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Abstract. In this paper, the dynamic modeling of functionally graded beams subjected to a 
mobile mass is studied using modal analyzes. The material properties are assumed to vary 
continuously in the transverse direction according to an exponential law. A new simple shear 
deformation beam theory (SFPSDBT) has been formulated and employed in the study, taking 
into account the effect of the material inhomogeneity and as well the inertia of moving mass. 
The governing equations are derived using Hamilton's principle combined with a Galerkin 
weighted residual approach. The forced dynamics are solved by using the implicit Newmark 
method via the MATLAB program. Detailed analysis is performed to determine the impact 
of; material properties distribution, charging speed, the inertia of traveling mass, slenderness 
ratio, and mass weight on the dynamic responses. We can state that the above-mentioned 
effects should be considered in mathematical modeling, as they play a very important role in 
the forced vibration of functionally graded beams undergoing mobile mass. 
Keywords: dynamic modeling, FG beams, mobile mass, SFPSDBT, Galerkin approach, 
charging speed, modal responses. 
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1. Introduction  
Better understanding the vibration behavior of a structure leads to better design to prevent the 
designed structures resonates and suffering damage. Moreover, the influence of various 
parameters on the vibration behavior, such as the section and the length, the damping, as well 
as the materials used, will be better understood. The optimization of the design can result, for 
example, by reducing the weight or increasing stiffness and even improved vibration 
damping [1]. 

The vibratory analysis of structural elements is an important study to solve engineering 
problems. 

Hence, the now ledge of natural frequencies allows the designer to avoid the resonance 
phenomena appearing near the natural frequencies [2]. 
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Functionally graded materials (FGM) are a new class of composite materials whose 
microstructure and composition varied gradually and continuously with a position to optimize 
the mechanical and thermal performance of the structure they constitute. This material is 
widely used in many structural fields such as; the fields of aviation, nuclear, civil, and 
automotive. Several researchers have been studied the mechanical and thermal behavior of 
FGM structures [3-15]. 

To evaluate the vibratory characteristics in the design of products, structures, and 
mechanical parts. The engineer needs analytical models that they allow to simulate both the 
geometric shape of objects (shape and position) and dynamic behavior laws modeled 
structures. These laws are more or less faithful to what is happening in reality. In addition, 
dynamic systems are often subjected to external time-dependent forces leading to forced 
vibration whose amplitude depends on the frequency ratio. If the frequency of the external 
force coincides with one of the natural frequencies of the element under consideration, such as 
beams, plates, and shells; resonance occurs which results in dangerously large oscillations. 
Nami and Janghorban [13] present the resonance behaviors of functionally graduated 
micro/nanoplates using Kirchhof's plate theory, which investigates the effects of the gradient 
parameter, the aspect ratio, and the nonlocal parameter. Khebizi et al. [16] study the impact of 
materials on the parametric resonance of FG plates. 

Many projects have been found in the literature on the static and dynamic study of FGM 
beams. Khebizi et al. [17] were using the theory of Saint-Venant 3D beams to study the 
mechanical behavior of FGM beams. Majak et al. [18] carried out a free vibration analysis of 
nano-beams in functional gradient materials in which they evaluated the Haar wavelet 
method. Garg et al. [19] did a comparative study of different FGM laws using the refined 
layer beam theory. Lee et al. [20] analyze the free vibrations of Euler-Bernoulli FGM beams 
using an exact transfer matrix expression. Moreover, other researchers [21-23] studied the 
dynamic stability of FGM beams. The study of the forced vibratory behavior of the FGM 
beam has also attracted research-intensive interest. For example, Simsek and Kocaturk [24] 
studied the free and forced vibration of functionally graded beams subjected to moving 
harmonic load concentrated, based on the classical theory of Euler-Bernoulli. Almbaidin and 
Abu-alshaukh [25] used a model derived fractional-Caputo Fabrizio to analyze the speed of 
the oscillator, the rank order of materials, the damping ratio, and the fractional drift simply 
supported FGM beam under an oscillator moving. Elmeiche et al. [26] carried out an analysis 
of the dynamic behavior of nano-beams in functional gradation materials (FGM) excited by a 
moving concentrated load, based on the theory of nonlocal elasticity, taking into account the 
effect of shear strain beams. Nguyen et al. [27] studied the dynamic response of non-uniform 
porous FGM beams subjected to dynamic forces; they assume that the cross-section of the 
beam varies longitudinally in the width direction by a linear or quadratic function. 

The main objective of this research is to present a model which characterizes the forced 
dynamic behavior of a simply supported functionally graded beam undergone by a moving 
mass. Based on the new Simple Fifth order Polynomial Shear Deformation Theory 
(SFPSDBT), the equations of motion are derived using Hamilton's principle combined with a 
weighted residual Galerkin approach. MATLAB software is adopted to solve the modal 
responses of the vibratory system via Newmark's implicit method. Furthermore, the 
distribution of material properties, velocity, and inertia of the mobile mass, slenderness ratio, 
and mass weight on the dynamic deflection of functionally graded beams are analyzed in 
detail. 
 
2. Dynamics modeling 
Consider a simply-supported FG beam of length L, uniform thickness h and width b, 
subjected to a transverse mass (M) which moves by a transient motion defined by a constant 
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velocity 'νM' see Fig. 1. The upper and lower faces of the beam are at z=±h/2. The 
Functionally Graded Material (FGM) varies continuously due to the gradual change in the 
volume fraction of the constituent materials, generally in the thickness direction. It is assumed 
that the beam has a linear elastic behavior with the Cartesian coordinate system (o, x, y, z). 
  

 
Fig. 1. FGM beam under dynamic moving mass 

 
3. Kinematics 
Based on the third-order shear deformation beam theories, the displacements coordinates of 
any point of the beam are given as:  

o o ,x o

o

u( x , z ,t ) u ( x ,t ) z .w ( x ,t ) f ( z ). (x,t)
w( x , z ,t ) w ( x ,t )
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u0(x, t) and w0(x, t) are the displacement components in the middle of the section and on the 
mean line of the beam respectively along the (x) and (z) axes. ϕ0(x, t)  is the distortion, also 
measured on the middle line of the beam. (t) represent the time index. In the small 
disturbances hypothesis, the strain-displacement relations of the high order beam theories are 
written as follows: 
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(2)   

The new shear stress distribution function is defined by a Simple Fifth-order 
Polynomial (SFP) such as: 
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where 𝑓𝑓(𝑧𝑧) is the shape function that characterizes the transverse shear strain and shear stress 
through the depth of the beam. 𝑔𝑔(𝑧𝑧) is the derivative of transverse shear functions along the 
thickness direction (z). 
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4. Constitutive Equations 
In this study, the material properties (Young's modulus E, Poisson's ratio υ and density ρ) 
vary continuously in the thickness direction "h" of the beam according to exponential law   
(E-FGM). Many researchers use the exponential function to describe the material properties 
of materials, for the sake of simplicity. The exponential function is found by Delale and 
Erdogan [28]: 

0 0
1( ) exp( (1 2 )),  ln
2

t
t

b

PP z P z h
P

δ δ
 

= − − =  
 

,  (5) 

( )P z  denotes the effective material properties. tP  and bP  denote the variable values at the top 
and bottom of functionally graded beams, respectively. The variation profile of material 
properties through the thickness of the beams E-FGM is shown in Fig. 2. Remarkably, the 
variation of material properties is done using a single function that dominates the distribution 
of materials in the Exponentially Functionally Graded beams (E-FGM). 
 

 
Fig. 2. Variation of material properties in an E-FGM beam 

 
The stress-strain relations of the functionally graded beam can be written as: 

xx xx

yy yy

zz zz

xy xy

xz xz

yz yz

Q Q Q
Q Q Q
Q Q Q

Q
Q

Q

σ ε   
   σ ε   
   σ ε =     σ γ     

     σ γ
     
σ γ       

11 12 13

21 22 23

31 32 33

44

55

66

0 0 0
0 0 0
0 0 0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0                                            

(6) 

The axial force (𝑁𝑁𝑐𝑐), bending moments (𝑀𝑀𝑐𝑐 𝑎𝑎𝑎𝑎𝑎𝑎 𝑀𝑀𝑠𝑠𝑠𝑠) and shear force (𝑄𝑄𝑠𝑠𝑠𝑠) are 
defined by:   
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Exponent (c) indicates conventional theories of classical beams, while exponent (sd) are 
additional quantities incorporating the effects of shear strain. The constitutive equations for 
FGM beam forces and strains are obtained by using Equations 2, 7, and 6: 
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The extensional, coupling, bending, and transverse shear stiffness are given as follows: 
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where the reduced elastic constants are defined by: 
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5. Variational formulations 
To derive the equations of motion, the equilibrium equations will be obtained from the 
Hamilton principle: 
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The virtual strain energy Γδ is given by:  
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The variation of the kinetic energy δ∆  is obtained as: 
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Such as: 
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1 2 3 4 5 6 1 .                                  (16) 

The virtual potential energy 𝛿𝛿𝛿𝛿 of the moving masse can be expressed as: 
𝛿𝛿𝛿𝛿 = −∫ 𝑃𝑃(𝑥𝑥, 𝑡𝑡). 𝛿𝛿𝑤𝑤0.𝑑𝑑𝑑𝑑 𝐿𝐿

0  .                                                                (17) 
The moving mass 𝑃𝑃(𝑥𝑥, 𝑡𝑡) including convective acceleration is given by 

𝑃𝑃(𝑥𝑥, 𝑡𝑡) = 𝑀𝑀𝑚𝑚.𝑔𝑔𝐺𝐺 . 𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑀𝑀𝑡𝑡) + 𝑀𝑀𝑚𝑚. 𝑤̈𝑤0(𝑣𝑣𝑀𝑀𝑡𝑡, 𝑡𝑡). 𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑀𝑀𝑡𝑡),                           (18) 
(𝑀𝑀𝑚𝑚)  is the moving mass, (𝑣𝑣𝑀𝑀) is the traveling mass speed, δ(. )  Is Dirac delta function, 
(gG) is the gravitational acceleration (gG≈ 9.81m/s2), and (x) is the abscissa, measured from 
the left end of the FGM beam. When (𝑡𝑡 = 𝑡𝑡𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼), the moving mass (𝑀𝑀𝑚𝑚) is in the left 
support of the beam whereas when (𝑡𝑡 = 𝑡𝑡𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹), the mass (𝑀𝑀𝑚𝑚) just comes on the right 
support of the beam. The first and second terms of equation (18) are the virtual potential 
energy due to the weight and inertia of the moving mass, respectively. 
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6. Governing motion equations 
The governing equilibrium equations of the present study can be obtained by integrating the 
derivatives by parts and replacing equations (14), (15) and (17) in equation (13): 
𝜕𝜕𝑁𝑁𝑐𝑐

𝜕𝜕𝜕𝜕
= 𝐼𝐼1. 𝑢̈𝑢0 − 𝐼𝐼2. 𝑤̈𝑤0,𝑥𝑥 + 𝐼𝐼3.ϕ0̈ ,                                                                      (19) 

𝜕𝜕2𝑀𝑀𝑐𝑐

𝜕𝜕𝜕𝜕2
= 𝐼𝐼2. 𝑢̈𝑢0,𝑥𝑥 − 𝐼𝐼4. 𝑤̈𝑤0,𝑥𝑥𝑥𝑥 + 𝐼𝐼5. ϕ̈0,𝑥𝑥 + 𝐼𝐼1. 𝑤̈𝑤0 + 𝑀𝑀𝑚𝑚. �𝑔𝑔𝐺𝐺 + 𝑤̈𝑤0(𝑣𝑣𝑀𝑀𝑡𝑡, 𝑡𝑡)�. 𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑀𝑀𝑡𝑡) ,  (20) 

𝜕𝜕𝑀𝑀𝑠𝑠𝑠𝑠

𝜕𝜕𝜕𝜕
− 𝑄𝑄 = 𝐼𝐼3. 𝑢̈𝑢0 − 𝐼𝐼5. 𝑤̈𝑤0,𝑥𝑥 + 𝐼𝐼6.𝜑𝜑0 .                                                                        (21) 
The variable separation approach is used to the discretization of the partial derivatives 

for the forced vibration problem in the spatial domain; as indicated by the following formulas: 
𝑢𝑢0(𝑥𝑥, 𝑡𝑡) = ∑ 𝜑𝜑𝑗𝑗(𝑥𝑥).𝑢𝑢𝑗𝑗(𝑡𝑡)𝑛𝑛

𝑗𝑗=1    ,                                                                              (22) 
 
𝑤𝑤0(𝑥𝑥, 𝑡𝑡) = ∑ 𝜓𝜓𝑘𝑘(𝑥𝑥).𝑤𝑤𝑘𝑘(𝑡𝑡)𝑛𝑛

𝑘𝑘=1  ,                                                                                  (23) 
 
ϕ0(𝑥𝑥, 𝑡𝑡) = ∑ ∅𝑝𝑝(𝑥𝑥).ϕ𝑝𝑝(𝑡𝑡)𝑛𝑛

𝑝𝑝=1  ,                                                                                     (24) 
where 𝑢𝑢𝑗𝑗(𝑡𝑡), 𝑤𝑤𝑘𝑘(𝑡𝑡)and ϕ𝑝𝑝(𝑡𝑡) are the temporary functions. 𝜑𝜑𝑗𝑗(𝑥𝑥), 𝜓𝜓𝑘𝑘(𝑥𝑥)and ∅𝑝𝑝 (𝑥𝑥) are the 
shapes function associated respectively with the axial, transverse deflection and distortion 
fields of the functionally graded beams.(𝑛𝑛)  is the number of mode shape involved in the 
admissible functions. From Equation (23) we deduce the acceleration of the moving mass: 

( )
n
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  .dx

 =

 


0

  (28) 

The Dirac delta function of the moving mass in the equation (27) is defined by 
Fryba [29]: 

∫ 𝜓𝜓𝑖𝑖(𝑥𝑥). 𝛿𝛿(𝑛𝑛)(𝑥𝑥 − 𝑣𝑣𝑀𝑀𝑡𝑡).𝑑𝑑𝑑𝑑𝐿𝐿
0 = �−(1)𝑛𝑛.𝜓𝜓𝑖𝑖

𝑛𝑛   𝑖𝑖𝑖𝑖   0 < 𝑥𝑥𝑝𝑝 < 𝐿𝐿
    0                 𝑂𝑂𝑂𝑂ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒   

                          (29) 

where  δ(n) represents n-th derivative of the Dirac delta function. The secondary variables are 
turned to zero, the governing differential equation of the functionally graded beams under 
moving mass can be written in the general form: 
[𝑀𝑀(𝑡𝑡)]{𝑞̈𝑞(𝑡𝑡)} + [𝐶𝐶(𝑡𝑡)]{𝑞̇𝑞(𝑡𝑡)} + [𝐾𝐾(𝑡𝑡)]{𝑞𝑞(𝑡𝑡)} = {𝐹𝐹(𝑡𝑡)},                                 (30) 
where the transient mass matrices 𝑀𝑀(𝑡𝑡), transient damping matrices  𝐶𝐶(𝑡𝑡), and transient 
stiffness matrices 𝐾𝐾(𝑡𝑡) are of order [3n × 3n], the temporary displacement vectors {q(t)} and 
temporary force vectors {F(t)} are of order [3n × 1]. It should be noted that since the 
matrices 𝑀𝑀(𝑡𝑡), 𝐶𝐶(𝑡𝑡) and 𝐾𝐾(𝑡𝑡) are updated at each time step, the moving mass problems take 
much longer than the moving load problems. 
 
7. Numerical results and discussion 
Numerical examples are presented and discussed under various parameters to verify the 
correctness of the current model as well as predict the dynamic responses of functionally 
graded material beams excited by a moving mass. In this section, simply supported beams are 
targeted by the functions (31, 32, and 33) which are assumed to be the modal shapes of the 
FGM beam. A mixture of steel and Alumina consists of FGM beam which the mechanical 
properties of each material are listed in Table 2. The material of the beam at the top end is 
pure alumina, whereas it is pure steel at the bottom end of the beam. The material properties 
change through the thickness direction of the beams according to exponential law function (E-
FGM). 
𝜑𝜑𝑗𝑗(𝑥𝑥) = cos �𝑗𝑗.𝜋𝜋

𝐿𝐿
𝑥𝑥�      (j =  1,2, 3, … n),                                                                         (31) 

𝜓𝜓𝑘𝑘(𝑥𝑥) = sin �𝑘𝑘.𝜋𝜋
𝐿𝐿
𝑥𝑥�    (k =  1,2, 3, . . . n),                                                                     (32) 

∅𝑝𝑝(𝑥𝑥) = cos �𝑝𝑝.𝜋𝜋
𝐿𝐿
𝑥𝑥�   (p =  1,2,3, … n).                                                                     (33) 

 
Table 1. Material properties of the functionally graded beam 

Properties Unit Steel Alumina 

E 
ρ 
υ 

GPa 
kg/m3 

- 

210 
7800 
0.3 

390 
3960 
0.3 

 
The governing differential equations of the dynamic system are solved numerically 

using Newmark average acceleration method via MATLAB calculator program, with uniform 
time increment. The normalized transverse dynamic deflection D(t) is calculated at the mid-
span of the FG simply supported beam which gives maximum displacements, expressed by 
the following relation: 
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d

s

w ( L / 2 ,t )
D( t )

w ( L / 2 ,t )
=  ,                                                                    (34) 

𝑤𝑤𝑥𝑥(𝐿𝐿 2� ) is the static deflection of the full steel beam. A maximum normalized dynamic 
deflection is described by: 

max
( / 2, )max( ( )) max
( / 2)

d

s

w L tD D t
w L

 
= =   

 
 .                                                (35) 

The forced dynamic responses are represented by two types of models, model A; 
without mass inertia effect and model B; with mass inertia effect. The mass values are 
normalized against the mass of the beam which is presented in terms of mass ratio  
𝑀𝑀𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 = 𝑀𝑀𝑀𝑀/𝑀𝑀𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏.The initial time is considered by the starting time (𝑡𝑡𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 = 0) and the 
final time 𝑡𝑡𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 is the total traveling time of the moving mass, presented by the symbol T 
(𝑡𝑡𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 = 𝑇𝑇 = 𝐿𝐿

𝑣𝑣𝑀𝑀
). A parametric study was carried out to analyze the effect of; physical 

factors, speed and inertia of the moving mass, slenderness ratio, and mass ratio, on the modal 
responses. 

 

  
Model A                                              Model B 

Fig. 3. Convergence study of maximum normalized dynamic deflection 
 

The values of the maximum dynamic deflection (Dmax) of the functionally graded 
beams as a function of the number of modes with/without mass inertia effect are shown in 
Fig. 3; by varying the displacement speed ( ν ), with L/h = 10. We observe that the results of 
Dmax stabilize from the use of several vibratory modes, regardless of the speed applied and 
the mathematical model is chosen. We can thus say that the response contribution of the 
higher modes to the dynamic deflection cannot be ignored. Consequently, for a satisfactory 
numerical precision in the subsequent calculations, the number of vibratory modes taken is 
fixed at eight (8) for model A and twelve (12) for model B. 

The results of the fundamental frequencies and the dynamic shear correction factor are 
presented in Table 2 to validate the present shearing stress distribution and to predict the 
natural axial, bending, and shear frequencies for short and slenderness simply supported 
functionally graded beams. The dimensionless fundamental frequency (ϖ ) is defined as 
follows: 

𝜛𝜛𝑚𝑚 = 𝜔𝜔𝑚𝑚𝐿𝐿2

ℎ �
𝜌𝜌𝑏𝑏
𝐸𝐸𝑏𝑏

.                                                                                                                                  (36) 

Upon examination of the table, it is revealed that the present eigenfrequencies and the 
dynamic shear correction factor agree with those presented by other researchers. This implies 
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that the present model is applicable in the dynamics of structures with success due to their 
simplicity and efficiency in complex formula systems. 
 
Table 2. Validation of eigenfrequencies ( mϖ ) and dynamic shear correction factors (Kd) 
 
Materials 

 
Functions 

 
Kd 

 
L/h=5 

 

 
L/h=20 

uϖ  wϖ  φϖ  uϖ  wϖ  wϖ  

Present 0.82268 31.494 5.3448 99.631 125.97 5.6865 1497.5 
Thai et al.[30] 0.83747 31.494 5.3517 100.42 125.97 5.6870 1510.8 
Nguyen et al. 
[31] 

0.82316 31.494 5.3447 99.658 125.97 5.6865 1498 

 Pham and Vu 
[32] 

0.82247 31.494 5.3451 99.617 125.97 5.6865 1497.4 

 
 
 

FGM 

Present 0.82268 22.611 3.8184 72.993 90.915 4.0661 1090.5 
Mantari et al. 
[33] 

0.82314 22.611 3.8183 73.069 90.915 4.0661 1091.6 

Nguyen-Xuan et 
al. [34] 

0.82878 22.614 3.8214 73.195 90.915 4.0663 1094.1 

Darijani and 
Mohammadabadi 
[35] 

0.83969 22.617 3.8249 73.605 90.916 4.0666 1101.1 

 
 

Full 
Steel 

Present 0.82268 16.466 2.7945 52.092 65.866 2.9732 782.99 
Gandhe et al. 
[36] 

0.82351 16.466 2.7945 52.117 65.866 2.9732 783.39 

Bedia et al.[37] 0.82546 16.466 2.7958 52.168 65.866 2.9733 784.3 
Ziou et al. [38] 0.82353 16.466 2.7945 52.117 65.866 2.9732 783.4 

 
Table 3. Comparison of maximum normalized dynamic deflections 

 
In Table 3, the maximum dynamic deflections are validated to numerical precedents 

available in the literature, with the corresponding speeds ( mν =20 m/s, mν = 125 m/s and  
mν = 250m/s) for a span L = 20 m, width b = 0.4 m, thickness h = 0.9 m, subjected to a mobile 

mass (M.gG = 100 kN) [39], while varying the materials properties of the Beams. For resent of 
compatibility, the static deflection at the middle of simply supported FG beam is presented in 
the form: 
𝑤𝑤𝑠𝑠 �

𝐿𝐿
2
� = − 𝑃𝑃.𝐿𝐿3

48.𝐸𝐸𝑏𝑏.𝐼𝐼
 .                                                                                                                (37) 

 
Model 
type 

 
Materials 

Maximum normalized dynamic deflections 
mν =20 m/s mν = 125 m/s mν = 250m/s 

Present Ref [39] Present Ref 
[39] 

Present Ref [39] 

 
Model A 

Full Alumina 0.5610 0.5656 0.7537 0.7852 0.9327 0.9321 
FGM 0.7872 0.7868 1.1984 1.2274 1.2186 1.1911 
Full Steel 1.0970 1.0993 1.7277 1.7316 1.4163 1.3825 

 
Model B 

Full Alumina 0.5600 0.5547 0.8211 0.8525 1.0837 1.0913 
FGM 0.7699 0.7701 1.2823 1.3107 1.4400 1.4161 
Full Steel 1.0847 1.0689 1.8466 1.8597 1.5240 1.5636 
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We see that the results obtained are very close to that obtained by Khalili et al. [39]. It is 
also noted that the Dmax is inversely proportional to the beam stiffness for the current model 
A and B. This implies that the material distribution plays a key role in changing the maximum 
transverse dynamic deflections of FGM beams. 

 

  
Model A: mν =20 m/s Model B: mν =20 m/s 

  
Model A: mν = 60 m/s Model B: mν = 60 m/s 

  
Model A: mν = 120 m/s Model B: mν = 120 m/s 
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Model A: mν = 125 m/s Model B: mν = 125 m/s 
Fig. 4. Time histories for normalized mid-span dynamic deflection 

 
In Figure 4, the time history of the normalized transverse dynamic deflection is shown 

by varying the material distributions of the FGM beam using two models A and B. The 
dynamic deflection is plotted under different speeds of the moving mass ( mν =20 m/s,  

mν = 60 m/s, mν = 120 m/s and mν = 125 m/s). We can see the inertia effect of the moving 
mass on the modal responses of the functionally graded beam; the dynamic shape of the 
moving load (model A) differs from that of the moving mass (model B). The maximum 
dynamic deflections obtained with consideration of the mass inertia effect are greater than 
those obtained without the mass inertia effect. This difference becomes large when the speed 
of the moving mass increases and thus negligible when the speeds of the moving mass 
decrease. 

The physical factor of the beam has a favorable impact on the variation of the modal 
responses, the shape of the normalized dynamic deflection becomes highest when the beam is 
purely steel and minimum when the beam is purely alumina, regardless of the speed applied 
and the mathematical model proposed (A or B). For the FGM beam case, the dynamic 
response is optimal because the mechanical properties are a mixture of two basic materials, 
which depends on the combination of the volume fraction of the extreme materials (steel and 
alumina). 

The dynamic system is strongly influenced by the speeds of the moving mass; 
increasing the moving charge speed gives stability to the vibratory behavior of the FGM 
beam, this is quite clear in model A. For low speeds (v = 20m/s), the dynamic deflection 
reacts similarly to an almost static beam. 

The critical position of the moving mass which gives a significant dynamic deflection 
varies according to the values of the speeds, the maximum deflection moves in the middle 
towards the right end of the beam, which is remarkable in model B. 

The mass ratio impact on the maximum dynamic deflections of the functionally graded 
beam is examined in figure 5 for various values of moving mass velocities.  The calculation is 
carried out with a slenderness ratio L/h = 10, 20, 50, and 100. It is observed that the increase 
in mass ratio does not always correspond to the highest amplitudes of the maximum 
normalized dynamic deflections, but it also depends on other secondary parameters such as; 
the slenderness ratio and the speed of the moving mass. The mass ratio is more pronounced at 
high velocity for FGM beams with small and medium aspect ratios. 

Unlike modeling of long FGM beams, the mass ratio is affected when the moving mass 
is traversed at low or medium speeds. For a high velocity, the mass ratio effect is not 
significant because the maximum normalized dynamic deflections fall to values close to zero. 
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L/h=10 L/h=20 

  
L/h=50 L/h=100 

Fig. 5. Influence of mass ratio on maximum normalized dynamic deflections 
 

8. Conclusion  
The dynamic modeling of functionally graded (FG) beams traversed by a mobile mass is 
investigated, based on new Simple Fifth order Polynomial Shear Deformation Beam Theories 
(SFPSDBT). The material properties vary continuously through the thickness direction of the 
beam according to the exponential law function. The modal responses are determined by 
Newmark's temporal integration method via the MATLAB calculator program. The numerical 
results are converged and validated with those available in the literature. Several parameters 
have been described by numerous graphs and tables. The study showed that the dynamic 
behavior of forced vibrations is not only governed by the intrinsic parameter of the beam but 
also by the physical factors of the moving mass. 
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