additionally shows experimental and model 
values for the volume fractions of reinforcing fibers in 3DRC cells: the total value )( fυ  and 

Microstructural modeling and prediction of effective elastic properties in 3D reinforced composite material 101



the values corresponding to the directions of the OX and OY axes ),( fyfx υυ . Furthermore, 
Table 4 shows the relative differences between 1δ  and 2δ  (%) for the experimental values of 
elastic characteristics and volume fractions of fibers )( ex  and those computed by the first 

)( 1mx  and the second )( 2mx  model.  

100*
)-(

= e

mie
i

x
xx

δ . (8) 

 
Table 4. Computational and experimental effective elastic properties and volume fractions of 
reinforcing fibers in 3DRC  

Characteristics of 3DRC Computation Experiment 1δ , % 2δ , % Model 1 Model 2 
xE , GPa 46.18 49.43 52.38 11.84 5.63 

yE , GPa 61.54 76.29 71.35 13.74 -6.93 

zE , GPa 11.59 8.67    
xyν  0.02 0.02    
yzν  0.26 0.28    
xzν  0.29 0.31    

xyG , GPa 6.87 8.33 7.92 13.24 -5.20 

yzG , GPa 6.20 7.62    
xzG , GPa 6.56 7.43    

fxυ , % 33.86 33.88 32.83 -3.14 -3.20 

fyυ , % 52.95 58.06 59.21 10.57 1.94 

fυ , % 53.90 68.60 65.5 17.71 -4.73 
 

   
a b c 

Fig. 11. Comparison of effective Young's moduli (a), Poisson's ratios (b), and shear moduli 
(c) computed for the first (simplified) and second (refined) 3DRC models 

 
Analyzing the results obtained (see Table 4), we found that the refined geometric model 

of the unit cell, along with the technique for solving boundary-value problems for the 
fragment of the 3DRC structure with subsequent averaging of the obtained stress fields with 
respect to the central cell of the fragment, allows predicting the effective elastic properties of 
3D reinforced composite materials with good accuracy ( δ ≈ 5.2-6.5 %). Using a simplified 
model of the unit cell produces large differences ( δ ≈ 11.8-13.7%) in the computational and 
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experimental data, which is primarily due to the difference in the volume fractions of the weft 
and binder yarns in the simplified model from the experimental values.  

We should note (see Table 4) that the volume fractions of fibers fxυ  close to the 
experimental values ( δ ≈ 3%) were obtained for the weft for both 3DRC models. At the same 
time, the prediction accuracy of effective Young's modulus Ex differs by two times for the two 
models. Therefore, to achieve good prediction accuracy for effective Young's modulus for the 
weft ( δ ≈ 5-6%), not only good agreement with the experimental volume fractions of fibers 
in this direction but also agreement with the total volume fraction of fibers for the cell as a 
whole should be obtained in the geometric model of 3DRC, which is provided by the refined 
model of the cell (model 2).  

Interestingly, the prediction errors of the elastic moduli along the OX and OY axes have 
different signs in the refined model of the composite. The anisotropy parameter of the 
material yx EE / , equal to 0.648 for this model, differs more from the experimental value  

73.0=/ yx EE  than for the simplified model, where 75.0=/ yx EE . The ratio of the volume 
fractions of fibers in these directions )/( fyfx υυ  is closer to the experimental value (0.554) for 
the refined model )583.0=/( fyfx υυ  than for the simplified model )639.0=/( fyfx υυ . The 
likely reason for this is the variation in the cross-sectional shape of the binder yarn along its 
path in the refined model of the 3DRC cell. Moreover, we can see that the greatest error in 
predicting the elastic modulus ( δ ≈ 7%) is observed in the refined model for the weft fibers 

yE  whose volume fraction fyυ  is described with good accuracy ( δ ≈ 2%). 
The difference between the computational and experimental values can also be 

explained by the difference in the values of the elastic characteristics of complex warp and 
weft yarns given by the model from the values detected in the composite, as well as by the 
scatter of the values of the structural parameters in the 3DRC specimen tested. Therefore, we 
intend to further focus on formulating and solving a stochastic mechanical problem using the 
developed structural model and the local approximation method to estimate the mean values, 
variances, and correlation coefficients of the effective elastic characteristics in 3DRC based 
on the scatter found for the structural parameters of the cell (see Table 2). 

 
7. Conclusions 
We have obtained the following key findings: 

- microstructural studies were carried out to determine the mean values and variation 
coefficients for 14 main parameters of the braid unit cell in the given 3D reinforced 
composite. 

- we have constructed an algorithm along with a new model for a braid unit cell of a 
composite with a modified cross-sectional shape of the binder yarn along the path with the 
parameters corresponding to the experimental mean values extracted. 

- the model allows extracting the volume fractions for different yarn sets in the 
composite cell, close to experimental estimates (the difference is about 1%), providing 
accurate predictions for the effective elastic characteristics.  

We have developed a new technique based on the local approximation for predicting the 
effective elastic characteristics of 3D reinforced composite materials. The technique 
incorporates numerical solutions to spatial boundary-value problems for 3D structural 
fragments of the composite with subsequent averaging of the stress and strain fields obtained 
with respect to the central cell of the fragment. We have constructed fragments of the 3DRC 
structure including nine reference unit cells with mean values of the structure's parameters. 
The technique presented was used to numerically solve the boundary-value problems for the 
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constructed structure fragments and compute a full range of effective elastic properties for the 
given 3DRC.  

Comparison with the experimental data showed good accuracy for the proposed new 
model of the braid unit cell (difference of 5.2-6.5% for the predictions of effective Young's 
moduli and the shear modulus in the plane of the warp and weft yarns), while the model 
constructed via the standard TexGen software package yielded predictions with the difference 
of 11.8-13.7%. We can therefore assume that geometric models of 'ideal' 3DRC cells 
constructed via standard software without accounting for manufacturing tolerances of the 
structure parameters cannot provide satisfactory accuracy for the predictions of the effective 
elastic characteristics in the real composite. 

A promising avenue to explore is the further simulation of the stochastic 3DRC 
structure accounting for both mean values extracted and the variation coefficients of the 
structural parameters characterizing the geometry of the braid unit cell. Our follow-up studies 
will formulate and solve a stochastic boundary-value problem for fragments of an arbitrary 
3DRC structure by the local approximation method. It would be interesting to develop and 
implement an algorithm for selecting boundary conditions in boundary-value problems for 
fragments of the 3DRC structure, subsequently obtaining fields of microstructural stresses and 
strains in the central cell of the fragment corresponding to predefined macroscopic quantities. 
This will make it possible to simulate the mechanisms of structural failure (damage 
accumulation) in the cell, describe nonlinear deformation and assess macroscopic strength 
under various loading conditions of the composite material. 
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