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Abstract. On a multi-layered base described by the Lamé equations there is a defective
coating in the form of Kirchhoff plates. Defects of two types divide the covering into two
half-planes with parallel ends, which, in the first case, are spaced apart from each other by a
finite distance, and in the second case the distance is absent. All types of contact of coatings
with a base are studied: in the absence of friction, in the presence of shearing stresses, with
complete cohesion of the coatings and the base. The stress concentration in the end zone is
investigated. The block-element method is used, which allows for studying the boundary
problems mathematically. A complete analysis of the stress concentration features in the
problem is performed.
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1. Introduction

The boundary problem of rigid adhesion of plates modeled by Kirchhoff plates to a three-
dimensional deformable layered medium as a base is considered. Thus, two states of the block
structure are considered in the static mode. In the first case, the semi-infinite plates in the
form of half-planes are remote from each other, so that the distance between the ends is
different from zero as the lithospheric plates in [1,2]. In the second case plates are brought
together to a zero distance between them. It is proved that in this case the break can occur,
capable of distroing the surface of the base, forming new crack. The theory of the cracks has
been created and studied by leading scientists [3-12]. In the previous articles of the authors,
scalar and vector cases of effect on plates have been studied. In the scalar case of vertical
effect on plates it was assumed that tangent contact stresses are absent in the domain of
contact of the plates with the base. In the vector case of horizontal effects on plates it was
assumed that there are no vertical components in the contact domain in the presence of two
components of contact tangent stresses. In the case of rigid adhesion of plates to the base,
both vertical and horizontal components of contact stresses are present in the contact domain,
and they are determined by solving the complete three-dimensional boundary value problem.
The result is not equal to the sum of solutions to previous problems and has new properties.

2. Formulation of the problem
Assume that the coverings are semi-infinite Kirchhoff plates in the form of half-planes, the
boundaries of which are parallel to each other and are spaced apart by 26, >0, each
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having individual mechanical properties. Assume the coordinate axes X0X, lying in the

plane of the plates, and the axis X, directed along the outward normal to the base. Let us

consider the case of static effects on the surface of the plates with rigid adhesion to the base.
Then the equations of the boundary problem for the plates can be represented as
Rb(axl’aXZ)ub_Sb(xl’xz)zo’ b=A4,r @)
Each plate is considered as a manifold with boundary, where u, ={u,,,u,,,U,} is a
vector of the plates points displacement in horizontal u,,u,, and vertical u,, directions of the
middle surface, b= A for the left plate and b =r for the right plate. The notations used:
_‘95b51b( X%, ) 0 0
Sb(Xl,X2)= 0 _85b52b(X1'X2) 0 ' Snb(X1vX2):(tnb+gnb)
0 0 EsapSap( X1.X; )
R, (0x,,0%, )u, =
2 2 2
(%Jr%aa_xg)um (£2b6x?—6><2)u2b 0
2 2 2
| ug o (et 0 @)
ot o o o
The Fourier transform of the differential part of the system of equations (1) has the
following form:
R, (-, —ia,)U, =

0 0 (

2 2
(a; +e&,a; Uy, Exay U,y 0
_ 2 2
=—|| €xaa,Uy (a; +epa; Wy, 0
0 0 (@ + &)U,

U,=Fu,, G,=Fg, T,=Ft,
u, = {ulb’UZb'u3b}’ Op = {glb’gzb’gsb}’ t, :{tlb’th’t3b}
Here the normal stresses t,, affect the plate from above and g,, from below.

Similarly, the stresses g,,,9,, and t,,t,, actin the tangent plane, and g,, and t,, at

the same time act in the direction along the normals to the ends of the lithospheric plates.
The following notation is used as in [1, 2]:
U,=Fu,, G, =Fg,, T,=Ft b=A4r

o%u o%u D D
M, =-D,,( 8X§b+vb axgb), Dble—bz, DbZ=H_b3
2
ou o’u ou
=D, (—+(2-v,)—2), u,, 3b
Qb b2( 6X§ ( b)axlzaxz) 3b Haxz
E.h’ (1-v,>2H* ., (1-v)H
h = > S5y = s & = —
12-v,") E.h, H
1-v}

&, =051-v,), &, =051+v,), &,=—"=—
Ebhb
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ou,, Oy, Ou,,  OUy,

= + — |, — —_ + L

O1p :Uota( (3X3 8Xl Q20 = Hop 6X3 (9X2

Y7/
—r %=0g= {O: 920 }

The notations used: g, - shear modulus, v, - Poisson's ratio, E, - Young's modulus,

Hop =

h, - thickness, g,, t, - vectors of contact stresses and external horizontal, g,,,9,,.,t,,t,, and
vertical, g,,,t,, effects, respectively, acting along the tangent to the boundary of the base and
along the normal to it. in the domains Q,. F,=F,(a,,2,), F =F(a) are two-
dimensional and one-dimensional operators of the Fourier transform, respectively. The
boundary conditions described in [2] are preserved here. Expressions for normal NX2 and
tangent TXlxz stress components to the median plane at the ends of the plates are respectively
the relations:

TXX =&, %+% , NX =& %'FV%,
e 0%,  OX, : 0X, 0X,

E E

BT W R (Ve T)

For a deformable base described by the boundary problem, various models are used,
described by the relations:

_ 1 ° —i{a x
U(prz)zgelrﬂzIIK(%'az )G(ey e, )e ¥ da,de,,

xeQ,, xeQ, XxeQ, (aX)=agX+a,X,
Q, (x|<o0; x, <-0), Q. (x| <0; 6<x,) Q,(x|<w; -0<x,<0)

K =|K |, mn=123 K(a,a,)=0(A") A=\la?+a? > 3)
4 @-v)H
‘961 = ( ,U) ' G(a1va2): Fz(avaz)g’
g is the vector of tangential and normal stresses under the plates on the boundary of the base.
Some types of matrix functions of the K(a,,c.,) bases, described by the symbol of the

system of integral equations, are given in [13]. The form for an elastic layer with a fixed
lower bound in the static case is given as an example:

a’M+aN  o,0,(M=N) ia,P

K(a,,0,)=|o,a,(M=N) a;N+aM ia,P|. 4)
—io, P —io,P K
1-v)(3-4v)(sh4u+4u 2sh2u
I\/I(u):( ! uzA( ) N(u)= uch2u’
(1-2v)(3—4v)sh*2u—4u? (1-v)(3—4v)(sh4u—4u)

P(u)=- uA(u) - K(u)= A(u) ’

A(u)= u[(3—4v)sh22u+4u2 +4(1—v)2], u :m
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The matrix (2) of the boundary value problem is block-diagonal, consisting of the
second-order matrix on the diagonal representing the matrix operator or the vector operator,
and the scalar operator that is separate on the diagonal. Since the operators are independent,
this greatly facilitates the study of the boundary problem at the stage of external analysis [14],
making it possible to use the results obtained in the works [1, 2].

3. External analysis of the boundary problem
The boundary problems for each block of a block structure are immersed in a topological
space induced by the three-dimensional Euclidean space, after which they are reduced to
functional equations by the application of the Stokes formula in a topological space.
Functional equations corresponding to the listed operators of the boundary problem are
presented. The functional equations of the scalar operator have the following form [1, 2]:
Ry (—lay, —ie,)Uy, = (alz +a22)2U3b == .[ @y, +Sy (e, ;)
o,

Swlan.a, )=z F,(aa, ) (1, + 95 ), b=A.r

Here w, are exterior forms participating in the presentation, that have the following

form for the left A, and the right,  plates:

3 2 3 2
w, =" —[ aaugﬂ —ia, 4 ugﬂ —al My, +iagUy, + 2 azu“ —2ia, Oy, ugﬂ Jdx, +
X; OX; OX, OX; OX, OX,
3 2
+[ 0 ug* —iOtla ugﬂ —af N +iogu,, ]dx, },
0%, 0%, 0%,
3 2 3 2
w, =—e"““{ - 0 ugr ~ia, 0 ugr -al Ol +icsu,, +2 82u3r —2ia, 0 ug’r Jdx, +
OX, OX, OX, OX; OX, OX;
o, . ou ou,, .
+ i, —— - — +igu,, |dx
[ axf 1 axlz 1 axl 1™3r ] 2 }

The functional equations of the boundary problem for the vector case presented for each
plate are matrix and have the form:

Ry (—iay,, —iay,)U,,, =— _[ O, S, (a,a, ), Uy, ={ Uy, Uy, }’

o,
O,y :{ @y, , Dy, }’ S, ) =&, F (e, a,)(g, +t,), b=4,r. ®)
Sle(al’aZ):{ S S }

2 2
. . a +& . a E, A QA
Rle(_lalb,_laZb)z_ ( 1 1b 2) 2b™1 ™2

& &) ( a;_ + “"11:“12 )

Here o, is a vector of exterior forms that has the following representation:
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- ou ou
_ i(a,Xx) v 20 H
w, =—€ { (6, —= P 2175 —lg,a,U,, )dx, +
X, X
ou
12 - -
+( oy, —igyoU,, )dx, |,
6u
|(a X) 21 H
@,, = (e —la,u,, )dx, +
¥ { €2 8X1 GXZ Uy, )UK
ou,, . :
+(ey, y —lig, Uy, —ig,,a,u,, )dX, }
1
: ou 0
_ Al{a,X) 1r r -
= { (81r + &, - |81r052U1r)dX1 +
OX,
ou, . .
+H——— iUy, —ig, U, )dX, }’
X
8
|(a X) 2r H
Wy, = { ( Eor - Ia2u2r)dxl +
1 2
ou,, )
(e — — gy, — gy a,u, )dx, }

1

Having carried out the operations of external analysis [14] for these functional
equations, including factorization of the coefficient of the functional equation (matrix-
function and simple function), calculation of Leray's residue forms, construction of
pseudodifferential equations, extraction of the integral equations necessary for the boundary
problems from them, and the solution of these equations. The solutions found are introduced
into the exterior forms of the functional equations of each plate, after which they are coupled
with the base, forming new topological space, which is called factor — topological. In the
process of carrying out this part of the investigation, described in detail in the above-
mentioned works, abbreviated notations for the parameters of the stress-strain state of the
block structure used below are introduced. Namely, notations for the scalar operator are as
follows:

Yxo = {ylxmyzxo}! Zxo = {Zno’zzxo}’ YrO = {yer’erO}’ ZrO = {erO’ZZrO}’
Fg=F(a,)9, FRg=F(o,a,)q,

Yo = D;lFle, Yoro = D;lFle Yiro = D;lFer, Yoro = D;1F1Qr1
_ au% auBr

Lo = l@T’ Zy0= Flusw Lo = 1?’ Zyg = F1u3r’
Ko = {kno 'kzxo} , K= {ker’erO} v Kyo = s Ry, 0, )t + 05, ) = €5, S5, (0,0, ),
Kyro = €539 ‘5 (0,0, ), Ko = €55 Fp (0,0, )Ty, + 05, ) = €5, 55, (0,0, ),

Koro = €535 "5 (01,00, )
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Similarly for the vector operator:

Yx :{yn’yzx} , Zx = {lezzx} ) Yr = {y1r1y2r} ) Zr = {er ’er} )
Fg=F(a,)9, Fg=F(o,a,),

6
Yy = FlTx1x2xv Yo = Flezw Yir = FlTx1x2r’ Yor = FlNXzf’ ©
Zy, ZFun: Zy. ZFUZM Ze =Ry, 2y =RU,
s =k ko b {klr,k I

kn = &gy [ n(al’az— ) + O’~2—OL1182x((11'0Lz— ) ] ,
Ky, =—¢s), [ —(1+ey, )S, (0,0, ) +,,0,S", (0,0, ) +€,00, Sy, (0,0, ) ] ,
ke =5, [ Sy (0,05, ) +05,00°S, (0,0, ) ],

Ko =85, [ (L4, )S; (0,05, ) +€5,04, " (0,05, ) +8,,0,, 8", (0,0, ) ]

In order to connect lithospheric plates with the three-dimensional base, which has three-
dimensional displacement and stress vectors at the boundary, it is necessary to represent the
parameters of the stress-strain state of lithospheric plates in the same form. For this the
combined vector of exterior forms and the parameter of external loads are introduced:

o, ={Colb'a)2b'a)3b}’ S, = {Slb’SZb’SBb} (7)

Then the solutions for each plate can be represented in the form:

ul(xl,xz,o):Fz‘l(xl,xz)[R ( i~ 'az [ J.a)/l—l—S J

(8)
u, (x,,%,,0)=F*(x, %, )R, (-ia,,~ia, )] [ J.a) +SJ

By matching all three components of the displacement of the lithospheric plate, both
normal and tangential, with the displacements of the upper boundary of the base, the
following relations are obtained:

P,u(X,,%,,0)+P,u(x,%,,0)+Pu(x,x,,0)=&"F'K(a.a,0) G,(a.a,)+
+G, (al'az) ]' G, (al’aZ) = szxg(xmxz)’ G (a,a,)= szrg(xwxz)
Pu=F'[ R,(—iey,~ia,) |'( - [ o, +Sy(a,a,) ), p=A4.r
oQ,

Here P,,P, P,, are projections on the left, the right half-planes and on the median
interval which are carriers of the corresponding plates and describe the interval |x2| <6.

By introducing relations (8) into the left parts (9) and applying Fourier transforms, the
following relations are obtained'

[ R,(—i,—ia,) | jml+S Y+ U, +

2,

©)

+ R (i, —ia,) ]_1< —I(x),+Sr =

o0,
_K(al’az’o)[ G,(a,a,)+G (a,,a,) ]:0,
Uy =F,P,u(x,,X,)
The vector — functions G,(«,.a,), G,(a,,a,), which are Fourier transforms of
functions with carriers in half-planes, are regular functions of the parameters «, with fixed
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a, in the lower and upper half-planes respectively. In this regard, vector functions can be
designated, being regular in the parameter «, in the lower (minus sign) and in the upper (plus

sign) half-planes:
G,(a.,2,)=G (a,2,), G (,a,)=G (a,,),

4. Analisis of solutions
By introducing these notations into the previous relation, a Wiener-Hopf matrix functional
equation is obtained for 6 >0,

MG, =G +V+K;'U,, M=K]K,, K,=¢R'-¢K, K, =¢;K-gR;

V=K!R'[ 0, +R [ 0,-&R'T, ~&R'T,), U, =F,Pu(x,X,) (10)
a0, a0

and for =0

MG, =G_+V , (11)

which, along with the presence of the indeterminates, also contains their functionals in the
form G,(a,,a,, ) as indeterminates. These functionals have to be determined from a certain

system of algebraic equations [1, 2].

Papers [1, 2] also discuss the methods of determining functionals that enter exterior
forms. The factorization approach presented in [13] was used to study the singularities of the
solution of the functional equation.

The study of the properties of the solutions of this matrix functional equation also led to
the results described in [1, 2].

We note that the latter systems of equations contain the corresponding equations
derived for the scalar and two-dimensional vector cases obtained in [1, 2], respectively. For
this it is sufficient to exclude two components of tangential contact stresses in the scalar case.
In this case, for the design of normal contact stresses functional equations of the following
type are needed:

For 6>0,

[ 853r(a12 +a22)72 +8e;1K1(a1’a2 ) ]G+(a1'az )=
_[ gssz(alz +a22)72 +€glK1(a1va2 ) ]Gi(ayaz )+Uq(a,a,)
+al +a)) [ Aky +Bk,, + Ak, + Bk, + (12)

+E55, T (@, )+ 85T (y,@,) |, 6>0,

© 8
Ug(ay.@,) = J. j Us( X, X, )" dx,dx,

o0

For 6 =0,
[ 6‘53r(a12+a22)72-i-‘c"671I<l(al'a2) ]G+(al’a2):

= _[ 853).(a12 +a22)72 +g€;1K1(al’a2 ) ]Gi(al’aZ )+

(13)
+(a12 +a22)_2[ Aﬂ.klﬂ. + Bﬂkzﬂ + A'klr + Brk2r +

+85, T (a0, )+ &5, T (. @,) |, 8=0

In the second case, the normal stress component in the contact zone is excluded. In this
case, for the design of the vector of tangential contact stresses more lengthy functional
equations are obtained, which, in the vector form, are as follows [13]

For >0,

MG, =G +V+K'U,, U, =F,Pu(x,x,) (14)
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For =0,
MG, =G +V (15)

For 6 >0, that is, when the ends of the plates are separated by a distance 26, contact
stresses at the edges of the plates in (12) have the properties of [13] of the form

93;,(X1’X2):O'14(X1'X2 )(_Xz_a)_l/zv X2<_0
gSr(Xl’XZ):O-lr(xi’xz)(xz_e)il/z’ X2>0

In the second case the resulting solutions of the functional equations after substitution
into stress formulas have for @ >0 the properties for X, — @ : for (14)
gz(xivxz)zcu()ﬁ’xz)(_xz_0)7]/21 X, <0,

9. (XX, ) =65, (X, %, )( X, _0)71/2’ X, >0
Vectors of contact stresses at the edges of the plates have the following representation
for (10)

9,(X,% ) =6, (X, % ) (=% —0) 7 +6,,(%,% )(-X,-0)°>7, x,<-6,
9, (X% ) =06, (X, % )(X, -0)°* +6,, (X%, )(X, -6)°%, X, >80 y>0

The vectors 6, , o,, are continuous in both parameters. The parameter  is determined
by the mechanical characteristics of the base, the method for finding it is described in [13].

id , where v is the Poisson's ratio of base
2(1-v)
material.

The solution of the functional equation leads to the following behavior of stress.
For, 8=0 that is, when the ends of the plates are fully brought together, the contact
stresses at the edges of the plates have the representation for (13):

g3/1(xl’ Xz)_> (Y] (lexz)xz_l +03, (X11X2)|n|xz|+541 (lexz )SanZ,
Qs (lexz)_> 62r(X1’ Xy )Xz_l +63r(X11X2 )ln|X2|+G4r(X1’ X, )Sgnxz;
for (15) are

gz(xv Xz)_> (Y (Xl' Xz)xz_1 +03, (X1' X2)|n|xz|+64ﬂ (Xl,XZ)SanZ,
gr(xl' Xz)_> GZr(Xl’ X, )Xz_l +0; (X1' xz)ln|x2|+c4,(x1, X, )Sgnxz-

The solution of the vector functional equation (11) leads to the following behavior of
stress vectors represented by

gl(xl’ Xz)_) G4 (Xl’ Xy )Xgl +05, (Xl’ Xy )In|xz|+°64/1 (X1’ X, )Sanz,
gr(xl' Xz)_> G4r(X1' X )Xz_l +65r(xl’ X )In|X2|+06r(X1’X2 )Sanz.
All vectors o,,(X,,X,) nand o, (x,X,), n=3,..,6 are continuous in both parameters.

For example, for the case (4) it is y =arcth

5. Conclusions.

The stress concentration in the boundary zone is investigated. The block-element method is
used, which allows strictly mathematical study of the boundary problems posed.
Comprehensive analisis of the stress concentration features in the problem is performed. The
result is not equal to the sum of solutions to previous problems, because coefficients
6,(x.,%) and o,(X,X,), n=3,.,6 are related to all the parameters of the

matrix — functions (2) and (3) in a complex way.

Acknowledgements. This work was supported by Ministry of education and science Russian
Federation, project Nos (9.8753.2017/8.9), Southern Scientific Center of Russian Academy of



On the behavior of materials with defective coating under different contact conditions 75

Science, project Nos (01201354241), supported by the Russian Foundation for Basic
Research, projects Nos (16-41-230214), (16-41-230216), (16-48-230218).

References

[1] V.A. Babeshko, O.V. Evdokimova, O.M. Babeshko // Doklady Physics 61(2) (2016) 92.

[2] V.A. Babeshko, O.V. Evdokimova, O.M. Babeshko // Doklady Physics 62(6) (2017) 302.

[3] G.R. Irwin // Encyclopedia of Physics (Springer, Germany, 1958), Vol. IV, p. 551.

[4] M.S. Kirugulige, H.V. Tippur // Journal of Applied Mechanics 75(5) (2008) 51.

[5] L. Morini, A. Piccolroaz, G. Mishuris, E. Radi // International Journal of Solids and
Structures 50 (2013) 1437.

[6] R. Rangarajan, A.J. Lew // International Journal for Numerical Methods in Engineering
98(4) (2014) 236.

[7] M. Perelmuter // Computational Mechanics 51(4) (2013) 523.

[8]. N.F. Morozov, Mathematical problems in the crack theory (Nauka, Moscow, 1984). (In
Russian).

[9] A. Agrawal, A.M. Karlsson // International Journal of Fracture 141 (2006) 75.

[10] J.L. Beuth // International Journal of Fracture 77 (1996) 305.

[11] C. Bjerk’en, C. Persson // Engineering Fracture Mechanics 68 (2001) 235.

[12] B. Dattaguru, K.S. Venkatesha, T.S. Ramamurthy, F.G. Buchholz // Engineering
Fracture Mechanics 49 (1994) 451.

[13]. I.I. Vorovich, V.A. Babeshko, Dynamic mixed problems of the theory of elasticity for
nonclassical domains (Nauka, Moscow, 1979). (In Russian).

[14]. V.A. Babeshko, O.V. Evdokimova, O.M. Babeshko // Ecological bulletin of BSEC
scientific centers 2 (2016) 19. (In Russian).





