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Abstract. The description of the mass transfer mechanisms in various physical and
engineering fields, e.g., Li-ion batteries, is of significant importance for optimizing their
performance. The present work introduces a comparative study describing the different
responses of a perfectly elastic material when different non-Fickian diffusion situations are
considered. The uncoupled theory of elastic diffusion, in which the diffusion process is
described by non-Fickian laws, such as Cattaneo, Jeffreys-type, and Burgers-type constitutive
laws, is employed in this modeling. The diffusion of lithium ions inside the silicon anode is
one of the physical situations in which diffusion-induced stresses may be significant. An
impulsive initial value problem, consisting of an initial lithium ions amount that starts
impulsively to diffuse over the entire space of a silicon material, is considered. Direct
approach together with Laplace and exponential Fourier transforms techniques are employed
to obtain the solution in the Laplace transformed domain. The inverse Laplace transform is
computed numerically to obtain the solution in the physical domain. Comparisons among the
material responses to different diffusion regimes are presented.
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Introduction

In the middle of the last century, Nabarro [1] suggested that the self-diffusion within the
grains of a polycrystalline solid can cause the solid to "Yield", resulting in a change in the
shape of the solid crystal. Herring [2] developed an underlying theory, based on Nabarro's
suggestion, and presented the calculations of the rate of creeping. Generally speaking, the
diffusion of solute atoms or molecules in solid materials, for example, gases in metal and
lithium ions in the battery, creates diffusion-induced stress (or chemical stress) [3,4] and may
cause fracture or dislocation of the local structure of the solvent [5]. Prussin [3] was the first
author who referred to some estimates of the phenomenon of diffusion-induced stress.
As for the diffusion and chemical stress interactions, Li [4] studied the stress-induced
diffusion model in elastic materials. Yang [6] presented a diffusion equation based on the
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effect of stress-induced diffusion and established a relationship between hydrostatic stress and
the concentration of solute atoms, see also [7-10]. All these works altered the original
structure of Fick's first law by replacing the concentration with the chemical potential. In this
setting, they expressed the non-Fickian diffusion induced by the lattice distortions, in other
words, the coupling between lattice stresses and diffusion. Although the fundamental
hypothesis, in some works, is the coupling between stresses and diffusion, i.e., stress-induced
diffusion and diffusion-induced stress, it seems that neglecting the inertial term in the
conservation of momentum leads eventually to uncoupling elastic diffusion (diffusion-
induced stress), see e.g., [11].

One of the early investigations that had shed light on the stress distributions resulting
from possible non-Fickian mass diffusion mechanisms is the work of Povstenko [12], where
the author expressed this anomaly by applying a fractional diffusion-wave equation and
examined the effect of this non-Fickian diffusion on the stresses with disregarding the reverse
effect of solvent's strain gradient on the diffusing particle flux (i.e. chemical potential is itself
the concentration), see also the monograph [13] for further perspectives and applications.

Normal diffusion processes described by the second Fick’s law, owning the fame linear
time-dependence law of the mean-squared displacement (MSD) of the diffusive substance

2() , IS not dominant in all diffusion situations. Instead, fluorescence spectroscopy
experiments [14] and computer simulations [15] showed a non-linear behavior for the MSD,
such as ballistic behavior in the short time, or crossover from linear in the short time to non-
linear in the intermediate time. We further refer the reader to the comprehensive review [16]
on such non-linear behaviors. Therefore, the normal diffusion equation is no longer valid to
simulate such anomalous behaviors. Furthermore, the lagged response idea [17] with its well-
known fundamental concepts (flux-precedence and gradient-precedence), suggesting the non-
simultaneous response between the flux and the distribution gradient that eliminates the
paradox of instantaneous propagation [18], comprises many macroscopic/microscopic heat
and mass transfer models, e.g., Cattaneo equation [18-22] and Jeffreys equation [23-26]. The
first attempt to model non-anomalous diffusion situations using Jeffreys equation by building
a connection between Jeffreys equation and the two-phase model of mass transfer [27,28] that
corresponds to the two-step model of ultrafast heat transfer [29,30], has been due to [23,24].
Despite the criticism of Jeffreys equation [31] and the hyperbolic Dual-Phase-Lag (DPL)
equation [32], which shows negative values for the temperature in high dimensions, which in
turn prevents these equations from modeling concentration of the diffusing substances, the
authors [25,26] have derived the sufficient conditions for the probabilistic interpretation of
Jeffreys equation and built a connection with the continuous-time random walk scheme. In
spite of the defect of the hyperbolic DPL law, yielding negative values in higher dimensions,
we can adopt it and its modified version [33] (or Burgers-like equation [34]) if the problem is
one-dimensional. The reader can consult Quintanilla and Racke's conditions on the DPL
equations for satisfying stability and well-posedness [35,36]. For other anomalous diffusion
models in higher dimensions, we refer to recent studies [37,38].

The diffusion of lithium ions in a solid-state electrolyte is an engineering environment
rich with anomalous situations which are in any way do not obey the linear behavior

2() , see e.g., [39-44]. In [39], the authors studied the segmental motion of
CH2CH>O/CH>CH(CH3)O moiety of the bulk solid-polymer electrolyte and the hopping
motion of lithium ions ("Li) activated by this segmental motion. They reported experimentally
that the anions (negative ions) diffusion exhibits an anomalous behavior following ()

with 0 < < 1. This anomalous behavior diminishes with the increase in temperature.
Using a molecular dynamic approach, the study [42] reported different diffusion properties of
lithium ions on different structure orientations of pure silicon. They emphasized the
experimental results of [40, 41] that the diffusion is faster in <110> orientation compared with
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other orientations <100> and <111> and requires a smaller critical force. Moreover, during
the charging process of the battery, the pure silicon anode maintains its crystalline structure
for a short period, thereafter it would be transformed into Li-Si alloy. Thus, the diffusion of
lithium becomes an alloy with different lithium concentrations. The low-lithium
concentrations alloy was found to act as a "cage-like™ for the diffusing lithium ions. When the
lithium concentration increased, the pure silicon would be entirely converted to Li-Si alloy
structure, hence the caging effect of the silicon structure disappeared. From a theoretical
viewpoint, studying the disorder-extent of the silicon structure due to discharging/charging
(lithiation/delithiation) processes, requires "'resetting™ the velocity of diffusing lithium to zero
after a certain time for avoiding the velocity from going to infinity. One of the other
anomalous behaviors observed in lithium-ion batteries is the low-frequency impedance
response of LiCoO2|C batteries which makes with the real axis (in /' Nyquist plot) an
angle greater than 45° (the default angle for diffusion impedance known as the Warburg
impedance). In [43], a mathematical description for the electrochemical impedance [45] based
on a fractional kinetic approach was adopted for developing a model that describes the
impedance response of LiCoO2|C batteries by taking into account activation of the anomalous
diffusion, see also [44,46] for other perspectives of anomalous diffusion in lithium-ion
batteries and solids. To perfectly capturethe inertia of lithium ions transport in graphitic
materials, Maiza and coworkers [47] replaced the classical Fickian approach with the non-
instantaneous response assumption represented by the single-phase-lag in the particle flux, in
other words, the first approximation is Cattaneo equation or Maxwell-Cattaneo-Vernotte
(MCV) equation. They compared the two approaches and found that the MCV approach, or
alternatively, the lagging response in the particle flux, allows providing an interpretation of
observed electrochemical behaviors.

The objective of the current study is to introduce a qualitative assessment of the
response of solid solvent when four main types of non-Fickian diffusion events occur:
Cattaneo equation; Jeffreys equation; hyperbolic DPL equation and modified hyperbolic DPL
(Burgers-like) equation. It is concluded from this study to facilitate prior knowledge to simply
recognize the response of the material to possible diffusion processes. We organize the paper
as follows: In the next section, we formulate and solve an initial-value problem in elastic
diffusion based on the different diffusion models. The first fundamental solution is brought in
the Laplace domain. Numerical schemes, graphical representations, and potential discussions
are prepared in Section 0. We give a summary of the work, concluding remarks, and future
generalizations in Section 0.

Diffusion-induced stresses in an infinite domain

The diffusion of atoms or their ions (cations/anions) within a solvent medium causes
distortions in the solvent lattice which could result in the development of local stresses that
are known in the literature as diffusion-induced (or chemical) stresses [6-8]. Conversely,
when the effect of stresses on the diffusion process is considered, then we have a stress-
induced diffusion and Fick's first law is replaced with [2,48]

0
(’):——(’) (’)’ (1)
where ( , ) is the particle flux vector, denotes the position vector in the nth
dimensional space, = 4,..., , and denotes the temporal variable, is the gas

constant, is the absolute temperature, o is the diffusion coefficient and ( , ) is the
chemical potential determined through the constitutive relation [4]

(,)= 1n(,)-Q (,) )
where Q is the partial molar volume (m3/mo)land ( , ) is the hydrostatic stress defined
as the mean of normal stresses, namely,
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+ +

= 3 . (3)

In isothermal thermodynamical processes, the generalized Fick's law (1) with the
chemical potential (2) reads

Q
(!):_O[(i)__(y) (!)] (4)
If the effect of stresses on the diffusion is negligible, or in other words, if we disregard
the nonlinear terms of (4), we recover the classical Fick's firstlaw ( , )=- o (, ).

Because the main goal of this study is to introduce a comparative analysis that
distinguishes the response of the solvent lattice to different types of non-Fickian diffusion, we
assume that the lattice distortions (deformations) are very small and recoverable so that we
can adopt the classical model of linear elasticity which describes the chemical stresses
through the strain-stress constitutive relation [6]

1 Q
==+ ) - t3 ©)
where  are the components of the stress tensor,  are the component of the strain tensor,
, =123, = + + is the volumetric stress,  is the Kronecker delta, and
are Young's modulus and Poisson ratio of the elastic material. Setting = in (5), we get
the relation
3(1-2) 3(1-2) ' ©)
where =3 , = = + + is the volumetric strain, and the strain
components are related to the displacement through the constitutive equation
1
= E( o+ ,), (7)
and = . is the displacement vector. Now substituting from (6) into (5), we obtain
the stress-strain constitutive relation
Q
- + "oy ®)
1+ 1+ )(1-2) 3(1-2)

Here, we consider only the diffusion-induced stress with disregarding the stress-induced
diffusion. Furthermore, we assume that different non-Fickian diffusion situations could occur

during the simulation, so we have altered the classical Fick's firstlaw ( , )=- o (,)
with the following the more inclusive constitutive law [17,26]:
(., + )=-o (,+ ), 9)

where and  are constants of time dimension termed phase-lag in the diffusion flux and
phase-lag in the concentration-gradient respectively. Equation (9) generalizes the approach
followed in [47], wherein the phase lag  has been neglected from their study. The first
approximation of the Taylor series expansion of (9) yields the Jeffreys-type constitutive law
(1+ 0)(,)=- o2+ 9) (,), (10)
which leads to a parabolic type of partial differential equation. Whilst the second
approximation of the Taylor series of the left-hand side of (9) yields the constitutive law
2

(1+ 0 +50%) (,)=- o1+ 09) (,), (11)

which gives a hyperbolic type of partial differential equation known as the hyperbolic DPL
equation. Lastly, the successive lagging response of Fick's law yields the Burger-type
constitutive law [33]

(1+ o+ 205 (,)=- o2+ 0) (,), (12)
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where that = + , =+ [ ,, ,and  are successive phase lags in the diffusion

flux. Introducing the controlling parameters o and 1, the above equations, (10)-(12), can be
combined in the following generic constitutive law:
2

(1+ 0 +( o5+ 12)0%) (,)=- o1+ a) (). (13)

The numbers g and 4, used in the above equation, take their values from the set {0,1},
and they are inserted for invoking various diffusion models from the single unphysical
equation (13), that show up in the following limiting cases:

(i) Equation (13) reduces to the well-known Fick's first law, if and only if o= =0,

and the time constants are identical or neglected, = = 0.

(if) Cattaneo equation can be obtained from (13) when setting o= ;=0and = 0.

(iii) The parabolic flux-precedence (flux-driven) Jeffreys equation is produced, when =
1=0,and <

(iv) The parabolic concentration gradient-precedence Jeffreys equation is obtained, when
o= 1=0and >

(v) For o= 1, ;= 0,equation (13) reduces to the hyperbolic DPL diffusion model.

(vi) Setting =0, =1, > ,equation (13) reduces to the modified hyperbolic DPL

diffusion model or alternatively the Burgers-type equation, such that =+ ,

=+v , ,.where  and . are successive phase lags in the diffusion flux.

Therefore, any local stress will be stimulated by the diffusion process only.
The conservation of momentum for the alloy (solvent and solute atoms) is given in the
absence of external agents by

where = o+ Ly () is the density and  is the density of the solvent at constant
temperature (assumed constant). Because of the linearity assumption in this section, we
neglect the term ()" and keep only the linear term o~ . Therefore, the conservation
of momentum reads
L= 0 - (14)
Likewise, we ignore the dependence of and on the solute concentration and take
them as material constants at a constant temperature. Under these assumptions, the initial
value problem can be modeled in the one-dimensional setting where the displacement vector
and the concentration of the solute are given as

= (,)00, (,)= (.). (15)
Thus, the normal stresses are given by
(1- ) Q
(16)

T+ )a-2) 31-2)°
Q

"+ )1-2) 31-2)" (17)

and the hydrostatic stress is given by

=3l 9! (18)
The equation of conservation of momentum has a nonzero component in -direction,
namely 0> /0 2= 02 / d 2, which upon combining it with the constitutive relation
(16), we obtain
(1-) 02 Q 02 0?
(1+ )(1-2)02 31-2)a2 %52
and the concentration is given by:

(19)
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2

0 02
(1+ 0 +( o5t 12)52)6—: o(1+ a)ﬁ’ (20)
resulted from eliminating the flux ( , ) between (13) and the continuity equation:
0(,)_
(,)+ 0, (21)

=
and considering the one-dimensional setting (15). For our impulsive initial value problem, we
attach the following initial conditions

0(,)
(0= (=) —5— =—"—0[ (=1 (.0
\/ 0 =0 \/ 0
(22)
o(,)
= | = 0.
0 =0
By applying the following transformations
Q1+ )
v 0 v 0 3(1_ ) (23)
(1+ )Y(1-2)
1- T
the governing equations can be cast in the dimensionless form:
02 07 02
Z = _ (24)
02 09?2 02
9 0 L= 1+ ,0) 2 (25)
(1+ +(?+ 1 1) )6__( *t oo )6_2’
= -, (26)
= = - (27)
and the hydrostatic stress
= - (28)
subject to the dimensionless initial conditions [22, 26]
o(,) 0 (.,)
(0= 0)—3—I1 = 00? ()1, (,0)= 51 =0 (29)
=0 =0
where
o ofl+ )(1-2) _ 1+ _
1- T 31- )y °7
a (1-) (30)
The solutions of (24)-(25) subject to (29) are given in the Laplace-Fourier space as
~ _ () 2 ()
(’)_ 2 _ ()[2+ 2_ 2+ ()]’ (31)
~ _ () (32)
(SR S
where
1+ +(2+ ;) 2
~():( (5+ 11) ). (33
1+ N
Here, the tildes refer to the Laplace transform ( , )= { (,); }( , )=
Jo (.)ex( ) ., the hats refer to the Fourier transform ()=
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{C,) ¥ ,)= j_ww (,)ex(p ) ., is the Laplace parameter, and is
the Fourier parameter.

Finding a closed-form expression for the volumetric strain “T , ) in the real domain is
an intractable problem to our knowledge. To extract as much information as possible from the
above simulation, we shall at first invert the Fourier transform using a well-known tabulated
rule, then we invoke to a familiar numerical technique to invert the Laplace transform. The
solutions of the volumetric strain and the concentration are given in the Laplace space:

() — —

- y 2 y 2
()= fexey T D a
-V Oex@V Ol D]

(=39 exev ™00, )

where we have used the rule  ~1{ Zj 5} = Zie x@ | |),see[49].

Results and discussions

In this section we bring the solutions of concentration and volumetric strain to the real domain
by inverting numerically the Laplace transform in equations (34)-(35), [17,50-55]. The
diffusion of lithium ions in silicon anode is chosen for this simulation. Because of the
phenomenological nature of our study, we have considered an infinite silicon medium and
there has been an impulse of lithium ions distributed uniformly on the  -plane ( = 0). No
surprising that if the phenomenon occurs on the picometer scale, the micrometer silicon film
can be considered as a half-space. The crystalline silicon parameters at room temperature

0=298are[8] =159 , =02 2and the density [56] =23 *x16 / 3
The diffusivity of lithium ions in the silicon at room temperature =2 98is o=
1017 2/ [8] and the partial molar volume Q= 7.6 % 1 0% 3/ . Further, we have
chosen the relaxation of particle flux as =1 01%=1 . Using these
parameters, we have

=012,8 =052,1,=249%4186, (36)

and o and 4 will be arbitrarily chosen to study the effects of the concentration gradient and
flux diffusion delay, respectively.

Figure 1 shows the hydrostatic stress at different values of time for the Fickian
diffusion. In the short time domain, the propagation of discontinuities, a characteristic
property in the mathematical model of linear elasticity [57] and coupled thermoelasticity [58],
is clear. As time progresses, the discontinuities go to infinity so that they do not appear in the
long-time domain near the disturbances as Fig. 1(b) shows. In the finite-speed diffusion
governed by the telegrapher "Cattaneo™ equation, there is a characteristic discontinuity in the
concentration profile in the short-time domain when the particle has had time to interact
with the reflecting point [20]. This feature affects the corresponding stress distribution as
shown in Fig. 2, where there are four discontinuity points for the single hydrostatic stress
profile; two of them are due to the mechanical wave and the others are due to the
concentration wave. With the passage of time, the wave term effect in the Cattaneo equation
diminishes and the process transforms to the Fickian diffusion, thereby the discontinuity
points due to finite-speed diffusion diminish in the intermediate time domain as Fig. 2(b). The
long-time behavior of the hydrostatic stress due to finite-speed diffusion coincides with the
long-time behavior of the Fickian diffusion, Fig. 1(b). Not only the temporal progress that
lowers the sharpness of discontinuity points, but also the transition from telegrapher to
telegrapher-like behavior as Fig. 3 exhibits.
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Fig. 1. Hydrostatic stress distribution for Fickian diffusion at different values of time: (a) for a
small value of time; (b) for a large value of time
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Fig. 2. Hydrostatic stress distribution for finite-velocity diffusion at different values of time:
(a) for a small value of time; (b) for a large value of time

0.1

-0.2

UH(IL‘J)

-0.3

-0.4
t=1.0,x0 =
05 — t—1.5,x0 =
t=1.0,x0 =
t=1.5,x0=10°
-0.6 '
-5 0 5

Fig. 3. Elimination of the discontinuity point of the finite-speed diffusion at the transition
from telegrapher to telegrapher-like behavior
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Fig. 4. Hydrostatic stress distribution for the DPL with flux precedence, or the cage-like
diffusion: (a) for different values of time and o = 1 Q(b) for different values of yand =
1.0

As the ratio ( leaves the interval (0,1], i.e., > , the concentration profile described
by ordinary Jeffreys equation converts from the telegrapher-like effect to the cage-like or the

labyrinth-like effects characterized by the crossover from normal diffusion  2( ) in the
short-time domain to anomalous  2( ) , 0< < 1 in the intermediate-time domain,
and lastly from anomalous to normal again  2( ) in the long-time domain, see [26]. The

hydrostatic stress corresponding to this cage-like phenomenon at = 1 Ois depicted in
Fig. 4(a) at relatively small values of the time. In comparison between the material response
to the Fickian diffusion, Fig. 1(a), and to the diffusion with caging at random places within
the solvent, Fig. 4(a), one concludes that the stresses in the diffusion process with caging have
amplitudes less than those in the normal diffusion without caging or labyrinth, but the stresses
in the case of caging reach to deeper points of the solvent compared to the normal diffusion
situation. In view of Fig. 4(b) one can see that the longer the concentration gradient delays,
the least-value and the deeper-distributed stresses within the solvent are.
In the ordinary wave equation, we have the dimensionless from

02 02
77372 (37)
subject to
d (,
(.0= (), g )I_ =0, (38)

which can be obtained from Eqg. (25) by setting =0, =1, and = 0. The first
fundamental solution of the wave equgtion (37), i.e., the initial conditions (38) are considered,
in the Laplace-Fourier domainreads { , )= /( 2+ ?2), which can be solved analytically
as [59]

1
Wave( 1)=§ ( _l |) (39)
The solution (39) is zero everywhere except at the points = £ , where it goes to
infinity at these points. Inserting this solution into Eq. (24) as an external agent stimulating
the lattice strain, we get
1 — —
(,)=m[(-ll)-\/ ( -v | DL (40)
and substituting the resulting volumetric strain (40) and the concentration (39) into the
hydrostatic stress (28) we obtain

(-)=F[( + =D (-1h- v (=Y 1INl (41)
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Therefore, the hydrostatic stress (41) resulting from the ballistic motion of the dispersed
substance is zero everywhere except at the four points = + ,+ — where the stresses go to

infinity also, which refers to the possibility of damaging the solvent medium at these points. It
is noteworthy to mention that if we replace the conditions (38) with

0(,)
(.0=0—=1 = (), (42)
we get the second fundamental solution of the wave equation [12]
1
wave( 7)25 ( _l |) (43)
It is noted that the second fundamental solution (43) has not a probabilistic
interpretation sincej_woo (,) = %I _°°w (=11 = (#1). Thus, we could not

classify the motion following the distribution (43) with a certain dynamical description as the
case of the second Fick’s law and Cattaneo, and Jeffreys equations. For the sake of
completeness in this discussion, we insert the solution (43) into Eqgs (24) and (28), and we
obtain

1 - _
(,)=m[(—ll)—\/ ( -v 1Dl (44)
1 — —
(-):F[( + -1 (-1Dh- v (-v | D]l (45)
The volumetric strain and the hydrostatic stress were not found in the first problem [12].

We present the hydrostatic stresses induced by the nonzero concentration-velocity at the
beginning (45) in Fig. 5 at different values of the time. The four discontinuity points at =

% —are obvious. The two points = + come from the wave motion, while the others
=% S— come from the mechanical wave, refer to Eqgs. (43)-(45). We note the same

velocities and discontinuity points in the hydrostatic stress resulting from the finite-speed
diffusion in the short-time limit, refer to Fig. 2(a).
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Fig. 5. Hydrostatic stress induced by an initial nonzero concentration velocity at different
values of time
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Fig. 6. Hydrostatic stress distribution for hyperbolic DPL diffusion model: (a) for different
values of time, where o = 1 Q(b) for different values of o, where = 1.0

Figure 6(a) illustrates the distributions of hydrostatic stress governed by the hyperbolic
DPL diffusion model at o = 1 Ofor short times. It is found that for any fixed short time, the
mechanical, and diffusive waves are travelling with finite speeds, namely

(vi_,\/Z_o),respectively. i.e., the hydrostatic stress has four discontinuity points at the

locations = +v2 4 .+ — Also, for the fixed value of , we note that the magnitude of

mechanical wavefronts is the same at different values of time (independent of time or
position), but the magnitude of diffusive wavefronts decreases as time passes (exponentially
decreasing with ). Figure 6(b) shows the distributions of hydrostatic stress governed by the
hyperbolic DPL diffusion model for different values of > 1, at instant = 1.0.
We can observe that as  increases, the hydrostatic stress records lower peaks, while the
diffusive wave goes further into the medium because its speed increases, =V2 ,.
As far as there is a significant delay between the concentration gradient and the particle flux
such that or o 1, then the diffusive wave speed becomes greater than the
mechanical wave speed, i.e., , which makes the diffusion process is dominant,
particularly in the short-time domain. This statement is valid only for the diffusion of lithium
ions in silicon medium since the coefficient will be different for other diffusion
circumstances, and thus the mechanical wave speed will differ, =1/y . On the
contrary, the case of Cattaneo diffusion equation is characterized by the relation <

, Where =1 and =1/y , which leads to the dominance of
mechanical waves in the short-time domain.

Figure 7(a) illustrates the distributions of hydrostatic stress associated with the modified
hyperbolic DPL diffusion model at o= 1 Gand ; = 0.2 4 & time elapses. In this case, the

mechanical and the diffusive waves are travelling with finite speeds (\/i_ 1V_0) , respectively,
1

with finite sharp jumps at the wavefronts = + Yo , — as shown in Fig. 7(a) at = 0.1,
1

0.5 and 1. Figure 7(b) clearly reveals that at any instant, for example at = 1.0, the
increasing of 4 at a fixed value of  leads to the magnitude of hydrostatics stress governed

by modified hyperbolic DPL records the small values through interval domain | | < — and

after crossing the mechanical wavefront, the increasing of 0 < ; < 1 has a converse effect
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on the domain — <||< Yo n addition, the magnitude of the mechanical and diffusive
1

wavefronts increases as ; increases.

(2)
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Fig. 7. Hydrostatic stress distribution for modified hyperbolic DPL -diffusion model: (a) for
different values of time, o = 1 Mand ; = 0.2 4;@b) for different valuesof ;, o =10
and =10

We infer that the hydrostatic stress governed by the Fickian diffusion, DPL with flux-
precedence o 1, hyperbolic DPL, and modified hyperbolic DPL are compressive along
the whole domain. The maximum value of the compressive stress is at the location of the
mechanical wavefronts. Otherwise, the hydrostatic stress is governed by the Cattaneo and the
Cattaneo-like diffusion (the gradient-precedence case in which o 1) equations is negative
on the region | | < (compressive stress region). After crossing the point | | = , the
hydrostatic stress values transform suddenly to be positive, i.e., tensile stress region. In
addition, the maximum values of compressive and tensile stresses are at the location of the
mechanical and diffusive wavefronts. In this case, fracture failure is most likely to occur [60].

Conclusions

On a phenomenological basis, we introduced the generalized DPL equation to the uncoupled
theory of elastic diffusion to compare the different responses of the material to these varieties
of non-Fickian diffusion processes. We paid great attention to the hydrostatic stresses
(chemical) inherent within the material. We found that the stresses record higher values in the
normal and Fickian diffusion processes compared with the considered non-Fickian situations.
Many investigations employed Fick's law for modeling the diffusion of solute atoms within a
solid, e.g., the diffusion of lithium ions within the silicon. The stresses resulting from such
investigations contain both the effect of diffusion on stress and the effect of stress on
diffusion. We derived our motivation from the fundamental hypothesis of a recent
investigation that studied the effect of delayed constitutive law on the diffusion of lithium
ions, see [47], without discussing the stresses. Here, we discussed the stresses due to finite-
speed diffusion, refer to Fig. 2, in addition to investigating the effect of other non-Fickian
diffusion models on diffusion-induced stresses. We compared among the different velocities
of the hyperbolic diffusion models and the mechanical wave velocities. The speed of diffusive
waves governed by Cattaneo equation has apparently a velocity less than the mechanical
wave speed in the case of diffusion of lithium ions within the silicon medium. Then, the
mechanical waves dominate the short-time domain. On the contrary, the hyperbolic DPL
diffusion models own speeds greater than the mechanical wave speed, thus, the diffusion
process dominates the short-time domain.
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