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Abstract. The theoretical model is suggested which describes a new micromechanism of 

strengthening in the ultrafine-grained Al-Cu-Zr alloy subjected to severe plastic deformation. 

The departure point in this theoretical model is the assumption that the key role in the plastic 

deformation of high-pressure torsion processed ultrafine grained Al is played by extrinsic 

grain boundary dislocations (EGBDs) gliding along non-equilibrium grain boundaries and 

forming dislocation pile-ups at triple junctions of the grain boundaries. Within the model, 

nanoprecipitates of Al2Cu at grain boundaries act as obstacles for the slip of extrinsic grain-

boundary dislocations (EGBDs) that leads to a significant increase in the strength of the Al-

Cu-Zr alloy. The plastic deformation occurs through the emission of lattice dislocations from 

the pile-up of EGBDs pressed to a triple junction of grain boundaries. It is shown that the 

division of gliding EGBDs into separate pile-ups by nanoprecipitates can provide substantial 

additional hardening of the alloy. The proposed model is in good quantitative agreement with 

available experimental results. 
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1. Introduction

Aluminum-based alloys exhibit high electrical conductivity and corrosion resistance.

However, the modern practical applications of aluminum-based alloys also require high

mechanical strength. One of the ways to substantially increase the strength of aluminum

and Al-based alloys is the formation of ultrafine-grained or nanocrystalline structures

through processing by severe plastic deformation (SPD) [1-4]. Alloying of aluminum with

different doping elements such as copper (Cu) [5,6], magnesium (Mg) [7], zirconium (Zr)

[8,9], etc also contributes to strength increase. It is well known that doping with copper

leads to a refinement of the grain structure [10-12] and an increase in the strength

[4,10] of aluminum-based alloys subjected to severe plastic deformation (SPD).

For example, in a recent work [13], it is shown that Al-Cu-Zr alloy
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structured by high-pressure torsion (HPT) demonstrates a significant increase in the strength 

characteristics while maintaining functional ductility and good electrical conductivity. The 

authors [13,14] observed the formation of individual Cu-containing nanosized precipitates –
nanoprecipitates of the Al2Cu secondary phase (Al2Cu-NPs) with sizes of 20–40 nm at grain

boundaries (GBs) as a result of HPT processing of Al-Cu-Zr alloy. According to [13], the 

formation of such Al2Cu-NPs at GBs contributes to a significant increase in the strength of the 

Al-Cu-Zr alloy, which is hard to explain by known strengthening mechanisms. As was shown 

in [13], the value of such additional strengthening related to the Al2Cu-NPs at GBs is about 130 

MPa which is comparable with the contribution from GB strengthening to the total strength of 

this alloy. 

The main aim of this work is to develop a theoretical model which would describe the 

strengthening mechanism in the Al-Cu-Zr alloy due to the Al2Cu-NPs at GBs. In doing so, the 

departure point in this modeling is the assumption [15-18] that the key role in the plastic 

deformation of HPT processed ultrafine-grained (UFG) Al is played by extrinsic grain 

boundary dislocations (EGBDs) gliding along non-equilibrium GBs and forming dislocation 

pile-ups at triple junctions of the GBs. The critical stress required for the emission of lattice 

dislocations from the heads of such pile-ups to the bulk of neighboring grains was considered 

the flow stress of the UFG material [15-17]. With this assumption, some theoretical models 

were developed to explain the experimentally revealed effects of annealing-induced hardening 

[15,16] and deformation-induced softening [15,17] in HPT treated UFG Al, as well as the 

suppression of the annealing-induced hardening effect in it at low-temperature mechanical 

testing [18]. Since in the Al-Cu-Zr alloy structured in a similar HPT route, new important 

elements of the non-equilibrium GB structure – Al2Cu-NPs – appear, one can expect their

strong interaction with EGBDs and new significant features in the behavior of the latter. In the 

following section, we suggest a new theoretical model which reflects the interplay of EGBDs 

and Al2Cu-NPs and allows us to estimate the contribution of Al2Cu-NPs to the strengthening 

of the UFG Al-Cu-Zr alloy. 

Model 

Consider a single GB with an initial defect structure characterized by a pile-up of the EGBDs 

pressed by external shear stress   to a triple junction of GBs (Fig. 1(a)). It is well known that

such dislocation pile-up can emit lattice dislocations from the triple junction into the adjacent 

grain. Let an edge lattice dislocation with the Burgers vector b  (hereinafter called b -

dislocation) be emitted from the head of the dislocation pile-up under the action of the external 

shear stress   and glide along a crystallographic plane that makes the angle   with the GB

plane. In terms of the continuum approach, the emission of the b -dislocation can be represented 

as the formation of a dipole of the lattice dislocations with Burgers vectors b  (Fig. 1(a)).

According to our new model, the aforementioned Al2Cu-NPs act as obstacles to the slip 

of the EGBDs. Thus, the appearance of the Al2Cu-NPs in Al-Cu-Zr alloy structured by HPT 

leads to the formation of a new defect structure in the GB, which is characterized by N  Al2Cu-

NPs periodically distributed along the GB with a period l, and (N+1) identical pile-ups of 

EGBDs pressed by external shear stress τ to the NPs and to the triple junction of the GBs (Fig.

1(b)). For the sake of simplicity, the dislocation pile-ups at the NPs are modeled by edge 

superdislocations with Burgers vector B (hereinafter we call them B -superdislocations). The 

magnitudes of the superdislocation Burgers vectors are supposed to be the same, gbnbB = ,

where n is the number of the EGBDs in each dislocation pile-up (Fig. 1(b)), and gbb  is the 

magnitude of the Burgers vector of an EGBD. 
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Fig. 1. Models of the lattice dislocation emission from the head of the pile-up of the EGBDs 

when (a) there are no NPs in the GB and (b) there are two NPs in the GB 

Within the model, the combined action of the external shear stress   and the shear stress

field created by the superdislocations at the NPs leads to the emission of the lattice b -

dislocation from the triple junction of the GBs. The emission event can be modeled as the 

formation of the corresponding b -dislocation dipole (Fig. 1(b)).

Consider now the energy characteristics of the dislocation emission event illustrated in 

Fig. 1(b), and compare them with the energy characteristics of the dislocation emission from 

the head of the initial dislocation pile-up (Fig. 1(a)). In doing so, we will calculate the difference 

between the total energies characterizing the structure after and before the dislocation emission 

in the case shown in Fig. 1(b). The considered transformation of the defect system is 

energetically favorable if the total energy of the defect system decreases and energetically 

unfavorable if not.  

The dislocation emission process is specified by the energy difference, 12 WWW −= ,

where 1W  is the energy of the initial state of the system before the dislocation emission and 2W

is the energy of the system after the dislocation emission (Fig. 1(b)). Such a transformation of 

the defect system is energetically favorable if 0W .

The energy difference W  is determined by the expression:
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selfE  denotes the self-energy of the b -dislocation dipole, bbB
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where )]1(2/[  −= GD , G  is the shear modulus,   is the Poisson ratio, p  is the dipole arm

(in other words, it is the path moved by the emitted b -dislocation), and brc   is the cut-off

radius of the stress fields of the b -dislocations.

To calculate the interaction energy between deferent defects, the standard procedure of 

calculating the work spent to nucleate a defect (or a group of defects) in the stress field of 

another defect (see, for example, [19] for details) was used. In doing so, according to Mura’s 
method [20], the sum interaction energies bbB
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where illi = , ix  are the positions of the EGBDs within the pile-up at the triple junction of the 

GBs (they are calculated as the roots of the first derivative of the Laguerre polynomial [21] 

within a special numerical iteration procedure described briefly below). 

To determine the positions xi of the EGBDs with taking into account the stress field of 

the B-superdislocations, the following numerical calculation algorithm was used. At first, the 

equilibrium positions of the EGBDs under the action of constant external shear stress τ only

were calculated. Then they were recalculated with the account for the B -superdislocation stress 

effect. These corrected values of ix  were then used to find newly corrected values of the EGBD 

positions in the next iteration, and so on. This iteration procedure of subsequent corrections was 

performed until the values of xi converge to some constant values. 

The energy that specifies the interaction of the external shear stress   with the lattice b
-dislocations is given by

αpbτE 2cosint −= . (5) 

Results and Discussion 

Let us analyze the dependences of the energy change W on the characteristics of the system

under consideration in the exemplary case of the UFG Al-Cu-Zr alloy with the average grain 

size 300d nm [13]. First, the dependences of W on the distance p  moved by the b -

dislocation in the grain interior were calculated for different values of the external shear stress 

  at the following typical values of the system parameters [22,23]: 27=G GPa, 33.0= ,

405.0=a nm, 2/2ab = , 1.0=gbb nm, and )1/( += Ndl . The emission angle   was chosen

as the average angle = 22  between 0  and 45  that corresponds to the maximum and

minimum levels of the external shear stress  , respectively. The total number of EGBDs in all

the cases under investigation is taken as 36)1( =+= nNm . This value well corresponds to the

typical length of GBs in experiments [23,24] and allowed us to obtain the results that well meet 

the levels of the flow stress measured in [13]. The shear stress   is related to the flow stress 
as follows:  2cos/2= . The curves )( pW  are shown in Fig. 2 for different values of the

flow stress   at 36=n , 18, and 12 in the cases of no NPs ( 0=N , Fig. 2(a)), one NP ( 1=N ,

Fig. 2(b)), and two NPs ( 2=N , Fig. 2(c)), respectively, in the GB that corresponds to direct

experimental observations of Al2Cu-NPs in [13].  
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In the case of no NPs ( 0=N , see Fig. 1a), the critical value of the flow stress c = ,

under which the dislocation emission becomes energetically favorable ( 0=W  at 1=p  nm

and 0/  pW  at 1p  nm), is equal to 320 MPa (see the red curve in Fig. 2(a)). Indeed, for

c  , there is an energy barrier for the emission (here it is ~1 eV/nm for 220=  MPa, see

Fig. 2(a)), while for c  , there is no energy barrier and, moreover, 0W  and

0/  pW  at 1p  nm (see here the curve for 420=  MPa in Fig. 2(a)).

Fig. 2. Dependences of the energy difference ∆W on the distance p for different values of the

flow stress σ and the number of the EGBDs in the pile-ups: (a) n=36, (b) 18, and (c) 12 in the

cases of N=0, 1, and 2, respectively. The red curves correspond to the critical values of the 

flow stress under which the dislocation emission becomes energetically favorable 

In the cases of one and two NPs ( 1=N  and 2, see Figs. 2(b,c)), the emission of lattice

dislocations becomes energetically favorable at 450= c  MPa and 680 MPa, respectively. 

To explain these results, we calculated the sum shear stress sum  in front of the pile-up, at 0=
and at the distance 1 nm from the head EGBD – just in the emission region – for the three cases:

(i) 320,0 == N  MPa, (ii) 450,1 == N  MPa, and (iii) 680,2 == N  MPa. The results are

83.2sum GPa in case (i), 2.78 GPa in case (ii), and 2.79 GPa in case (iii) which is roughly 2.8

GPa in all three cases. This value is approximately equal to 10/G  that is of the order of 

magnitude of the theoretical shear strength. 

The dependence of the critical flow stress c  on the number N of the NPs in the GB is

shown in Fig. 3. As is seen, c  noticeably increases with N  and the discrete dependence

)(Nc  is very close to linear. To determine the best-fitting line approximating our calculated 

points, we used the method of least squares. In the framework of this method, the equation of 

the best-fitting line for the dependence )(Nc  is given in units of GPa as follows:
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The corresponding linear dependence )(Nc  is shown by the solid line in Fig. 3. This 

result can be used for rough estimates of the expected yield stress of the UFG Al-Cu-Zr alloy 

with Al2Cu-NPs in GBs, depending on the average number of nanoprecipitates at the boundary. 

Thus, it is shown that, in the case of no NPs in GBs, the critical flow stress is about 320 

MPa. It corresponds well to the value of the yield stress 2.0  estimated on the basis of

experimentally determined microstructural parameters as the sum of contributions from known 

strengthening mechanisms, such as the Peierls-Nabarro hardening, the solid solution hardening, 

the strain hardening, the GB hardening and the dispersion hardening [13]. In contrast, in the 

case with one Al2Cu-NP in a GB, it is about 450 MPa in accordance with measurements in Ref. 

13. Therefore, the difference in 130 MPa can be attributed to the role of Al2Cu-NPs as obstacles

for the glide of EGBDs in non-equilibrium GBs typical for HPT processed metals and alloys.

This difference characterizes the value of the additional hardening of the UFG Al-Cu-Zr alloy

structured by HPT and demonstrates good agreement with experimental data [13]. It should be

noted that in the HPT processed Al-Zr alloy, in which GBs did not contain any precipitates of

secondary phase, the theoretically calculated value of 2.0  as the sum of known strengthening

mechanisms well corresponds to the experimental value of the yield stress [24].

Fig. 3. Dependence of the critical flow stress σс on the number N of the NPs. The calculated

points (open circles) are approximated by the best-fitting straight line 

Summary and Conclusions 

Thus, a theoretical model of a new micromechanism of strengthening in the UFG Al-Cu-Zr 

alloy is developed. In the model, the formation of Al2Cu-NPs at GBs, which act as obstacles 

for EGBD slip, leads to a significant increase in the strength of the Al-Cu-Zr alloy. The 

deformation mechanism realizes through the emission of lattice dislocations from the heads of 

the pile-ups of the EGBDs near the triple junctions of the GBs. It is shown that the division of 

gliding EGBDs into separate pile-ups by Al2Cu-NPs can provide additional hardening of the 

UFG Al-Cu-Zr alloy structured by HPT, the value of which well corresponds to experimental 

measurements [13]. 
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