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Abstract. For the purposes of evaluating the behavior of multicomponent materials under
operating conditions, the paper for the first time constructs in general an exact solution of
systems of Wiener-Hopf integral equations of arbitrary order. Systems of these equations
arise in mixed problems of continuum mechanics for multicomponent materials of complex
rheology. The cases of mixed boundary value problems are considered under the assumption
that there is a change of boundary conditions on the inner or outer boundary of a multilayer
medium. Such mixed problems are reduced to systems of Wiener-Hopf integral equations, the
Fourier transform of the kernels of which is a fairly general meromorphic matrix-a function
that does not coincide with any of the special cases for which the system of equations is
precisely solved. Earlier, the authors considered the case of a system consisting of two
equations. The transfer of these results to the case of an arbitrary number of equations is
based on this previously performed work. Systems of Wiener-Hopf integral equations arise in
the mechanics of deformable media, geophysics, flaw detection, economics, and in a number
of related fields.
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1. Introduction
Systems of Wiener-Hopf integral equations play an important role in a wide variety of
practice areas. Thus, these equations arise in the problems of strength and fracture [1], wave
propagation in elastic bodies [2], acoustics [3], non-destructive testing methods [4], the theory
of scattering of electromagnetic waves, and the creation of an electronic element base [5], the
theory of waves in a liquid [6], geophysics [7], signal filtering [8], economics and finance [9],
in the theory of random processes [10], in the theory of resonances and localization of
processes [11] and in other fields.

Recently, their role has increased due to the creation of the block element theory, which
allows for the direct solution of boundary value problems for systems of partial differential
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equations. The theory of individual Wiener-Hopf equations has been elaborated in detail and
published in print in detail. The theory of systems of Wiener-Hopf integral equations is
problematic, which are investigated by several approaches: using the singular Sochotsky-
Plemel integral [12] and the method of the theory of normalized rings [13]. Both approaches
rely on the factorization of matrix functions K(a ), which are coefficients of the Riemann-
Hilbert matrix functional equations, to which systems of integral equations of the form are
reduced

K(a)Q"(a)=Q (a)+F(a).

However, factorization of matrix functions in the general case, like a single function,
has not yet been possible. Only the types of matrix functions that are functionally
commutative, for which equality is true

K(a)K(B)=K(B)K(a),
or reducible to them, as well as triangular, are factorized.

A new universal modeling method developed by the authors, based on the ideas of
Mandelbrot fractals in conducting research, has been successfully used in solving boundary
value problems for systems of partial differential equations [13]. In this paper, this method is
applied to systems of Wiener-Hopf integral equations for the case of their arbitrary order
having matrix functions K(o) with elements in the form of meromorphic functions.

Matrices-functions K(o) that are functionally commutative are obtained as a special case in

the considered approach.

The simplest method for solving a system of Wiener-Hopf integral equations is to
factorize the coefficient of a functional equation, that is, a meromorphic matrix function
called a symbol. However, as mentioned above, in the general meromorphic case, the
factorization of the symbol could not be carried out. The symbols are factorized only in the
variants described above. Thus, if the factorization of the symbol exists, then the result of the
factorization will represent quite complex expressions, as well as the entire solution vector.
The practice of solving boundary value problems for systems of partial differential equations
has clearly shown how difficult the solution can be when using matrix-function factorization
[13]. The transition to the search for simpler representations of solutions to boundary value
problems, dictated by a new universal modeling method, led to simple problems of
factorization of only functions of some functional equations, and not matrix functions. This
made it possible to obtain a fairly simple representation of solutions to boundary value
problems. Returning to the system of integral equations, it should be noted that the high-level
devices of the singular integral or normalized rings themselves rely on simpler approaches
that could not "lay" all possible functions in them. These methods were the products of
simpler constructions. The solution can be suggested by studying the problem, as in quantum
mechanics, for the simplest type of mixed problems associated with the Helmholtz or
Schrodinger equation. Therefore, following the mentioned universal method, we use an
alternative approach developed in the works of the authors [14,15], which allowed us to solve
exactly the system of two integral Wiener-Hopf equations. It consists in reducing the system
of Wiener-Hopf integral equations to infinite systems of linear algebraic equations, simpler
than functional ones.

Therefore, following the mentioned universal method, we use an alternative approach
developed in the works of the authors [14,15], which allowed us to solve exactly the system
of two integral Wiener-Hopf equations.

The peculiarity of this approach is that if the matrix-function consists of rational
functions, then factorization of matrix-functions may not be necessary to solve a system of
integral equations. This determines the research strategy aimed at avoiding factorization of
matrix functions in the systems of integral equations under consideration.
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2. Basic equations

A system of Wiener-Hopf integral equations given on a semi-infinite interval is considered.
The system is represented as a single equation with a matrix kernel, called the integral
equation symbol, having the form

[k(x-g)x(e)de=f(x), 0<x<w, q={0;0 0y}

1 _ Kuy(a) Ky(a) . Ky(a) 1)
k(x):z—nj K(o)e ™da, K(a)= S R i A
' Ka(a) Ky(a) o Ky(a)

We assume that the elements K (&), m,p=12,.,N of the matrix-function K(a.)
are in general meromorphic functions of the variable. Meromorphic functions K_ (o) and
the determinant det K( o) have the following representation and asymptotic behavior [15]

Kip(a)=D(a)Cpp(a) , detK(a)=D"(a)A(at), A(a)=det|C,,(at)|-
Kup(a)=Top fof “(140(a™)), m=p, K (a)=T,o*(1+0(a™)),
m=p, |o/>1 p=12,..,N.
Here, the functions cyp(a), D(a), A(a) , are whole functions of the first order and of

finite type, that is, of exponential type, in particular, polynomials. It is assumed that whole
functions D(a ), A(a) vanish on sets of values £, and +z, and, accordingly, have
condensation points at infinity in some wedge-shaped regions of the upper, plus, and lower,

minus, parts of the complex plane, as a rule, in the vicinity of the imaginary axis. For the sake
of simplicity, we will not complicate the properties of matrix functions that have zero partial

indices, and the system of integral equations is uniquely solvable in some Lp, p>1. The

properties of the matrix-function elements are described in more detail in [15] and here we
repeat only the following. The determinant A(a ) of the matrix-function has a type No and a

countable set of zeros z, going to infinity, whose distribution density is several N times
greater than zeros &, of the denominator D(a ) having the type o. With this in mind, we

will construct branches from the zeros of the determinant, each of which will have the density
of the zeros of the denominator. To do this, as the first zeros of these branches, we take the
sequence of the first zeros z p=12,.,N of the determinant in ascending order of

mp?
modules or counting counterclockwise. In the future, each next zero z, of the branch p will
be taken from the number z_ with the index p+(mp—-21)N of the first zero with the added
numberz ... - Using these zeros, we construct N whole functions in the form of infinite
products, as was done in [15], which, after dividing by D(a), will give meromorphic
functions denoted M (u) . Their zeros are +z,_ .

We take the components f(x) of the vector of the right part of the system of integral
equations (1) in the form Ap(n)e’i”x, p=12,.,N, Imnp=0.Such component values make

it possible to obtain arbitrary right-hand sides of the system of integral equations, using
Fourier transforms, in the form:

0

1 —inx
fp(x):z—nj A(n)e™dn, p=12,.N.

—00
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Here A (n) -the Fourier transforms of functions f (x).

3. Solution Method
We will look for the solution to the system of integral equations (1), for the vector

f(x) ={A,(7)e™™} of the right part in the following form

00 (0) =B+ Y, e
m=1

Here B,,y,, do notdependon X.

In this part of the study, a new universal modeling method developed by the authors is
used, and successfully applied to systems of differential equations using the transformation
Galerkin [13,16]. The system of Wiener-Hopf integral equations is represented in the form of
a system of differential equations of the form

\
> Hmen(I )(/)p(X) HD(l )f(x) m=12,..,N,
plnl

: o,
L (i—)=—+72 , D (i—)=
mpn ( aX) 8X2 Tmpn ( X)

Following [13,16], Galerkin transformations are applied, leading to separate equations.
In the course of the study, Boggio's theorem is generalized to the case of infinite systems of
equations. The latter is achieved due to the presence of characteristic equations given by
whole functions, the singleness of the zeros of characteristic equations, and the properties of
the Dirichlet exponential series as whole functions with the necessary growth index that
ensures the unigueness of the expansion coefficients [11].

As a result of transformations taking into account the properties of the matrix-function
elements, similar to those performed in [14,15], we obtain an infinite system of linear
algebraic equations, which can be represented in vector form
AY=F, AC)Y=F, p=12,..N, Y={y,.}.

1 Bp -1 -1
s { mé}, Cy =[cwm@ C;=eam ()]
The problem consists of factorization in the form of the sum of the operator of an
infinite system, which contains N times more unknowns than the number of equations. At
the same time the requirement of satisfying the initial system of Wiener-Hopf integral
equations is met. Like the factorization of the terms of the Wiener-Hopf functional equation
in the form of a sum [12] that correlates the number of equations and unknowns, factorization
is performed over the operator of an infinite system of equations. The applied operation is
new, developed by the authors specifically for this type of infinite systems of linear algebraic
equations. Hence, as a result of factorization of the infinite system (2), we obtain exact
solutions of individual correct infinite systems of linear algebraic equations equivalent to the
Wiener-Hopf equations with complicated right-hand sides

(2)
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[ m(x=2)g,()dE =, (0, x20, p=12..N.

1 < 1 1 a-1 -1 —inx
hp(x)zgj >R, C/ATF, + A F)e " dn, ©)
mp(x):ziT M, (u)e ™ du.

7[—00

0, (X)=B (e "™+ y, e, 4)

m=1
Integral equations have a unique solution, as a consequence of the properties of the
constructed functions M (u).

To obtain solutions to the original system of integral equations, we will look for them in
the form of decomposition according to the constructed functions, requiring equality of the

left and right parts. As a result, we come to the relations
N

> K ()Be ™ = A ()e™,
s=1
N

Y KB =AM, Km=|K.m| B={B}, Am={Am)}
s=1
B(7) = K™ (mMA@).
Let us add the found values to the right parts of the expression for ¢, (x), Y, (4).

Then we get the exact solution of the Wiener-Hopf system of equations for each vector of
unknowns in the form

Q,(x) =K (mA®me™ + K ()Y (x),

Y (%) ={Z ye} K™(7) =],

In coordinate form, the solution can be represented in the form
N

qpq (X) = Bp(n)eimx + Z Z gps ysmelzmsx’ Bp(ﬂ) = z gps Ap (77) :

s=1 m=1 s=1
Here we see a complete analogy of the representation of the solution vector of a system
of Wiener-Hopf integral equations decomposed by solutions of individual Wiener-Hopf
integral equations (4), which is similar to decompositions in boundary problems [13].

4. Conclusions

Thus, using examples from the theory of boundary value problems for systems of partial
differential equations [13] and systems it is shown that the new universal modeling method
makes it easier to investigate and solve them, obtaining a representation of vector solutions
decomposed by solutions of scalar problems in multicomponent materials of
complex rheologies.

In solving this problem, it should be noted the significant role of transformation
academician B.G. Galerkin, whose 150th anniversary was celebrated in 2021 year.
Previously, its transformation was used only to a limited extent, avoiding mixed problems
[17-19]. The latter makes it possible not only to build simplified representations of complex
solutions to the problems under consideration but also to obtain solutions to problems that
cannot be investigated by any other methods. At the same time, the article presents for the
first time the representation of exact vector solutions of arbitrary systems of Wiener-Hopf
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integral equations with a meromorphic matrix-function, which makes it possible to make
high-precision management decisions on radiation in multicomponent materials of waves,
planned components.
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