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Abstract. The rigid-plastic model of cutting problem is analyzed subject to a Coulomb-Mohr 

yield condition. The fields of stress, of strain and of deformation are investigated. Local 

continuation of stress field to rigid zones (the blank body and cuttings) is constructed. The 

existence region of full solution is detected and selection criteria of preferred solution is done. 

Depending of strain distribution and density changes in cuttings is given. 

 

 

1. Introduction  

The rigid-plastic model of cutting problem subject to Tresca and Mises yield conditions based 

on the assumption of existence of an isolated slip line (shear plane). In this formulation of the 

problem, kinematically admissible solutions [1] and [2] are known. The completeness of these 

solutions is studied in [3]. It is shown that they have significant limitations. A solution 

minimizing the volume density of energy dissipation in the shear plane with the existence of a 

statically admissible continuation of the stress field to rigid zones is suggested. 

In this paper, the supplement of approach stated in [3] is considered subject to solution of 

cutting problem with a Coulomb-Mohr yield condition. 

 

2. Problem Definition  

We consider the problem of cutting taking into account the compressibility irreversible (Fig. 1). 

A blank moves from left to right with a velocity V. On the isolated slip line a Coulomb-Mohr 

yield condition is performed [4]:     
22 2

11 22 12 11 22(1/4) sin /2k          , where 
ij  – the 

components of the stress tensor; k – adhesion coefficient; / 2 2     – the angle of internal 

friction. 
 

 
 

Fig. 1. Chip formation during deformation with single slip line. 
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3. Cutting Force Detecting  

The equilibrium equations in the axes t, n, associated with the slip line ST, have the form 

 τ cos Φ λ αnt ST F    ,  σ sin Φ λ αn ST F    , 

where τnt  – shear stress on ST; F – the full power acting from the cutter; Φ – the angle of the 

shear plane; λ – the friction angle associated with the friction coefficient μ by correlation 

μ λtg ; α – the front angle of the cutter; σn
 – normal stress on ST. 

As far as on ST cos sinnt nk     , so  / cosF ST k        . The cutting 

force     1 cos / sin coscF kt            – the horizontal component of F ( 1t  – the 

thickness of the layer being cut off). 

Velocity Field Detecting. At the left and at the right from ST (signs «–» and «+» 

respectively) the relations are performed:  

   cos , sin , sin ,  cost n t c n cV V V V V V V V            , where cV  – the velocity 

of cuttings. 

As far as on slip line ST the value of  cos sinn tV V   is uninterrupted, so 

   sin / coscV V      . 

Strain Field Detecting. As a measure of strains the Almansi finite strain tensor 

 0 0

, ,1/ 2 δij ij k i k jE x x   is accepted (δij
 – Kronecker delta, 0

ix  и ix  – Lagrangian and Euler 

coordinates of particle). 

The Almansi tensor components during the transition by a particle of material through ST 

assuming that the material below ST is not deformed are defined as [5]:  0

1 2 ,ij ij i i jE Wt W n n
  

   1 / , t nW V G V       2 / ,n nW V G V   where 1W  and 2W  – respectively the volume 

densities of energy of shear strain and volume strain per unit of k;  tV  и  nV  – respectively 

the gaps of the tangential and normal components of velocity; G – the normal velocity of line 

ST moving. 

We take for strain characteristics the main values of the Almansi tensor 1,2E . Then the 

change of material density after the strain is    0

1 21 2 1 2c cE E    , where 0

c  – starting 

density. 

Constructing of Continuation of the Stress Field to Rigid Zones. According [3], we 

consider the construction of local continuation of the stress field near ST in the blank body and 

cuttings. The general method of the construction of the continuation was proposed in [6]; the 

central idea of the method was stated in [7]. 

We define the localization of free surfaces Σ  and Σ '  near S (Fig. 2). On areas AS and SB 

with the angles / 2   and φ by ST the compressive stresses acts: 

       11 22 11 221 sin / 2 ,   ' 1 sin / 2q k q k               . 

 

 
 

Fig. 2. The construction to rigid zones (sufficient conditions of continuation). 
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The areas ASM and BSN are subjected to an one-sided pressure q and 'q . The minimal 

angle of the wedge *γ  enduring the stress q is 

      *2 /2

*1 1 sin / 1 sin / sin ,  / 2,
tg

q k e
  

    


      

     2

* * *2 1 cos 2 / 1 sin 2sin cos 2 ,  / 2,q k                

where  *2 arcsin sin sin      . 

The angles *  and '

*  calculated for q and 'q  determinates the location of Σ  and Σ ' . At 

'

* *,   '      the continuation near S can be constructed (sufficient conditions). When building 

the continuation in the blank body they take the form: 

    
 

 

    
 
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2

2
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e
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     (1) 

where   2 arcsin sin cos       . 

Similarly, we obtain sufficient conditions for NST area: 
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      (2) 

where   2 arcsin sin cos         . 

We consider the necessary conditions of the existence of a continuation in MST (Fig. 3). 
 

 
 

Fig. 3. The construction to rigid zones (necessary conditions of continuation). 
 

Let τ – the shear stress in cross section MT. Out of balance of MST area 

  cos sin cos sinnt nctg             .  

At β=0, nt  , therefore for β>0 necessary condition is 
0

/ 0d d


 

 . Hereof  

 ctg tg      .             (3) 

Similarly, we obtain necessary conditions for NST area:  

   / 2ctg tg       .            (4) 

We construct the continuation in RTS near T point (Fig. 4) using [2].  
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Fig. 4. The slip lines for the material in the semi-plastic state. 
 

Let the material near the contact area is in the semi-plastic state. The plastic area is the 

triangle RST of isogonal lines. Since     cos 2 / 1 sin 2        , the continuation in 

NST exists at 
 

/ 4 3 / 2        .             (5) 

The Area of Existence of Complete Solution. For completeness of solution the Φ angle 

must satisfy all inequalities (1)-(5). In Fig. 5 the dependence      1 2W W W      is 

shown for 10  . The area of existence of complete solution is shaded. 
 

  
 

Fig. 5. The area of existence of complete solution: μ=0 (left); μ=0,35 (right). 

 

The Preferred Solution. Let W has a minimal value in the area of existence of complete 

solution. In this case Σ matches the free surface of the material and Φ detects from (1) in the 

form of equalities. In Figs. 6, 7 is represented the strain distribution with minimal W and density 

change c  in cuttings. 
 

  
 

Fig. 6. The particles strain distribution in cuttings depending on α ( 10  ). 
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Fig. 7. The material density change in cuttings depending on α. 
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