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Abstract. Almost all the structures in the fields of practical engineering are applied with various 

kinds of holes, for example, there are manholes in the plane wings. When the structures are 

subject to loads, the stress concentration will appear around the holes, which will reduce both 

the static strength and the fatigue strength. In this paper, in view of the orthotropic plate with 

manholes, the calculation model was established based on complex function, and the analytic 

solution of hole-edge stress of orthotropic plate with complex hole shape was figured out. By 

virtue of mapping function, the parametric equation which accurately describes hole boundary 

was obtained. As a result, based on the established model, under different fiber array, the hole-

edge stress of composite material plate with wing manholes was calculated, and stress 

distributions around the holes under two kinds of fiber array were compared. Thus, this study 

provides theoretical reference for design of flywheel. 

 

 

1. Introduction  

Composite materials have played a more and more important role in the fields of transportation 

since the 1990s, which have been successfully introduced into areas of the aerospace, 

automobiles, train, ship-building and so on. Such wide application promotes the researches on 

the composite materials structures. At the same time, it also poses some problems to be solved, 

for example, the stress concentration on the hole edge. This problem has an important impact 

on structural safety. It is well known that the areas near the holes are the weakest areas of the 

structures. 

Compared with the studies on the hole-edge stress distribution of orthotropic plate with 

an elliptical holes or circular holes, there are limited studies regarding orthotropic plate with 

other type holes. The methods of approximate solution, semi-analytic solution and finite 

element method are usually used to analyze the stress and strength of the composite plate with 

regular holes, but there are some shortcomings in these three methods. First, it is difficult to 

describe accurately the boundary conditions. Second, the semi-analytic solution is limited to 

some special types of holes and cannot solve the problems on boundary conditions of the 
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irregular type of holes, for instance, such kind of disadvantages can be obviously found when 

approximating some irregular holes by means of small parameter. Third, it will induce big error 

when using the finite element method because of the singular element around the holes. 

However, some irregular types of holes are indispensable in certain engineering structures or 

components. Therefore, it is necessary to establish a serial of methods to deal with some type 

of holes which are commonly used in the engineering fields. 

In this paper, in order to achieve the accurate description of stress state of the hole edge 

of the composite material plate, the stress state of composite plate with wing manhole was 

investigated and the analytic solution of the stress on the condition of accurate boundary was 

obtained, which are based on complex function and integral equation. Moreover, the stress 

expressions available were used to analyze and estimate the related parameters such as the 

direction of fiber array and load conditions. In addition, the stress distribution on the hole edge 

under two types of fiber array was compared. 

 

2. Orthotropic plane stress problems  

Composite materials are symmetrical to some extent in the many engineering fields, so most of 

anisotropic problems can be transformed into the orthotropic ones. For orthotropic plate, the 

generalized hook's law can be simplified as follows: 



















































xy

y

x

xy

y

x

SSS

SSS

SSS













662616

262212

161211

.              (1)  

For the plane stress, stress component can be represented as: 
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Assuming the introduced complex invariables: z1=x+s1y and z2=x+s2y, where s1=α1+iβ1, 

s2=α2+iβ2. 

Stress function can be expressed in the form of biharmonic functions as: 
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By integration by parts, the equation of the stress function can be obtained from the 

equation (3) as: 
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By combining the formula (4) and (3), the general equation of the stress on hole edge will 

be figured out as: 
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Thus, in order to solve the problems of the plane stress, the stress function φ(z1), ψ(z2) 

meeting the need of the related boundary conditions should be found.  
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The boundary conditions of the orthotropic plane with holes are: 
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where A, B, B1, B2, C1, C2 are determined by the specific conditions. 

Then it is the key issue that the mapping function of the hole edge should be found. According 

to the Riemann theory, such kind of function exists, and is unique to the different types of holes. 

The searching process is omitted here since it is very complicated, and the results are directly 

stated below. 

 

3. Calculation of the stress distribution on the wing manhole edge 

There is an anisotropic plate with the target type of holes under the force distributing at the plate 

edge and functioning at the middle surface. Supposing the size of hole is much smaller than 

that of plate, moreover, the hole is not close to plate edge. Then the plate can be considered as 

infinite and thus the influence of the edge can be ignored, which makes the problem simpler. 

 

Fig. 1. An orthotropic plate with a wing manhole. 
 

Fig. 2. Hole-edge Stress distribution of  

an orthotropic plate with a wring manhole under 

tensile force. 

According to the complex variable function theory, by means of Schwarz-Christoffel 

mapping，the mapping function of wing manhole edge can be figured out. The function which 

maps the hole boundary in the plane z to a unite circle in the plane ζ is:  
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Then by using the two transforming equations z1=x1+iy1, z2=x2+iy2, the position of the point in 

the plane z1, z2 can be figured out, which is correspondent to the one in the plane z: 
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Now that z1 and z2 have been obtained. Through Cauchy integral of the equation (6), φ(z1), ψ(z2) 
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can be determined. Combining the results with (5), the stress distribution on the hole edge can 

also be solved. 

Esp. 1. The description of the problems is like this:  

An orthotropic plate with a wing manhole has the neutral plane as its symmetrical plane, 

with its fiber arrange parallel to the long axes, and is applied with tensile force in the direction 

of fiber arrange. The point of force application is far away from the hole edge. The given 

engineering constants are as follows: E11=135 GPa, E22=9.5 GPa, G12=6.0 GPa, ν12=0.3.  

Using the methods above, the exact analytical solution of the stress on the hole edge can 

be obtained. All calculations and stress distribution figures of this paper have been completed 

with the software Mathematica, which has a powerful ability to deal with the complex variable 

functions. The stress distribution is represented in Fig. 2 according to the analytical expressions. 

As shown in the Fig. 2, the maximum tensile stress appears at the positions of ν=90° and 

270°, and the maximum compressive stress at ν=0° and 180°. The stress concentration factor is 

8.43. The stress equals zero at the positions of ν=46°, 134°, 226°, and 314°. 

Esp. 2. The description is like this:  

All is the same as the Esp. 1 but the fibre arrange direction. In this situation, the fibre 

arrange direction has an angle of 45 degrees with the horizontal axis. With the repeated process 

in Esp. 1, the graphics of the stress distribution are obtained as follows: 

  

Fig. 3. Hole-edge stress distribution in x direction 

of an orthotropic plate (The angle between 

machine direction and X-axis is 45) with wing 

manhole under tensile force. 

Fig. 4. Hole-edge stress distribution in y direction 

of an orthotropic plate (The angle between 

machine direction and X-axis is 45) with wing 

manhole under tensile force. 

 

Fig. 5. Hole-edge stress distribution in xy 

direction of an orthotropic plate (The angle 

between machine direction and X-axis is 45) with 

wing manhole under tensile force. 

 

Fig. 6. Circumferential stress distribution around  

the hole of an orthotropic plate (The angle 

between machine direction and X-axis is 45) with 

wing manhole under tensile force. 
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As shown in the Fig. 3 to Fig. 6, the stress in the direction of x axis plays an important 

role in determining the circular stress distribution of the hole edge. The stress concentration 

factor under the load non-parallel to the direction of the fibre is 2.995, relatively which is much 

lower than that parallel to the fibre.  

 

4. Conclusion  

The calculation model was established and the analytic solution of the stress on the hole edge 

with irregular shapes of holes in the orthotropic materials structures was figured out. By using 

the mapping function, the parametric equations of the hole edge was obtianed. On the basis of 

the established models, by taking two different cases for example, a lot of valuable conclusions 

were drawn for the practical engineering. 
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