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Abstract. Reactions of elementary fullerenes (from Cs to C12) with each other as well as with
their heirs are considered. Under the elementary fullerenes we understand a tetrahedron, a cube,
and triangular, pentagonal and hexagonal prisms. The process is similar to fusion of bubbles in
a soap solution. The graphs describing the process are suggested. The reaction zone is a vertex-
connected subgraph that takes into account physical restrictions, namely that covalent bonds
exist only between nearest-neighbor atoms. We supposed that during the reactions new covalent
bonds are formed and old covalent bonds between the reacting atoms are destroyed. The clusters
obtained resemble both fullerenes and nanotubes.
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1. Introduction

Discoveries and consequences. Since the discovery of fullerenes [1, 2], carbon
nanotubes [3], and graphene [4, 5] carbon occupies a strategic position in materials science and
technology as one of the most versatile and far-reaching materials [6-17]. Two small fullerenes
have been detected with the mass spectroscopic method, Czes [18] and C2o [19]. The synthesis
and separation of molecules Css from arc derived carbon has attracted considerable attention,
since fullerenes smaller than Ceo are highly strained due to the presence of fused five-membered
rings. Caged molecules with low mass in the fullerene family are especially interesting because
of their high curvature and increased strain energy that give rise to high reactivity.

Small fullerenes. Current studies on fullerenes and their compounds focus on large-size
fullerenes mainly. Systematic studies on small (middle-size) fullerenes and non-isolated-
pentagon-ring (IPR) fullerenes are less common. The structure and stability of fullerenes
containing less than 60 carbon atoms have been studied experimentally and theoretically [17-
70]. Experimental researches of such fullerenes are still limited by low yield and poor stability.
As a result, theoretical methods prevail. Only works [18, 19, 21, 33, 56, 57, 60, 65, and 67]
refer to experimental investigations. Endohedral metallofullerenes MCog were obtained in Ref,
[57] where M=Ti, Zr, U. In Ref. [33] decachlorfullerene CsoCl1o was synthesized.

The most comprehensive experimental study [60] revealed the following. (We conserve
here the terminology by the authors). In the mass spectra of products of benzene pyrolysis, the
authors found out the ions of all kinds of carbon molecules including a) small carbon molecules
(C3-C20); b) quasi-fullerenes C21, Ca3, Cas, Cas, Cs2, Cs4, Cse and Csg; ) hydrides of small carbon
molecules, CsH2, C10H4, C14H4, C16Hg and C1gH>, d) hydrides of quasi-fullerenes: CasH>, C27H>,
Ca1Ha, Cs7Hs, CagHe, CasHs, Ca7H10 and CagoH1o. In the authors’ opinion [60] the absence of
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appreciable progress in synthesis C, (n<20) and quasi-fullerenes is determined by the
domination of hypothesis that carbon atoms are always necessary for growth of carbon
molecules; their generating being possible only under carbon sublimation.

The theoretical methods are helpful in this field to discover some potential compounds
with good properties. The most of them refer to searching criteria on the stability of fullerene
molecules having different structures. This is an important task because the influence of
fullerene structure on their stability and properties is crucial. We will not analyze the methods
used by the authors since they have both advantages and drawbacks. “Carbon, however, appears
able to break so many rules that one must continually reconsider them for this element. It is,
after all, only after a great deal of study that the structures of even the smallest molecules such
as C» and Cs have been characterized and understood theoretically. Such studies urge caution
in being too hasty with regards to assumptions about the electronic and geometric structure of
carbon compounds in terms of conventional valence theory” wrote Harold W. Kroto who shared
the 1996 Nobel Prize for chemistry for his co-discovery of fullerenes [2].  We consider the
theoretical studies from the point of view of the aims that their authors set themselves. On this
basis the theoretical investigations can be divided into several groups.

1) The authors studied well-established experimentally fullerenes; their properties, the
stability of their isomers, and the interactions with other molecules [24, 25, 32, 46, 52, 54, 62].

2) The authors studied the stability of different isomers of one and the same fullerene.
The isomer structures are chosen from a lot of postulated combinatorial ones [53, 68 and 70].

3) The authors tried to fulfill the gap between the fullerenes found experimentally and
those that could be synthesized. The structure of theoretically possible fullerenes was also
postulated [20, 22, 23, 28, 29, 31, 35-39, 43, 44, 47-51, 66, 69].

It must be emphasized that most investigations of small fullerenes have centered on either
obtaining these materials experimentally or theoretical studying properties of these materials
which structure was usually postulated. To our mind, the crucial questions for advanced
applications of all the fullerenes are: how the materials are originated and what structure they
obtain. Answer to these questions gives the possibility to develop nanotechnology on a
scientific basis.

Nucleation and growth. Up to now mechanism of fullerene- and nanotube-formation is
a controversial point. Many different models have been proposed to explain their formation [41,
56-59, 61, 63-67, 69, 72-92]. The known mechanisms can be categorized into two major groups:
bottom-up and top-down models. In the first case, fullerene cages and nanotubes are considered
to be formed from carbon atoms and small carbon clusters [41, 56, 57, 59, 64, 69, 72-76, 81,
82, 90-92]. To the first group one could also refer such mechanism as the growth of small
endohedral metallofullerenes by “eating’ vaporized carbon [69]. In the second case, fullerenes
and nanotubes are thought as direct transformation of graphene into fullerenes or nanotubes
[27, 58, 61, 63, 77-79, 83, 85, 86].

There is also a group of researchers interested in cosmic studies [58, 65, 67]. Since a key
component of the carbon dust inventory in planetary nebulae are polycyclic aromatic
hydrocarbons and their species, the authors suggest various mechanisms of formation five-
membered rings in these molecules under irradiation, the molecule dehydrogenation and fusion
leading to fullerene formation. One of the recent experimental studies connected with radiation
damage is electron-beam-induced transformation of sumanene crystals into carbon cages [89].
Sumanene molecule Co1H12 with Cay symmetry has three five-membered rings and is considered
as a key fullerene fragment together with corannulene CxoHio with Csy sSymmetry having one
five-membered ring [93]. From the mechanism viewpoint, these investigations refer to the
second group.

Dehydrogenated corannulene was used as a basic structural unit for nucleation of
fullerenes and single-walled carbon nanotubes (SWNT) in Ref. [80]. The entities are considered
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in the framework of elasticity theory. Existence of curved surfaces introduces forces that depend
on the properties of the particular surfaces. The elasticity theory relates the surface tension to
the tangential stresses. Any deviation from sphericity deals with stretching as the first-order
effect and bending as the second-order one. On the other hand, the conversion of a graphene
sheet into cylindrical tubule does not require stretching and bending becomes the first-order
effect. Since the nucleation conditions could be different, the cluster of carbon atoms can form
the cap of a nanotube or a fullerene. These conclusions received the experimental support in
Ref. [86], where at small helium pressure, graphene layers and fullerene-like structures were
observed. At high pressure, surface morphology of the anode was changed and evolution of
carbon nanotubes was observed.

For completeness sake the studies connected with mathematical description of fullerene
and nanotube growth should be mentioned. The typical examples are Refs. [74, 84]. One of
them develops the probability-kinetic approach [74], the other uses the theory of diffusion [84].
Both approaches need input parameters that must be obtained from experiments or independent
calculations.

Geodesy and topology. Any numerical calculations of fullerene energy and other
properties need input data. For small fullerenes the number of possible configurations is not
very large, but as one passes to middle-sized fullerenes one obtains a monstrous number of
isomers. It is clear that there is no big sense in studying all of them, so it is desirable to restrict
their number to the most stable ones. Now there are two restrictive analytical methods [94-98,
100 and references therein, 101]. The first is a combination of graph theory with group theory
and could be named geometric modeling. It is based on the principle “the minimum surface at
the maximum volume”. It means that a forming fullerene tends to take the form of a perfect
spheroid with equal covalent bonds. The geometric modeling allows imagine from the very
beginning a possible way of growing carbon clusters and thereby to decrease the number of
configurations being worth for studying.

Another new analytical restriction method refers to persistent homology [99]. Homology
is formalization of an intuitive idea on confining sets; in this context fullerene set. The authors
connected some topological characteristics (barcodes) with the heat of formation and the total
curvature energy of fullerene isomers. As any topological method, similar to the graph
approach, it needs more precise formulation in order to become a really quantitative method. In
the graph approach it was the requirement: symmetry of dimetric representation and graph must
be uniform [95-98]. Nevertheless the method of persistent homology is rather interesting since
the authors have considered fullerenes and nanotubes in the context of a single theory.

New approach to fullerenes. In Ref. [55] we have enlarged the term “fullerene” upon
any convex shape inscribed into a spherical surface which can be composed of atoms, each
atom having three nearest neighbors, as in usual fullerenes, whenever discussing hollow carbon
clusters. This new approach allowed us to obtain possible forms of mini-fullerenes, from Cs to
Coo that, in its turn, allowed filling up a gap between classical fullerenes and small carbon cages
including in the list of fullerenes such broad-sense fullerenes. The next step was done in Ref.
[95], where the diagrams, showing the formation of mini-fullerenes from single carbon atoms
and carbon dimers, were suggested. In addition to the diagrams, here the graph theory was used
for analysis of the fullerene structures obtained. The graph analysis allows solving also an
inverse problem, i.e. how to predict the ways of producing possible fullerenes, if one knows
their graphs [96, 97]. We have designed the structure of some fullerenes from twenty to forty-
eight starting at basic mini-fullerenes [91, 97, 98]. It is worth noting that in doing so we have
obtained fullerene Czs with Den Symmetry. It was synthesized and separated from arc derived
carbon soot at UC, Berkeley [18].

Arrhenius’ postulate. In 1889 Svante August Arrhenius postulated that a chemical
reaction goes as follows [102] A+B <« (AB) —Y +Z . It means that at first there forms some
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intermediate compound and only afterwards a usual chemical reaction is going on. For
fullerenes and nanotubes this postulate leading to fusion reactions can be written in the form
C,+C,—(C.C,)—>C,.. In Ref. [92] we have developed an algorithm that has proved itself

in predicting the growth of perfect fullerenes conserving an initial symmetry, so called the
fusion reaction algorithm which is based on this postulate. Following the postulate we
considered recently some fullerene reactions and have obtained fullerenes of the An=6
periodicity Ci4, C1g, C24, C30 and Cszs [103]; of An=8 periodicity Czo, C24, Ca2, Ca0 and Cas [92];
of An=10 periodicity C2s, C3o, Cao, Cs0 and Ceo [104]; of An=12 periodicity Cs2, Czs, Cag, Ceo
and C72 [105]; and of An=14 periodicity Cas, Ca2, Css, C70 and Csgs [106].

Aim of study. In radiation solid state physics it is well known that one and the same small
vacancy cluster (embryo) during its growth can transform either into a void (volume
configuration) or into a dislocation loop (plane configuration) [107]. The question arises
whether such situation is possible for elementary fullerenes. Under the elementary fullerenes
we understand a tetrahedron, a cube, and triangular, pentagonal and hexagonal prisms which
were analyzed carefully in Refs. [55, 95, 96]. Here we think over fullerenes as volume
configurations and nanotubes as curved plane configurations. In this contribution we try to
answer this question.

2. Reactions of tetrahedral fullerene Ca
Reaction between two tetrahedrons and explanation of some notions. Suppose that
two tetrahedral carbon molecules react in the following manner C,+C, - (C,C,) >C;. In

Figure 1 the atomic configurations corresponding to this reaction are shown. At first two
molecules C4 are moving towards each other (Fig. 1a). Then the atoms, marked with red,
interact with each other and produce a compound (Fig. 1b). During this process new covalent
bonds (red lines) are formed and old covalent bonds between the reacting atoms (blue dotted
lines) are destroyed. As a result, a distorted hexahedron is formed (Fig. 1c) which relaxes into
a cube (Fig. 1d).

S
Fig. 1. Joining of two carbon tetrahedrons: a) separate tetrahedrons; covalent bonds (blue
lines), reacting atoms (red spheres), neutral atoms (blue spheres); b) intermediate
compound; new covalent bonds (red lines), old covalent bonds to be destroyed (blew dotted
lines); c) distorted hexagon formed, d) hexagon (cube) after relaxation.

One can describe this process with the help of graph theory as it is done in Figure 2.
Consider some notions of this theory [108]. Let we have two graphs G, and G,, each graph
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having p; verticesand q; edges, i =1v 2. If one joins all the vertices of both graphs, one obtains
a vertex-connected graph G, +G,, where the number of vertices is p, + p,, and the number of
edgesis q,+q, + p,;p,. If to remove vertex v, from graph G;, one obtains subgraph G, —v;. In
our case we have graph G, with vertices 1, 2, 3, 4, and edges 12, 13, 23, 14, 24, 34; and graph
G, having vertices 5, 6, 7, 8, and edges 56, 57, 67, 58, 68, 78 (Fig. 2a). Since not all the vertices
take part in connecting two graphs, we need to exclude non-reactive vertices 4 and 8, as well

as edges 14, 24, 34 and 58, 68, 78, connected with these vertices; therefore in reality we need
to consider only subgraph G, -v, with vertices 1, 2, 3, and edges 12, 13, 23, and subgraph
G, — Vg .With vertices 5, 6, 7, and edges 56, 57, 67. As a result, one obtains a vertex-connected
subgraph (G, -v,)+ (G, —vg) with six vertices 1, 2, 3, 5, 6, 7, six old edges 12, 13, 23, 56, 57,
67, and nine new edges 15, 16, 17, 25, 26, 27, 35, 36, 37.

However, applying any mathematical model to physical problems, it is important to keep
in mind that except of mathematical rules there are physical restrictions. In our case we must
bear in mind that covalent bonds exist only between nearest-neighbor atoms. Therefore we must
exclude also edges 16, 25, 37. As a result, we obtain a “partially’ vertex-connected subgraph
having six vertices 1, 2, 3, 5, 6, 7, six old edges 12, 13, 23, 56, 57, 67, and six new edges 15,
17, 26, 27, 35, 36 (Fig. 2b). It is clear that analyzing this subgraph is a simpler task.

We supposed that during the reaction of two tetrahedrons new covalent bonds (red lines)
are formed and old covalent bonds between the reacting atoms (blue lines) are destroyed. Both
types of bonds are shown in the subgraph obtained as edges before destroying (Fig. 2b) and
after (Fig. 2c). In the latter the broken bonds (edges) are shown by dotted lines. Here we added
the fictitious vertex 7¢ in order to show subgraph symmetry. Removing the broken bonds
(edges) and adding the non-reactive vertices 4 and 8, as well as their edges 14, 24, 34 and 58,
68, 78, one obtains the graph corresponding to three-fold symmetry of the fullerene formed
(Fig. 2d). To avoid the fictitious vertex 7y, it is reasonable to pass on four-fold symmetry of the
fullerene. In doing so one obtains the graph shown in Figure 2e.

56

Fig. 2. Graphs: a) separate tetrahedrons; edges (blue lines), connectable vertices (red
circles), neutral vertices (blue circles), b) partial vertex-connected subgraph; new
connecting edges (red lines), ¢) removed edges (dotted blue lines), d) full graph reflecting
three-fold symmetry of fullerene Cg formed, e) full graph reflecting four-fold symmetry of
fullerene Cg formed.
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Reactions of tetrahedron C4 with triangular prism Ce. In Figure 3 the atomic
configurations corresponding to reaction C,+C, — (C,Cs) >C,, are shown. At first two

molecules are moving towards each other (Fig. 3a). Then the atoms, marked with red, interact
with each other to produce a compound (Fig. 3b). During this process new covalent bonds (red
lines) are formed and old covalent bonds between the reacting atoms (blue dotted lines) are
destroyed. As a result, fullerene Cio is formed (Fig. 3c). It is tri-(tetra-penta)s semiregular
septahedron that resembles a lance-head.

Similar to the previous reasoning we can consider this reaction on the basis of graph
theory. At first we have two independent graphs (Fig. 4a), then we obtain the partially vertex-
connected graph having ten vertices, six stable and six unstable old edges, together with six
new formed edges (Fig. 4b), and at last, the graph corresponding to three-fold symmetry of the
fullerene formed is composed (Fig. 4c). We see again that analyzing the fullerene reaction in
the frame of graph representation is a simpler task. Obviously that it is connected with the fact
that the graph approach reduces a three-dimensional problem to a two-dimensional one.

Fig. 3. Joining of a tetrahedron to a triangular-prism: a) separate tetrahedron and triangular
prim; covalent bonds (blue lines), reacting atoms (red spheres), neutral atoms (blue
spheres), b) intermediate compound; new covalent bonds (red lines), ¢) semiregular

septahedron fullerene Cio.

Fig. 4. Connection of graphs: a) separate graphs corresponding to a triangular prism
(above) and a tetrahedron (below), b) connection with physical restrictions, c) graph of tri-
(tetra-penta)s fullerene shown in Fig. 3c. All notations are the same as before.

Reaction C, +C,, — (C,C,,) — C,,. Since the graph approach is simpler, we begin with

it. At first we have two independent graphs (Fig. 5a), then we obtain the partially vertex-
connected graph having fourteen vertices, twelve stable and six unstable old edges, together
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with six new formed edges (Fig. 5b), and at last, the final graph is composed (Fig. 5¢). This
graph corresponds to three-fold symmetry of the fullerene formed (Fig. 5d) and could be named
as a tetragonal trefoil-pair (or shamrock-pair) polyhedron. Its energy was calculated in Ref.
[103]. In Figure 5e the isomorphic graph of the fullerene is also given. It shows better a structure

and symmetry of this polyhedron.

c)

—0O

Fig. 5. Connection of graphs: a) separate graphs corresponding to a semiregular
septahedron fullerene (above) and a tetrahedron (below), b) connection with physical
restrictions, c) final graph, c) tetragonal trefoil polyhedron C14 obtained, €) isomorphic

graph. All notations are the same as before.

Reactions of tetrahedron Cs with triangular barrel Ci2. This fullerene C12 was named
in [96] as a triangular barrel-shaped fullerene or a rugby ball. In Ref. [55] possible ways of its
formation, initiated both by a reaction-active single atom and by a reaction-active dimer, were
considered. The ways resemble formation of a zigzag polymer during polymerization. In Ref.
[96] it was suggested that the fullerene can be also originated from a three-atom cluster.
Reaction C, +C,, — (C,C,,) > C,, is displayed in Figure 6 as a connection of graphs, together

with a fullerene obtained.

Fig. 6. Connection of graphs: a) separate graphs corresponding to a tetrahedron (above) and
a triangular barrel-shape polyhedron (below), b) connection with physical restrictions, c)
final graph of semiregular decahedron Ci4 (d). All notations are the same as before.



8 Alexander |. Melker and Maria A. Krupina

Reaction C,+C,; —» (C,C,s) > C,, is shown in Figure 7 as a connection of graphs,

together with a fullerene obtained. Contrary to the semiregular decahedron that can be inscribed
in an ellipsoid and therefore can be identified as a fullerene, the irregular dodecahedron
resembles more a two-closed-end mini-nanotube.

Fig. 7. Connection of graphs: a) separate graphs corresponding to a semiregular decahedron
(above) and a tetrahedron (below), b) connection with physical restrictions, c) final graph of
an irregular dodecahedron (d). All notations are the same as before.

3. Reactions of triangular-prism fullerene Ce

Reaction between two triangular prisms can be written as C, + C; — (C,C4) - C,, and
is presented in Figure 8 as a connection of graphs, together with a fullerene obtained. As already
noted the fullerene was named in [2, 3] as a triangular barrel-shaped fullerene or a rugby ball.
In [2] a possible way of its formation, initiated by a reaction-active single atom as well as by a
reaction-active dimer, was considered. The way resembles formation of a zigzag polymer
during polymerization. In [3] it was suggested that the fullerene can be also originated from a
three-atom cluster. Now we have the third way of this fullerene formation.

Fig. 8. Connection of graphs: a) separate graphs corresponding to triangular prisms; b)
connection with physical restrictions; c) final graph of a triangular barrel-shaped fullerene
(d). All notations are the same as before.

Reaction of triangular prism Cs and barrel Ci2 C, +C,, — (C,C,,) = C,, is exhibited
in Figure 9 as connection of graphs, together with a fullerene obtained. The fullerene was named
in Refs. [2, 3] as a truncated bi-shamrock. Some possible ways of forming this cluster initiated
by a reaction-active single atom as well as by a reaction-active dimer, were suggested in [2].
Now they seem us too complex in comparison with that of considered here.
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a)A

a0

Fig. 9. Connection of graphs: a) separate graphs corresponding to a triangular prism
(above) and a triangular barrel-shaped fullerene (below), b) connection that takes into
account physical restrictions, ¢) final graph of truncated bi-shamrock fullerene Cig (d). All
notations are the same as before.

Reaction C,+C,; — (C,C,;) > C,, is illustrated in Figure 10 as connection of graphs,
together with a cluster obtained. The carbon cluster is a one closed-end mini-nanotube. Contrary
to the irregular dodecahedron with closed ends (Fig. 7d), this nanotube is able to growing by
adding triangular prisms as it shown in Figure 10e. The corresponding reactions can be written
as follows
Cs+C, »Cyh, Ce+Cyy—>Cyy, ...Ce+Cy »>Cy,s. N=16+6n, n=12,....

It is clear that the growth of the nanotube will be stopped if instead of adding triangular
prisms, tetrahedrons are appended to the nanotube. In this case one obtains nanotubes according
to the reactions
C,+Cs—>Cy, C,+C,, »Cy, C,+Cyy—C,;,,...C,+Cy »Cy,,. N=16+6n, n=12,...

Fig. 10. Connection of graphs: a) separate graphs corresponding to an irregular decahedron
(above) and a triangular prism (below), b) connection with physical restrictions, c) final
graph of a nanotube (d); e) growth of the nanotube obtained.

Reaction C;+C;; —> (C,C,3) > C,, is presented in Figure 11 as connection of graphs,
together with a cluster obtained. The carbon cluster is an opened-end mini-nanotube. Contrary
to the previous case, this nanotube is able to growing by adding triangular prisms to both ends.
The corresponding reactions can be written as follows
Ce+Cyy »Cy, Ce+Cy >Cy,...C+Cy »C,s. N=18+6n, n=12,...
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Fig. 11. Connection of graphs: a) separate graphs corresponding to a bi-shamrock (above)
and a triangular prism (below), b) connection with physical restrictions, c) final graph of a
nanotube (d); e) growth of the nanotube obtained.

4. Reactions of cube fullerene Cs
Reaction between two cubes can be written as C;+Cy; — (C,Cy) > Cs. Its graph

representation is shown in Figure 12a. One of two initial cubes and a final geometric body are
illustrated in Figure 12b.

a)

Fig. 12. Fusion of two cubes as connection of their graphs (a); b) cube and square barrel-
shape fullerene Cie.

Reactions of cube Cs with square barrel Cis C; +C,; — (C,C,5) — C,, is presented in
Figure 13 as connection of graphs, together with a fullerene formed. The final graph was
designed earlier in Ref. [4] on different geometrical grounds, but the fullerene structure was not
given. One can consider this carbon cluster not only as a fullerene, but an opened-end mini-
nanotube as well. This nanotube is able to growing by adding carbon cubes to both ends. The
corresponding reactions are
C+Cy —>Cy, Cg+Cyp, >Cy, ...C;+Cy »>Cy,s. N=16+8n, n=12,...

It is worth noting that similar nanotube with n=8, N=80 was studied in Ref. [76].
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a)

Fig. 13. Connection of graphs: a) separate graphs of a cube (above) and a square barrel-
shape fullerene (below), as well as their connection; b) fullerene C24 obtained.

5. Reactions of pentagonal prism Cio

Reaction between two pentagonal prisms is written as C,, + C,; — (C,,C,y) > C, . It IS
shown both as a graph connection and as an initial and a final geometric body in Figure 14.

a)

Fig. 14. Fusion of two pentagonal prisms as connection of their graphs (a); b) pentagonal
prism and five-cornered barrel-shape fullerene (dodecahedron).

Reactions of prism Cio with dodecahedron Czo C,, +C,, — (C,,C,) — Cs, is exhibited
in Figure 15 as connection of graphs, together with a fullerene formed. The final graph was
designed earlier [4] on different geometrical grounds, but the fullerene structure was not given.
Similar to the previous case, this carbon cluster is not only a fullerene, but an opened-end mini-
nanotube as well. This nanotube is able to growing by adding carbon pentagonal prisms to both
ends. The corresponding reactions can be written as follows
Cp+Cy:—>Cp, Cp+Cyp—>Cy,...Cp+Cy > Cyo- N=20+10n, n=12,...

It is worth noting that such nanotube with n=6, N=80 was also studied in [76].

Fig. 15. Connection of graphs: a) separate graphs of a pentagonal prism and a five-cornered
barrel-shape fullerene, as well as their connection; b) fullerene Cso obtained.
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6. Reactions of hexagonal prism Ci2
Reaction between two hexagonal prisms is written as C,, +C,, — (C,,C,,) - C,, and is

shown both as a graph connection and as an initial and a final geometric body in Figure 16.
&7

Fig. 16. Fusion of two hexagonal prisms as connection of their graphs (a); b) hexagonal
prism and six-cornered barrel-shape fullerene Caa.

Reactions of prism C12 with barrel fullerene C24 C, +C,, — (C,,C,,) — C4 is presented
in Figure 17 as connection of graphs, together with a fullerene formed. The final graph was
designed earlier [4] on different geometrical grounds, but the fullerene structure was not given.
Similar to the previous case one can consider this carbon cluster not only as a fullerene, but an
opened-end mini-nanotube as well. This nanotube is able to growing by adding carbon cubes
to both ends. The corresponding reactions are as follows
C,o+Cyp—>Ch, CL+Cu—>Cy,...CL+Cy > Cy.p. N=24+12n, n=12,...

It is worth noting that such nanotube with n=6, N=96 was also studied in [76].

Fig. 17. Connection of graphs: a) separate graphs corresponding to a hexagonal prism
(above) and a six-cornered barrel-shape fullerene (below), as well as their connection with
physical restrictions; b) fullerene Css obtained.

7. Conclusion

We have considered reactions of elementary fullerenes (from C4 to C12) with each other as well
as with their heirs. Under the elementary fullerenes we understand a tetrahedron, a cube, and
triangular, pentagonal and hexagonal prisms. The process is similar to fusion of bubbles in a
soap solution. The graphs describing the process are suggested. The reaction zone is a vertex-
connected subgraph that takes into account physical restrictions, namely that covalent bonds
exist only between nearest-neighbor atoms. We supposed that during the reactions new covalent
bonds are formed and old covalent bonds between the reacting atoms are destroyed. In doing



Unified approach to forming fullerenes and nanotubes 13

so we obtained the carbon clusters that refer to fullerenes and nanotubes. It was found that
elementary fullerenes can transform either into larger fullerenes or into nanotubes reacting with
similar fullerenes of the same symmetry and their successors.
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