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Abstract. In the present paper, the problem of dynamic thermal stresses in a circular plate by 

a moving heat source subject to certain boundary conditions is studied. Solutions and 

numerical results are obtained for the temperature, displacement and stress components. 

Numerical results are given and illustrated graphically. 

 
 

1. Introduction 

Alzaharnah [1] studied the thermal stresses in thick walled cylinders subjected to a periodic 

moving heat source. Phythian [2] studied cylindrical heat flow with arbitrary heating rate in 

which solution of Chen [3] extended to the problem of purely radial heat flow through a 

hollow cylinder under an arbitrary time dependent heat flux at the outer surface and the zero 

heat flux at the internal boundary. Kidawa-Kukla [4] has determined temperature distribution 

in a circular plate heated by a moving heat source. The temperature of plate changes because 

the heat source moves along circular trajectory on the plate surface. Kulkarni et al. [5] have 

been succeeded in determining the quasi-static thermal stresses due to internal heat generation 

in a thin hollow circular disk.  

In the present problem, we extend the work of heat conduction studied by Kidawa-

Kukla [4] and discuss the thermoelastic behavior of a thin circular plate subjected to the 

activity of a heat source which changes its place on the plate surface with time. The heat 

source moves along a circular trajectory round the centre of the plate with constant angular 

velocity. The analytical solution is obtained by following Ozisik [6] with the help of integral 

transform and the results are illustrated graphically. The mathematical model is prepared for 

an aluminum material and illustrated numerically. 

 

2. Problem formulation 

Following Kidawa-Kukla [4], consider a circular thin plate of thickness h and radius  

r = b. This plate is subjected to the activity of a moving heat source. The heat source moves 

on the plate surface along a circular trajectory at radius round centre of the plate with constant 

angular velocity. The temperature distribution  tzrT ,,, of the plate is described by the 

differential equation of heat conduction as in Beck et al. [7], 
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where  tzrT ,,, - temperature, k - thermal conductivity, a - thermal diffusivity, ),,,( tzrg   

denotes a volumetric energy generation. 

In this study, it is assumed that the thermal energy is provided by the moving heat 

source (which moves along a circular trajectory on the plate surface). The function 

),,,( tzrg   occurring in equation (1) has the form 
 

)())(()(),,,( 00 zztrrtzrg   , (2) 
 

where   characterizes the stream of the heat, )(  is the Dirac delta function, 0r  is the radius 

of the circular trajectory along which the heat source moves, )(t  is the function describing 

the movement of the heat source  
 

tt  )( ,  (3) 
 

where   is angular velocity of the moving heat source. 

The differential equation (1) is completed by the following initial and boundary 

conditions: 
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where α0, K are the heat transfer coefficients, T0 is the known temperature of the surrounding 

medium. 

Thermal stresses. Following Kulkarni et al. [5], we assume that for small thickness h 

the plate is in a plane state of stress. In fact “the smaller the thickness of the plate compared to 

its diameter, the nearer to a plane state of stress is the actual state”. Then the displacement 

equations of thermoelasticity have the form  
 

; ,  

 

where displacement component, dilatation, temperature, and  and are 

respectively, the Poisson’s ratio and the linear coefficient of thermal expansion of the plate 

material. 

Introducing   we have ,  

where ,  
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where  is the Lamé constant and  is the Kronecker symbol. 

In the axially-symmetric case . 
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The differential equation governing the displacement potential function ),,( tzr  is given as 
2
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where   is the Poisson’s ratio and at is the coefficient of linear thermal expansion.  

The stresses rr  and   are given by  
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The surface of the circular plate at br   is assumed to be traction free. The boundary 

conditions can be taken as  
 

0rr  at br     (12) 
 

Also, in the plane state of stress within the circular plate 
 

0 zzzzr  .  (13) 

 

Initially, 
 

00  tatT rr    (14) 

 

The equations (1) to (14) constitute the mathematical formulation of the thermoelastic 

problem. 
 

3. Analysis 

Transient heat conduction problem. To obtain the expression for the temperature 

function  tzrT ,,, , we develop the Fourier transforms in first step and the Hankle transform 

in second step defined in [5] respectively as, 
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where p ’s are roots of transcendental equation 
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and β1, β2, β3 ... ... ... ... ... are the roots of the transcendental equation 
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On applying the above transforms and their inverses to equations (1) to (7) the 

temperature distribution function is obtained as  
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Using equation (15) in (8), one obtains the displacement function  as 
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Using (16) in equations (10) and (11), one obtains the thermal stresses respectively as 
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Numerical results and discussions. Calculation results for the response of temperature, 

displacement and stresses are carried out along the radial and axial direction for the fix time 

and the constant surrounding temperature. The aluminum material is chosen for numerical 

calculations. In the calculation process, the material constants necessary to be known are: 

Radius of the circular plate 1b m ; 

Thickness of a circular plate 0.2h m ; 
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Angular velocity 2 , 4 sect     ; 

Heat transfer coefficient α0  = 10; 

Temperature of surrounding medium T0  =  20 
0
C; 

r0 = 0.5; z0 = 0.1;
 

Thermal conductivity 2 10.86 ( )k m s ; 

Thermal diffusivity 6 2 184.18 10 ( )a m s   ; 

Density 3/2707 mkg ; 

Specific heat kgKJcp /896 ; 

Poisson ratio 35.0 ; 

Coefficient of linear thermal expansion
K

at

1
102.22 6 ; 

Lamé constant 67.26 . 

Roots of the transcendental equation. The 1 3.005  , 2 6.772  , 3 10.06  , 

4 13.258  , 5 16.428   are positive roots of transcendental equation  
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The numerical calculation has been carried out with the help of computational 

mathematical software Mathcad-2000 and graphs are plotted with the help of Excel (MS 

Office-2007). 

Figure 1: Due to moving heat source along a circular trajectory round center of the plate 

with constant angular velocity  , heat absorbs towards the center and fluctuations take place 

between centre to outer circular edge of the plate. 
 

 
  

Fig. 1. Temperature function. 
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Figure 2: Since the circular plate is clamped, displacement at outer circular edge 1r   is zero. 

The maximum displacement takes place at center 0r   
 

 
  

Fig. 2. Displacement function. 
 

Figure 3: The radial stress function is zero at outer circular edge 1r  . It develops 

compressive stresses at 0,  =2    where as tensile stresses appear at =  . 
 

 
  

Fig. 3. Radial stress function. 
 

Figure 4: The angular stress function shows variation between 0 1r  . It develops 

compressive stresses at =   where as tensile stresses at 0,  =2   . 
 

 
 

Fig. 4. Angular stress function. 
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4. Conclusion 

In this paper, we consider the heat conduction problem studied by Kidawa-Kukla [3]. Here, 

we modified the solution of the problem studied by Kidawa-Kukla [3] in an analytical form 

with the help of integral transform technique and discussed the thermal stresses.  

In this paper, an analytical model to describe the three dimensional temperature field for 

a circular plate with a heat source which moves over its surface is established with the help of 

integral transform technique. The thermal stresses 
rr ,   have been studied due to the heat 

source ),,,( tzrg   which is an instantaneous point heat source of the stream of the heat of 

strength   which is situated at the point (r0, φ(t), z0) inside the plate, releases its heat 

spontaneously at time t =   whereas φ(t), is the function describing the movement of the heat 

source φ(t) = t which causes cycling heating of various plate areas. We discussed the radial 

stress function 
rr  and angular stress function   at the outer boundary of the plate which 

built in-edge.  
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