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Abstract. The stretching of a rectangular plate with a crack parallel to one of its edges under 
the action of a uniformly distributed load is considered. An approximate analytical solution in 
the form of trigonometric polynomials is constructed by the superposition method using two 
solutions obtained by the method of initial functions (MIF). The stress-strain state in the 
neighborhood of the crack sides and the crack tip for orthotropic plates is investigated. 
Keywords: method of initial functions; superposition method; cracks; method of analytical 
decomposition; plane problem of elasticity theory. 
 
 
1. Introduction 
Nowadays numerical techniques are widely used to analyze elastic structures but analytical 
approaches to these problems continue to develop. The superposition method is used to 
analyze 2D and 3D problems with approximate analytical solutions for rectangles and finite 
cylinders [1-4]. The exact solutions using Lagrange expansion in terms of Fadle-Papkovich 
functions for a half-strip and elastic rectangle are derived in [5-7]. Of course these approaches 
are developing for bodies of canonical form when their boundaries are parallel to the 
coordinate axes (a rectangle, a cylinder, a strip and so on). To construct an analytical solution 
for the structure with a complex geometry doesn’t seem to be possible. However we can 
decompose a complex structure on areas for which common solutions in a form of series with 
indeterminate coefficients are known. These coefficients are evaluated meeting the boundary 
conditions of the whole structure and the conjugation conditions of the contiguous areas. In 
this paper the general solutions for the orthotropic and isotropic rectangles in accordance with 
the superposition method is composed of two solutions obtained by the method of initial 
functions (MIF) in the form of trigonometric series with undetermined coefficients. 

If an elastic structure may be presented by a number of contiguous rectangles with finite 
dimensions then we can use general solutions constructed for each of the rectangles and get 
an infinite linear algebraic system to determine unknown coefficients in all general solutions. 

 
2. Superposition method 
Consider an elastic rectangle 0 x h≤ ≤ , 0 y b≤ ≤  in a rectangular Cartesian coordinate 
system Oxy . A sum of two solutions each of which can satisfy any boundary conditions on 
two opposite sides of elastic rectangle may be considered as a general solution for the 
rectangle. Every solution has a number of unknowns which can be determined meeting the 
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boundary conditions on two opposite sides. Using the general solution these unknowns are 
determined when meeting the boundary conditions on four rectangular sides. 

The MIF solution [8] with the initial functions in the form of trigonometric series on the 
line 0x =  can satisfy any boundary conditions on two opposite sides 0,x h= of the 
orthotropic rectangle 
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Here { }1 , , , ,x y xyu v σ σ τ=U  is a vector of the stress-strain components, 

( ) ( ) ( ) ( ){ }1,0 1 1 1 1sin , cos , sin , cosm m m m m m m m mu y v y s y t yα α α α=U  ( )m m aα π=  are vectors of 

initial functions determined on the line 0x = , 1 1
,[ ( , )]m ij m klL x A=L   ( 1, ,5i =  , 1, ,4j =  ) is a 

matrix of the values of the MIF operators and klA  are moduli of elasticity of an orthotropic 
plate. 

Second solution is obtained by the MIF when the initial functions are determined on the 
line 0y =  
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where { }2 , , , ,x y xyu v σ σ τ=U , ( ) ( ) ( ) ( ){ }2,0 2 2 2 2cos , sin , sin , cosn n n n n n n n nu x v x s x t xβ β β β=U  

( )n n hβ π=  are vectors similar to vectors in the solution (1), 2 2
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1, ,4j =  ) is a matrix of the values of the MIF operators. 
The general solution is built as a sum of these two MIF solutions (1), (2) with the 

unknown coefficients 1
mu , 1

mv , 1
ms , 1

mt , 2
nu , 2

nv , 2
ns , 2

nt  ( , 0, ,m n = ∞ ) [8,9] 
1 2= +U U U .   (3) 

With the general solution (3) we can analyze a linearly-elastic rectangle with arbitrary 
boundary conditions on its edges one of the following types: 

• kinematic (displacements u  and v ) 
• force (normal and shearing stress) 
• mixed (shearing stress and normal displacement) 
• mixed (normal stress and tangential displacement) 
To do this it is necessary to calculate components of the strain and stress state (SSS) 

defined on all four edges 0,x h= , 0,y a=  (two components on each edge) and then to use 
different technologies for finding unknown coefficients in the general solution: equating the 
coefficients in the trigonometric series for the boundary conditions obtained from the general 
solution and the given ones, the collocation method, various forms of the least squares 
method, and so on. In this paper expanding into trigonometric series is applied. 
 
3. Analytical decomposition method 
Suppose that the structure can be divided into contiguous rectangles. In this case it is possible 
to construct for each of the rectangles a general solution of the form (3) with its own set of 
unknown coefficients. For each k-th rectangle a general solution in the form (3) can be written 
as  

1 2
k k k= +U U U ,   (4) 

where { }, , , ,k k k k k k
x xy уu v σ τ σ=U  is a vector of local SSS components, 

{ }1 1 1 ,1 ,1 ,1, , , ,k k k k k k
x xy yu v σ τ σ=U  and { }2 2 2 ,2 ,2 ,2, , , ,k k k k k k

x xy yu v σ τ σ=U  are vectors of solutions of the type 
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(1) and (2) respectively. This solution has indeterminate coefficients 1,k
mu , 1,k

mv , 1,k
ms , 1,k

mt  and 
2,k
nu , 2,k

nv , 2,k
ns , 2,k

nt  ( , 0, ,n m = ∞ ) entering correspondingly into solutions 1
kU  and 2

kU . 
For finding the concrete values of all indeterminate coefficients in all solutions for all 

rectangles it should use the boundary conditions of the whole body and joining conditions on 
the corresponding edges of contiguous rectangles preliminarily expanded the SSS components 
on their sides into trigonometric series. An infinity linearly algebraic system will be got by 
equating coefficients of the same harmonic in expanding of corresponding SSS components. 
The reduction method can be used to get an approximation to the solver of this infinite 
system. 

The decomposition of the plate with the crack on the eight contiguous rectangles is 
presented in Fig. 1. 

 

 

Fig. 1. Decomposition of the plate with the crack. 
 

The boundary conditions on the sides of the contiguous rectangles (dashed lines) can be 
any but for this problem the displacements and normal and shear stresses should be equal. 
And on the sides belonging to the boundary of the original structure (solid lines) the boundary 
conditions should be equal to ones given on the original structure.  

 

 

Fig. 2. Displacements 22uA q h  (a) and normal stresses x qσ  (b) in the horizontal 
cross-sections. 
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4. Computational experiments 
The analysis of the plate from a graphic epoxide (its geometry see Fig. 1) stretched by a 
uniformly distributed normal loads of intensity q  applied to its sides 0,2x h= . Technical 
elastic constants of the material are as follows: 181xE GPa= , 10.34yE GPa= , 7.17G GPa= , 

0.016xν = , 0.28yν = . Elastic constants are expressed through technical ones by the 

following formulas: ( ) ( )( )12 1 1 2x y x y y x x yA E Eν ν ν ν ν ν= − + − , ( )11 1x x yA E ν ν= − , 

( )22 1y x yA E ν ν= − , 66A G= . Since the problem of stretching a plate with a crack is 
symmetric with respect to the lines of the plate passing through the center and parallel to the 
axes Ox  and Oy , the calculation is performed for the right upper quarter of the plate 
(rectangles 1 and 2 in Fig. 1). 

Figure 2 shows the graphs of dimensionless displacement 22uA q h  and normal stresses 

x qσ  (b) in the horizontal cross-sections 0, 4, 2,3 4,x h h h h= . The graph number 1 
corresponds the section 0x =  and the graph number 5 corresponds the section x h= , and the 
other graphs correspond to the intermediate sections. It can be seen that at the crack tip the 
normal stress x qσ  tends to a large value. 

 

 

Fig. 3. Normal stresses y qσ  in the vertical cross-sections above the crack (a) and to the right 
of the crack (b). 

 
Figure 3 shows normal dimensionless stresses y qσ  in the vertical cross-sections  
( 1) / 4y a i= − , 1, ,5i =   of the simple bodies 1 (a) and 2 (b). It can be seen that the upper 

shore of the crack is compressed that can lead to local buckling of the plate in the vicinity of 
the crack. 

 
5. Conclusion 
The general solution constructed for an elastic rectangle was successfully used for analyzing 
the stress and strain state of an orthotropic rectangle clamped on two opposite edges. It’s not 
difficult using the software designed in Maple to analyze stresses and displacements in a 
rectangular with other boundary conditions, e.g. free-supported two opposite edges, shear 
loading and so on. 
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On the base of this general solution an algorithm of analytical decomposition to analyze 
a geometrically complex elastic structures composed from a number of rectangles was 
developed. Its application for computing a stretch of an orthotropic rectangle with a crack 
showed its effectiveness to compute elastic structures with singularities. In conclusion, it 
should be noted that the MIF use nowadays in the superposition method [10] to analyze 3D 
single- and multi-layer thick plates. 
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