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Abstract. Stresses in the filler material of three-layer cylindrical shell with orthotropic load-

bearing layer of structural fiberglass and lightweight filler type polyurethane foam were 

investigated. The effect of elasticity of the filler material on the stresses in the bearing layers 

of three-layered shells of rotation under the action of the ring load is shown. The given results 

enable to estimate the error of the widespread assumptions regarding the cross non-

compressibility of the filler in the calculation of three-layered shells. 

 

 

1. Introduction  
To increase the weight efficiency, specific strength and rigidity the use of membranes layered 

structures is increasing [1]. Their use is constrained as well by the lack of perfection of the 

models, allowing with high accuracy and level of detail to calculate the stress-strain state 

(SSS) under complex influences. In the calculation of shells of heterogeneous layered 

structure is often necessary to determine the SSS from a local radial load.  

 

2. Formulation and solution of the problem  
The analysis of works on research of SSS of layered heterogeneous shells leads to the fact that 

basically a limited range of types of loadings and the conditions of layers fastening is 

considered, as well as models, often not allowing to make an analysis with the required 

accuracy of not regular shells in general taking into account such characteristics as layered 

heterogeneous structure, anisotropy of materials, including the filler layer. 

Efficient (improving the rate of convergence of the numerical results, and hence 

reducing the order of systems of equations, which is especially important for layer-by-layer 

analysis of layered structures) models are obtained for three-layered cylindrical shells, when 

the approximating functions of displacements of the bearing layer using an exact analytical 

solution or approximation of generalized deformations with the subsequent satisfaction of the 

equations of compatibility of deformations [2-10]. 

For filler layers special approximating functions that ensure the continuity of 

displacements on the contact surfaces of the filler with the torque bearing plies are built. On 

the basis of these functions a finite element model (FEM) of the filler as a thick-walled shell 

is received. 

With the help of the developed layered axisymmetric models [2-4] and irregular [5-10] 

cylindrical shells, when the laminated package is simulated from finite elements (FE) of 

bearing layers (shells of Kirchhoff – Love) and FE layers of filler (the filler layer, in turn, can 

be modeled by FE on thickness) an examination of the SSS of three-layer cylindrical shell 

Materials Physics and Mechanics 26 (2016) 33-37 Received: October 12, 2015

© 2016, Institute of Problems of Mechanical Engineering



with orthotropic load-bearing layers of structural fiberglass and lightweight filler type 

polyurethane foam is being held. In the middle of the shell to the inner bearing layer, the 

localized on the axial coordinate (length of the loading platform a/L = 0.067, L is the length 

of the shell) axisymmetric load with intensity p is applied. 

Shell had the following parameters: 

for the filler material (index f) – elastic moduli –  
5

11 22 33 127.8 10 ;f f fE E E Pа   
 

5

12 13 23 50 10 ;f f fG G G Pа     thickness 0.0425 ;fh m   
 

for a material bearing layers (subscript c)  
10

1 2.1 10 ;cE Pа   10

2 2.2 10 ;cE Pа   
1 0,1;с   2 0,105;с   10

12 3.5 10 ;cG Pа   

1 3 0.00375c ch h m  ; 3/ 0.223;L R   
13p / 0.2fG  ;   - Poisson's ratio, 3R  - the radius of the 

middle surface of the outer layer of the carrier. 

The results of the developed model for irregular cylindrical shells [5-10] are being 

compared with the results obtained by using axisymmetric models [2-4]. Due to the small 

number of degrees of freedom of axisymmetric FE their number may be large enough, i.e. 

such as to track features of the SSS changes, including the thickness of the layers of filler. 

As the load is applied symmetrically with respect to a plane perpendicular to the axis of 

the cylindrical shell, it became possible to represent by axisymmetric FE only half of the 

shell, putting the conditions of symmetry. Mesh of partitioning to axisymmetric finite 

elements of wall of the shell was as follows: by the axis of the shell - 31 split lines, by 

thickness – 12 FE (2 elements of bearing layer and 10 elements of layer of filler). 

The boundary conditions at the ends of the shell were the hinge leaning by bearing 

layers. 

At the investigation of this shell with the help of irregular models [5-10] the bearing 

layers are presented as FE of cylindrical shells of  Kirchhoff –Love with five degrees of 

freedom at the node and aggregate – and the filler – as eight-nod three-dimensional finite 

elements. In this case, the filler layer was simulated by thickness by 1) one 2) two 3) three 

finite elements. 

Due to the fact that the load is symmetrical with respect to a plane perpendicular to the 

axis of the shell, and is axially symmetric, only cylindrical strip of a length equal to half the 

length of the entire shell by putting appropriate boundary conditions at the edges is being 

considered. 

Mesh of partitioning is as follows: 16 split lines on the axis of the shell and 3 options of 

splitting on the thickness of the filler was considered: 2, 3 and 4 split lines (i.e., along the 

length 15 elements was considered, by thickness – 3, 4, 5 elements, from them- 2 elements of 

the bearing layer). 

 

3. Stresses in the filler material 

The maximum stresses in the filler -are the stress 
f

33


 
in the area of application of the load. 

Results are shown for the two shell sections: I - in the area of maximum shear stress of normal 

stresses
max
33

  (in the area of application of the load), II - in the area of maximum shear stress 

max
13
  (at a distance of ~ L/10 from the middle of the shell). Stresses are shown in a 

dimensionless form  / p  . Figures 1 shows the variation by the thickness of filler of 

stresses obtained by axisymmetric finite element (n. 4) and rectangular in terms of FE 

cylindrical shells (f. 1, 2, 3 correspond to one, two, and three FE of the filler by thickness). 

The stresses 13

f  in the filler in both areas, as well as 33

f  in the area II almost do not 

change by the layer thickness and the results for these three stresses for embodiments of the 
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partition are approximately equal. Thus, at the determination of these stresses its acceptable to 

simulate the filler by thickness by one three-dimensional eight-nod finite element. 
 

 
 

Fig. 1. The change in the thickness of filler stress 33

f . 

 

The stresses 33

f  in the area I (Fig. 1) changed almost linearly by the thickness of the filler. 

The results of two more precise partitioning options are the same. For the first variant of the 

partition obtained by 33

f  corresponds to the stress in the middle surface of layer and by the 

value is the middle by thickness of filler stress 33

f . Thus, in determining the 33

f  stresses in 

the area under the load it’s possible to  simulate the middle layer by thickness by two three-

dimensional finite elements, and from a distance of approximately L/10 from the middle of 

shell, it is permitted to simulate the filler by thickness by one eight-nod three-dimensional FE. 

The normal stresses in the axial and circumferential direction are not critical for this 

task. As a rule, these stresses are not taken into account for lightweight fillers. The nature of 

the changes in the thickness of filler differs from the linear law. If we use the finite - element 

model with a single FE filler thickness, the greatest errors in determining of 11

f  и 22

f  are 

respectively 33 % and 50 %. With two FEs of filler by thickness, this error will be 20 % and 

25 %, with three FE- 12 % and 14 %. 

By increasing the stiffness of the material of filler the degree of uneven distribution of 

stresses by height of filler in the area of applying the loading at the inner bearing layer 

slightly increases. 

 

4. The influence of elasticity of the filler material on stresses in the layers of three-

layered shells of rotation under the action of the circular load 

For local loads, the widespread assumption about the cross non-compressibility of the filler, 

which greatly simplifies the calculation of three-layered shells, leads to large errors. 

On the example of three-layer cylindrical shell supported by bearing layers at one end, 

under the action of circular radial load to the outer bearing layer at the other end the stress-

strain state for different ratios between the modules of elasticity of aggregate and load-bearing 

layers is being investigated. The calculation is performed for the shells with the following 

parameters: L/Rf=1; Rf/hc=160; Rf/hf=26,7; hc
1= hc

3; 1
1,3=2

1,3=0,31; E1
1,3=E2

1,3; G13
f=G23

f; 

p/E1
1,3=3·10-6; G13

f=E33
f/2,4; 33

33

1

f

c

E
E

E
 = : 0; 10-6; 3,16·10-5; 10-5; 10-4; 1,8·10-4; 3,6·10-4; 

7,2·10-4; 10-3; 1,07·10-3; 1,44·10-3; 10-2; 3,16·10-2; 10-1; 1; 10.   
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The deflections and circular stresses in the bearing layers have the highest values in the 

place of load application. The maximum value of the meridional torques in the bearing layers 

are observed at: 
/ /  3L/64 Rf. With increasing of stiffness of the filler //  is reduced. 

The deflections, circular stresses and meridional torques decrease sharply with distance 

from the point of application of load and become insignificant when  L/4 Rf. 

Graphical dependendecies of the stresses 
1,3 1,3

22,1(3 3) 2 1,/ cT E hT  (circumferential forces) 

for /    L/64Rf and 
1,3

1,1(

1,3 2

1 1 33) 1 ,6 /M E hM   (meridional bending torques) for //   in 

the dimensionless form in bearing layers form ratios of the elastic modules of filler and the 

bearing  layers are shown in Fig. 2. As can be seen from the graphs, when 5

33 10E   (е = 

-lg 33 5E  ) in the outer bearing layer to which the load is applied, the deflection and stresses 

are greatest. In the inner bearing layer parameters of the SSS are near zero. 
 

 
 

Fig. 2. Dependendecies of the stresses 2,1(3)

T  and 1,1(3)

M
 
in the dimensionless from in bearing 

layers form ratios of the elastic modules of filler and the bearing layers. 
 

This is due to the fact that for small values of 
33E the connection between the bearing layers is 

weak and the whole loading is taken by practically one external bearing layer. When 
33E = 0 

the bearing layers of three-layered shell present the two not connected shells, one of which 

gets an external load, while the other shell is not loaded. At the change of ratio 
33E  from 10-5 

to 10-2 (2< е <5) part of the load increases perceived by inner bearing layer. This leads to 

reduce of stress and deflection at the outer bearing layer and to increase in these parameters of 

the SSS at inner bearing layer. 

Thus, when 2

33 10fE   the calculation of three-layered shells in such problems can be 

performed without account of filler transverse compressibility. 
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