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ABSTRACT  
The microstructural model of the mechanical behavior of shape memory alloys was applied to describe the 
operation of a thermomechanical torsion actuator with a TiNi alloy working body and an elastic 
counterbody. The calculated dependences of а recovery strain, maximum stress in a cycle, and irreversible 
deformation on the cycle number were plotted for the working body of the actuator. It is shown that from 
cycle to cycle there is an accumulation of irreversible deformation, the rate of which gradually decreases. 
As a consequence, both the value of а recovery strainand the value of the stresses developed by the actuator 
decrease, which together leads to a decrease in the work output. The influence of the stiffness of the elastic 
counterbody on the specific work produced in the cycle was investigated. It is shown that the produced 
work depends non-monotonically on the stiffness of the counterbody and there is an optimal stiffness at 
which this work is maximized. 
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Introduction 
Currently, actuators with working bodies made of shape memory alloys (SMA) are being 
actively developed and manufactured [1–16]. One of the main sources of interest in such 
actuators is the strict requirements for the weight of the product in modern aircraft, 
spacecraft, and various robotic systems. SMA-based actuators allow achieving a weight 
gain of up to 80 % compared to similar electric and hydraulic actuators [11]. In addition, 
SMA-based actuators are highly reliable, have high rates of developed forces, are quiet in 
operation, have a simple design, and have a small number of moving parts. At the same 
time, SMAs can be equally well used in large actuators that develop significant forces, as 
well as in microactuators. 

The operation of a thermomechanical actuator with SMA working bodies is based 
on the implementation of the shape memory effect – the restoration of deformation 
during heating. Accordingly, when the working body cools, the actuator must return to its 
initial state. The restoration of the initial deformation occurs due to the effect of 
transformation plasticity, which is realized when an external load is applied during 
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cooling. Thus, the working cycle consists of two stages: the "cocking" stage, when the 
working body accumulates deformation and the actuation stage, when the deformation 
of the working body is restored. Actuator designs can be different, but we can distinguish 
between double-sided actuators capable of developing forces in two opposite directions, 
and single-sided actuators, with a working stroke in one direction. Double-sided actuators 
usually use two working bodies made of SMA, which alternately perform a working stroke, 
simultaneously cocking each other [14–16]. But more often, single-sided actuators are 
used, the design of which usually includes a SMA working body, which performs useful 
work when heated, and an elastic counterbody, which restores the initial deformation of 
the working body when cooled due to the stored elastic energy. 

Despite the many advantages of SMA-based actuators, they have some drawbacks. 
The main drawback is the instability of the functional properties of SMA. Multiple 
implementation of the actuator's working cycle leads to the accumulation of irreversible 
deformation, a change in the characteristic temperatures of martensitic transformations, 
a decrease in the magnitude of the recoverable deformation and the developed 
forces [17]. This phenomenon manifests in all SMAs, the scale of changes depends on 
many factors, such as the alloy composition, the type of transformation, preliminary 
thermomechanical treatment, the magnitude of the acting load during the 
transformation, etc. [18–22]. Instability of properties can lead to a decrease in the useful 
work produced in the actuator's working cycle or to its incomplete operation. 

Successful design of SMA-based actuators requires reliable tools of calculating the 
features of their mechanical behavior, including the instability of SMA properties. In 
known studies [15,16,23,24], simplified approaches and simple models are used to 
describe the behavior of the working element, which only allow one to approximately 
determine the actuator characteristics. On the other hand, there are microstructural 
models that can describe all the functional properties of SMA [25–28]. This class of 
models has a high predictive power and is capable of describing changes in SMA 
properties under repeated thermomechanical effects. But these models are not simple 
and transparent enough, and using them to solve specific problems requires additional 
efforts. In this regard, the purpose of this work was to study the possibility of using a 
microstructural model to describe the operation of a thermomechanical actuator based 
on SMA. 
 
Microstructural model 
To describe the mechanical behavior of SMA, the microstructural model developed earlier 
by the authors [28–32] was used in the present work. The representative volume 
considered within its framework corresponds to the material point of the material. The 
microstructural model implies the existence of several structural levels, which, in order 
to better describe the alloy behavior, should reflect the actual microstructure of the 
material. In the proposed model, it is considered that the representative volume consists 
of grains with different orientations of the crystallographic axes, which, in turn, consist 
of volumes occupied by austenite and/or orientational variants of martensite.  

According to the Reuss hypothesis, the deformation of the representative volume is 
calculated by orientational averaging of the deformations of the grains that compose it: 
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𝜀 =  ∑ 𝑓(𝜔)𝜀𝑔𝑟(𝜔)

𝜔

,                                                                                                                            (1) 

where ω is the orientation of crystallographic axes, f(ω) is the volume fraction of grains 
with orientation ω, and εgr(ω) is the deformation of these grains. The grain deformation 
can be represented as the sum of contributions of individual deformation mechanisms: 
𝜀𝑔𝑟 =  𝜀𝐸 +  𝜀𝑇 +  𝜀𝑃ℎ +  𝜀𝑀𝑃,                                                                                                            (2) 
where εE is elastic deformation determined by Hooke’s law, εT is temperature deformation 
due to thermal expansion, εPh is phase deformation, εMP is microplastic deformation. 

To describe the phase deformation, the model introduces internal variables Φn such 
that Φn/N is the volume fraction of the n-th martensite variant, where N is the number of 
possible martensite variants. The grain phase deformation εPh is calculated by averaging 
over all martensite variants: 

ε𝑃ℎ =  
1

𝑁
∑ Φ𝑛

𝑁

𝑛=1

𝐷𝑛,                                                                                                                               (3) 

where Dn is the Bain strain tensor for the n-th variant of martensite. 
The martensitic transformation condition is as follows: 

𝐹𝑛 = ±𝐹𝑓𝑟,                                                                                                                                                (4) 
where Fn is the generalized thermodynamic force causing the growth of the n-th variant 
of martensite, Ffr is the dissipative force preventing the movement of interphase 
boundaries and responsible for the presence of temperature-phase hysteresis, the “+” sign 
corresponds to the direct transformation, and “-”to the reverse one. 

The growing martensitic crystal, due to the incompatibility of its deformation with 
the austenitic matrix, creates internal stresses causing microplastic deformation. When 
calculating this microplastic deformation, the main assumption is that the microplastic 
deformation generated by the growth of a certain martensite variant is proportional to 
the deviator of the Bain deformation of this variant: 

ε𝑀𝑃 =  
1

𝑁
∑ 𝜅𝜀𝑛

𝑚𝑝𝑑𝑒𝑣(𝐷𝑛)

𝑁

𝑛=1

,                                                                                                               (5) 

where εn
mp is the scalar measure of microplastic deformation associated with the growth 

of the n-th martensite variant, κ is the scale factor for microplastic deformation. 
The conditions for the onset of microplastic yield are similar to those for plastic 

yield in the one-dimensional case, taking into account kinematic and isotropic hardening, 
where the role of stress is played by the generalized thermodynamic force Fn

p, and the 
thermodynamic forces Fy and Fn

ρ correspond to kinematic and isotropic hardening: 
|𝐹𝑛

𝑝 − 𝐹𝑛
𝜌

| =  𝐹𝑦,     (𝐹𝑛
𝑝 − 𝐹𝑛

𝜌
)𝑑𝐹𝑛

𝑝 > 0,                                                                                           (6) 
the generalized thermodynamic force causing microplastic deformation is calculated as 
follows: 

𝐹𝑛
𝑝 = 𝜇 ∑ 𝐴𝑚𝑛(Φ𝑚 − 𝑏𝑚),

𝑁

𝑚=1

                                                                                                               (7) 

where bm is the density of oriented defects, A is the matrix defining the interaction of 
martensite variants described in detail in [33,34], and the coefficient μ is calculated as 
follows: 



84  F.S. Belyaev, A.E. Volkov, D.F. Gorbachenko, M.E. Evard 

𝜇 =  −
𝑞0(𝑀𝑠 − 𝑀𝑓)

𝑇0(1 − 2𝛼)
,                                                                                                                             (8) 

𝑇0 =  
𝑀𝑠 + 𝐴𝑓

2
,                                                                                                                                        (9) 

where q0 is the latent heat of transformation, Ms and Mf are the temperatures of the 
beginning and end of direct martensitic transformation, Af is the temperature of the end 
of reverse transformation, T0 is the thermodynamic equilibrium temperature of the phases 
(austenite and martensite), α is the interaction coefficient of martensite variants. 

Deformation defects resulting from microplastic yielding can be divided into two 
groups: oriented defects, which create long-range stress fields, and scattered defects. To 
calculate the densities of oriented defects bn and scattered defects f, the following 
evolution equations are proposed: 

𝑏𝑛̇ =  𝜀𝑛̇
𝑚𝑝 −

1

𝛽∗
|𝑏𝑛|𝜀𝑛̇

𝑚𝑝𝐻(𝑏𝑛𝜀𝑛̇
𝑚𝑝),                                                                                                 (10) 

𝑓̇ =  ∑ |𝜀𝑚̇
𝑚𝑝|

𝑁

𝑚=1

+  𝑟1(𝑓 −  𝑓0)Φ𝑔𝑟𝐻(−Φ𝑔𝑟),                                                                                (11) 

where H is the Heaviside function, β* is the maximum density of oriented defects in grain, 
r1 is the recovery coefficient of scattered defects, f0 is the equilibrium value of scattered 
defects. 

In order to obtain a closed system of equations that allows the calculation of all 
internal variables, it is necessary to introduce hardening laws. In the model, it is 
considered that scattered defects impede the movement of dislocations and thereby 
create isotropic hardening, and pile-ups of oriented defects, generating internal stress 
fields, create kinematic hardening. Linear dependences are proposed to relate hardenings 
to defect densities: 
𝐹𝑛

𝜌
= 𝑎𝜌𝑏𝑛 ,                                                                                                                                            (12) 

𝐹𝑦 = 𝑎𝑦𝑓,                                                                                                                                               (13) 
where aρ and ay are the kinematic and isotropic hardening coefficients, respectively. 
 
Simulation results 
The object of the study was a torsion actuator with a TiNi alloy working body and an 
elastic counterbody. In order for the actuator's working body to recover deformation and 
generate stress upon heating, it needs to be given an initial strain. In the simulated 
experiments, the sample was pre-strained in the martensitic state to 7 % and connected 
to an elastic counterbody of a given stiffness after unloading. Then, heating up to 450 K 
caused the working stroke of the actuator (deformation recovery and stress increase), and 
cooling to 300 K caused cocking (increase in strain and decrease in stress). In the strain-
stress coordinates, a linear trajectory corresponds to the working stroke and cocking. The 
slope of this line is determined by the stiffness of the counterbody. The scheme of 
preparation of the actuator working body and its functioning is shown in Fig. 1. 

To verify the ability of the presented model to describe the behavior of SMA under 
thermomechanical actuator conditions, numerical experiments corresponding to real 
experiments from [17] for a single-sided actuator with working element made of TiNi 
alloy and elastic counterbody were carried out. In the model, a particular alloy is defined  
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Fig. 1. The scheme of initial preparation of the actuator working body and its functioning under 
thermocycling 
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Fig. 2. The evolution of а recovery strain (a) stresses developed by the actuator (b) and accumulated 
residual strain (c) at thermocycling for the actuator with a counterbody stiffness of 11.3 GPa 

 
by a corresponding set of material constants. For the calculations, characteristic 
temperatures and latent heat of martensite transformations were taken directly from [17], 
a temperature of the thermodynamic equilibrium was calculated by Eq. (9), a number of 
martensite variants corresponds to B2↔B19’ martensitic transformation realized in TiNi 
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alloys, other constants were fitted to best describe the change in the working cycle 
parameters of the actuator with a counterbody stiffness of 11.3 GPa at the first ten 
actuations. The considered cycle parameters included: а recovery strain i.e. strain 
recovered by heating (Fig. 2(a)), maximum stresses developed by the actuator (Fig. 2(b)), 
accumulated residual strain (Fig. 2(c)). In Fig. 2, it can be seen that the selected constants 
allowed the model to describe well the evolution of the considered parameters of the 
actuator working cycle for the first ten operations. The list of material constants used for 
modeling is presented in Table 1. 
 
Table 1. Material constants for TiNi alloy 

Material constant Symbol Value 
Number of martensite variants N 12 

Latent heat (enthalpy) of the direct martensitic 
transformation, MJ/m3 

q0 -160  

Characteristic temperatures of martensite transformation, K 

Mf 
Ms 
As 
Af 

310 
332 
340 
363 

Temperature of the thermodynamic equilibrium, K T0 347.5 
interaction coefficient of martensite variants α 0.2 

Microplastic strain scaling factor κ 1 
Coefficient of isotropic hardening, MPa ay 1 

Coefficients of kinematic hardening, MPa aρ 10 
Maximum value of the oriented defects density β* 0.6 

Initial value of scattered defects f0 0 
Scattered defects recovery coefficient r1 0 
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Fig. 3. The evolution of а recovery strain (a) and accumulated residual strain at thermocycling 
 

To verify the predictive power of the model, numerical experiments were performed 
for other counterbody stiffnesses. Figure 3 shows a comparison of the calculated and 
experimental strain dependences of the shape memory effect and the accumulated 
residual strain for the first ten cycles. Figure 3(a) demonstrates that the model predicts 
very well the evolution of а recovery strain up to stiffness 23.5 GPa. For larger values of 
the counterbody stiffness there are some numerical discrepancies, but nevertheless there 
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is a good qualitative agreement. Similar results were obtained for irreversible 
deformation (see Fig. 3(b)), good agreement is observed up to a stiffness of 34.4 GPa, and 
for larger values there is a quality compliance. Thus, the model with a single set of 
material constants allows obtaining good results for stiffnesses close to 11.3 GPa (for 
which the constants were selected), and for the rest it gives a qualitative agreement. 

According to experimental data [17], a significant portion of the residual strain 
appears during the preparation of the working element (preliminary deformation and first 
heating – cycle 0 in Fig. 3(b)), and then it gradually increases from cycle to cycle. It is 
also noted that with high counterbody stiffness, more irreversible deformation 
accumulates during the preparation process, but then it grows insignificantly. Since the 
accumulation of irreversible deformation leads to a decrease in а recovery strain, then 
with high stiffness values it also exhibits greater stability. These features of the operation 
of actuators with different counterbody stiffness can be described using the proposed 
model. 

To determine the efficiency of the actuator, the amount of specific work produced 
during heating must be estimated. It can be calculated by the equation: 

𝐴 =
𝜏𝑟𝛾𝑠𝑚

2
 ,                                                                                                                                           (14) 

where γsm is the а recovery strain and τr is the stresses developed by the actuator.  
The calculation of the influence of the counterbody stiffness on а recovery strain 

and the stresses developed by the actuator are shown in Figs. 4(a) and 4(b), respectively. 
It can be seen that а recovery strain decreases with increasing counterbody stiffness, 
while the stresses developed by the actuator increase. Since the specific work of the 
actuator is proportional to both of these quantities, the antidirectionality of the 
dependencies makes the choice of the optimal counterbody stiffness non-obvious. It can 
also be noted that thermal cycling leads to a decrease in both the recovered strain and 
the developed stresses regardless of the stiffness of the counterbody. Therefore, it can be 
concluded that the specific work of the actuator will gradually decrease during the 
operation of the actuator. 
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Fig. 4. The dependences of а recovery strain (a) and stresses developed by the actuator (b) on stiffness 
of counterbody for first and tenth cycle 
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A series of numerical experiments were carried out to find out the optimum stiffness 
to obtain the highest specific work. The calculated data presented in Fig. 5(a) qualitatively 
correspond to similar experimental data [17], which are presented in Fig. 5(b). As can be 
seen in Fig. 5(a) the specific work of the actuator changes non-monotonically as the 
stiffness of the counterbody increases. There is an optimal stiffness in the range of  
10-15 GPa. As mentioned above changes occurring in the alloy during thermal cycling 
negatively affect the work produced by the actuator, but they practically do not change 
the optimum stiffness (see Fig. 5(a)). 
 

(a) 

0 10 20 30 40 50 60 70
0,0

0,2

0,4

0,6

0,8

1,0

1,2

1,4

S
p

ec
if

ic
 w

o
rk

 (
M

J/
m

3
)

Stiffness (GPa)

 1st cycle

 10th cycle

 

(b) 

 
 

Fig. 5. The dependence of specific work on stiffness of counterbody for first and tenth cycle, simulation 
(a) and experiment [17] (b) 

 
The existence of a maximum of the work produced is an interesting result and is 

explained in [17] as follows. The useful work depends on the magnitudes of the recovered 
strain and the developed stresses, but when the working element is heated during the 
working stroke, these magnitudes are related. In the absence of counteraction, when the 
developed stresses equal to zero, the largest recoverable strain is achieved. The highest 
reactive stresses are achieved under condition of absolutely constraint displacements, i.e. 
when the recoverable strain is zero. It follows that, in both extreme cases, the work 
produced by the SMA element is equal to zero. However, in the intermediate cases, there 
are both recoverable strain and reactive stresses and accordingly the actuator produces 
positive work. Hence, there is possible to find the optimal combination of developed 
stresses and recoverable deformations (determined by the stiffness of the counterbody) 
which provide the maximum work output. 
 
Conclusions 
The presented microstructural model is able to quantitatively describe and predict the 
deformation behavior of SMA under the operating conditions of the thermomechanical 
actuator. It makes it possible to describe the evolution of the actuator working cycle 
parameters at multiple actuations and the peculiarities of the working element behavior 
at different counterbody stiffnesses. Results of numerical experiments are in good 
agreement with experimental data. 
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The model allows to calculate the performance of the actuator in the first cycle and 
after multiple actuations. It also makes it possible to describe the non-monotonic 
variation of the specific work as a function of the counterbody stiffness and thus can be 
used to optimize the actuator working cycle. 
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