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Abstract. The paper describes the homogenization procedure for two-phase mixture elastic
composites that consist of two isotropic phases. It is assumed that on the boundary between
the phases, special interface boundary conditions are held, where the stress jumps over the
interphase boundary are equal to the surface stresses at the interface. Such boundary
conditions are used for description of nanoscale effects in elastic nanobodies and
nanocomposites. The homogenization problems are solved using the approach of the effective
moduli method, the finite element method and the algorithm for generating the representative
volume that consists of cubic finite elements with random distribution of element material
properties. To provide a numerical example, a wolfram-copper composite is considered,
where the interface conditions are modeled by surface membrane elements.
Keywords: composite materials; homogenization problems; effective moduli method;
finite element method.

1. Introduction
The process of producing mixture composites often results in composite structures with
loosely adhering phase constituents. For example, this happens while sintering the mixtures of
piezoceramic powders with more dense granules. In this case, we obtain mixture composite
made of piezoceramic and elastic inclusions, where the interphase boundaries can contain air
layers. In addition, multiphase mixture composites can experience detachment of materials of
different phases while their exploitation. In this and other cases, it is of interest to consider
composite structures with imperfect contact conditions at the interphase boundaries [1].
Popular recent models of nanomechanics with surface or interface effects for the
composites with nanoscale inhomogeneities consider the boundary conditions with surface
stresses on the boundaries between the phases (see for example reviews [2 – 4]). Thus, in the
Gurtin-Murdoch model, the boundaries of a nanoscale body are covered by elastic
membranes, in which internal forces are described by the surface stresses. Elastic membranes
can be also located inside a compound body on the interphase boundary, which allows
modeling the imperfect interface boundaries with stress jumps [5 – 9]. The Gurtin-Murdoch
model is also frequently used for simulating elastic nanoscale composites. For example,
in [10 – 20] and other works in the framework of the elasticity theory with surface stresses,
the mechanical properties of the composites with spherical inclusions, fiber and other
composites were investigated. The technique of finite element approximations for elastic
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materials with surface effects and numerical examples was demonstrated in [8, 16, 21 – 26]
and others.
For the effective moduli determination, i.e. for the homogenization of the composite
structure, this work uses a general approach, based on the use of the effective moduli method
(with modifications that take into account additional factors on the interphase boundaries), the
simulation of the representative volumes and the finite element method for numerical solution
of the homogenization problems [21 – 24].
2. Homogenization procedure for a mixture composite with imperfect interfaces
Let us consider a two-phase composite with nanoscale inclusions. Let V is a representative
volume; V ( j ) are the volumes occupied by separate phases ( j = 1, 2 ); V = V (1) ∪ V ( 2 ) ;
S = ∂V is the external boundary of the volume; S i is the set of the boundary surfaces of
materials with different phases; n is the vector of the unit normal to the external boundary
with respect to the volume of the main material V (1) ; x is the radius-vector of a point in a
Cartesian coordinate system. Let us assume that the volumes V (1) and V ( 2 ) are filled with
different isotropic elastic materials. Then into framework of classic static linear elasticity
theory, we formulate the following system of equations in the volume V with respect to the
components of the displacement vector u k = u k (x) :

∂ lσ k l = 0 , σ k l = lε mmδ k l + 2 mε k l , ε k l = (∂ l u k + ∂ k ul ) / 2 ,

(1)

where σ k l are the components of the stress tensor; ε k l are the components of the strain
tensor; λ , µ are the Lame’s coefficients; µ = G is also called the shear modulus.
As it is known, an elastic material is described by two independent material moduli. The
most frequently used are the Young’s modulus E and the Poisson’s ratio ν . Then the Lame’s
coefficients λ , µ = G , the bulk modulus K and the stiffness moduli c11 , c12 , c44 can be
expressed in terms of the Young’s modulus and the Poisson’s ratio by well-known formulae:
E
νE
E
, µ =G =
, K=
, c11 = λ + 2µ , c12 = λ , c44 = G . (2)
λ=
(1 + ν )(1 − 2ν )
2(1 +ν )
3(1 − 2ν )
For a two-phase medium, these moduli differ for each phase: E = E ( j ) , ν = ν ( j ) , and so
on for x ∈V ( j ) , j = 1, 2 .
In accordance with the Gurtin-Murdoch model, we adopt that on the nanoscale
interphase boundaries S i the following condition is held:
nl [s k l ] = ∂ lss ki l , x ∈ S i ,
(3)
where [σ k l ] = σ k(1l) − σ k( 2l ) is the stress jump over the boundary between the phases;
∂ ls = ∂ l − nl (nm ∂ m ) is the surface nabla-operator. Here σ ki l are the components of the tensor
of interface stresses, which are related to the strains by the “interface” Hook’s law:
i
σ ki l = l i ε mm
δ k l + 2m i ε ki l , ε ki l = (∂ ls u ik + ∂ ks u il ) / 2 , u ik = (δ k m − n k n m )u m ,

(4)

where λ i , µ i are the Lame’s coefficients for the interface. We note that instead of λ i and µ i
other pairs of moduli can be used to formulate the Hooks’s law. For example, we can use E i
and ν i , through which we can express the Lame’s coefficients or elastic stiffness using the
expressions similar to the plane stress formulas.
Thus, a two-phase composite, consisting of two isotropic elastic phases with interface
boundaries, is characterized by four material moduli, for example, E (1) , ν (1) , E ( 2 ) , ν ( 2 ) , E i
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and ν i . If the representative volume has not a pronounced anisotropy in the components
distribution, then a such called “equivalent” homogeneous material will also be isotropic and
will be described by only two independent moduli, for example, E eff and ν eff . In order to
determine these effective moduli, it is enough to solve only one boundary-value problem
(1) − (4) in the representative volume of the composite with the boundary condition (
ε 0 = const )

u k = x1ε 0δ 1k , x ∈ S .
eff
11

c

Then, from the solution of problem (1) − (5) similar to [21 − 24], we can find
= σ 11 / e 0 , c12eff = σ 2 2 / e 0 ,

(5)
(6)

where the angular brackets denote the averaged by the volume V and by the interface S i
values:
1
(7)
< (...) >=
( ∫ (...)dV + ∫ i (...)dS i ) .
S
|V | V
To check that the homogenized material is isotropic, we can solve problem (1) − (5),
which solution should give: c12eff ≈ σ 33 / e 0 ; σ k m ≈ 0 , k ≠ m . For additional control of the
quality of the representative volume, it makes sense to solve problem (1) − (4) with a shear
eff
boundary condition: u k = ε 0 ( x3δ 2 k + x2δ 3k ) / 2 , x ∈ S . If we obtain c44
= σ 23 / e 0 from the
solution of this problem, then this value should be approximately equal to
eff
c44
≈ (c11eff − c12eff ) / 2 , where the moduli c11eff , c12eff are determined from the solution of the
previous problem.
In conclusion of this section, we would like to note that for nanostructured composites
taking into account the interface surface effects leads to the appearance of special boundary
conditions (3), (4) on the surface S i and to the necessity of calculating the averaged stresses
in (7) not only by the volume V , but also by the surface S i . In a similar way we can consider
the problem of homogenization for the composites with imperfect contacts on S i , for
example, with the interface conditions of spring type [1].
3. Numerical examples
Problem (1) − (5) was numerically solved by the finite element method in the finite element
package ANSYS using the technique similar to the one described in [21 − 23]. The
representative volume V was chosen in the shape of a cube with the side L , which was
evenly divided into smaller geometrically identical cubes. These cubes were eight node
hexahedral finite elements SOLID45. As a result, in the volume V there were nV = n 3 finite
elements, where n is the number of elements along one of the axis. For the simulation of a
two-phase composite, the finite elements had properties of one of the phases. At the
beginning, all elements had the properties of the first phase. Then, based on the required
percentage of the material of the second phase pa , for the randomly chosen
n p = NINT(nV pa / 100) finite elements, their material properties were changed to the material
properties of the second phase (here NINT is the rounding function to nearest integer in
ANSYS APDL programming language). We also note that the resulting percentage of
inclusions p = 100n p / nV can differ from the expected value pa , although this difference is
usually negligibly small.
Then the boundaries of the elements with different material properties were
automatically [21 − 23] covered by four-node shell elements SHELL63 with the option of
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only membrane stresses. At the end all interface edges were covered by membrane elastic
finite elements, which simulated the presence of interface stresses (3), (4) on the boundaries
S i . At the next stage, for the generated representative volume, we solved static problem
(1) – (5), and after that in ANSYS postprocessor we calculated the averaged stresses by both
volume and surface elements. Lastly, using formulae (6), (7) and the obtained averaged
stresses, we calculated the effective moduli of the composite, taking into account the interface
effects.
We note that for the same size L of the volume V , depending on the number of
elements n along the axes, the size l = L / n of finite elements can be different, hence, the size
of inclusions can be different. Therefore, for a fixed percentage of inclusions p and
increasing n , the size of inclusions will be smaller, but the total number of inclusions n p will
increase, and thus the total area of the boundary S i will also increase [21 – 23].
To provide an example, we consider the problem of finding the effective moduli of a
two-phase composite, where the first (main) phase is wolfram and the second (inclusion)
phase is copper. As it is known, both phases can be adopted as isotropic materials. For
numerical results, we took the following values of bulk material moduli of the first and
second phases: E (1) = 4 ⋅1011 N/m2; ν (1) = 0.28 ; E ( 2 ) = 1.1 ⋅ 1011 N/m2; ν ( 2 ) = 0.34 . It is easy
to note that the material of the first phase is almost 4 times stiffer than the material of the
second phase. However, the Poisson’s ratio of the material of the first phase is smaller than
that of the second phase.
As the interface stresses were simulated by the finite elements of elastic membranes,
it was necessary for them to set the thickness h i . The Young’s modulus was taken
~
proportional to the difference between the Young’s moduli of two phases E i = k s ( E (1) − E ( 2 ) ) ,
where k s is a dimensionless factor and the Poisson’s ratio is determined by the formula
ν i =(ν (1) +ν ( 2) ) / 2 . Such approach leads to taking into account the stresses (3), (4) with the
~
Young’s modulus E i = h i E i = h i k s ( E (1) − E ( 2 ) ) , i.e. in this case the values h i and k s are not
important independently, but their product h i k s is important. In connection to this, in further
numerical calculations the thickness h i was fixed, h i = 1 m, and for the analysis of the
interface stresses influence only the coefficient k s varied from 10 −4 to 1 .
Figures 1, 2 show the dependencies of the effective moduli with respect to the factor k s
in the logarithmic scale ( lg ≡ log10 ): the Young's modulus E eff (Fig. 1a), the shear modulus
G eff (Fig. 1b), the bulk modulus K eff (Fig. 2a), and the Poisson's ratio ν eff (Fig. 2b). Here
the percentage of inclusions (material of the second phase) remains unchanged p = 10 %, and
the curves 1, 2, 3, 4 correspond to the values n = 10, n = 20, n = 30, and n = 40, respectively.
As we can see, the behaviors of the effective moduli E eff , G eff and K eff , depending on the
interface moduli values, qualitatively coincide, but the moduli E eff and G eff increase slightly
more rapidly when increasing k s , and the Young's modulus increases the most rapidly.
For k s ≤ 10 −3 , the surface effects have only a slight influence on the values of the stiffness
moduli. Approximately starting with the values of k s ≤ 10 −2 , the stiffness moduli begin to
grow quite rapidly. Thus for the fixed percentage of inclusions p = 10 % with increasing
n = 10, 20, 30, 40, the size of inclusions decrease, but the number of inclusions and their total
area increase. As a result, the interface effects are manifested in a greater extent, and the
stiffness moduli (Figs. 1 and 2a) increase (curves 1 are located lower than curves 2, curves 2
are located lower than curves 3,and curves 3 are located lower than curves 4). It should be
noted that for large values of the interface stiffness moduli, the overall effective stiffness
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moduli of composite nanomaterials with interfaces may exceed the moduli of the stiffest
phase in the composite. In Figs. 1 and 2a, this effect is observed, when the values of the
moduli are larger than the moduli of the stiffest material in the composite (dashed lines).

(a)

(b)

Fig. 1. Dependencies of the effective moduli E eff (a) and G eff (b) versus the factor k s for
p = 10 %: curve 1 is for n = 10; curve 2 is for n = 20; curve 3 is for n = 30;
curve 4 is for n = 40.

(a)

(b)

Fig. 2. Dependencies of the effective moduli K eff (a) and ν eff (b) versus the factor k s for
p = 10 %: curve 1 is for n = 10; curve 2 is for n = 20; curve 3 is for n = 30;
curve 4 is for n = 40.
Figure 2b shows that the behavior of the Poisson ratio with increasing interface modulus
is opposite to the behavior of the stiffness moduli E eff , G eff and K eff . This can be explained
by an increase in the overall stiffness of the material.
In order to analyze the influence of the interface effect on the effective moduli with
different percentage of inclusions, we have calculated the effective stiffness moduli with the
fixed number of elements n = 20, but with different percentage of inclusions and with

Mathematical and computer homogenization models for bulk mixture composite materials with imperfect interfaces

39

different, but not too large, values of the factor k s . The results of these calculations are
shown in Figs. 3 and 4.

(a)

(b)

Fig. 3. Dependencies of the effective moduli E eff (a) and G eff (b) versus the percentage of
inclusions for n = 20 and for the factor k s : curve 1 is for k s = 0.1; curve 2 is for k s = 0.05;
curve 3 is for k s = 0.01; curve 4 is for k s = 0.001.

(a)

(b)

Fig. 4. Dependencies of the effective moduli K eff (a) and ν eff (b) versus the percentage of
inclusions for n = 20 and for the factor k s : curve 1 is for k s = 0.1; curve 2 is for k s = 0.05;
curve 3 is for k s = 0.01; curve 4 is for k s = 0.001.
As these figures demonstrate, for small values of the factor k s (curves 3 and 4) the
interface effects do not affect the stiffness moduli. However, for any percentage of inclusions
the interface stresses are larger than the effective stiffness of the composite material.
Moreover, as it was mentioned earlier, there are cases when the composite material with
interfaces can have greater stiffness than the stiffest material in the composite. This situation
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takes place when k s = 0.1 for the Young's modulus E eff , if p ≤ 75 % , for the shear modulus
G eff , if p ≤ 63 % , and for the bulk modulus K eff , if p ≤ 63 % , (see curves 1 and 2, which
are located higher that the dashed lines in Figs. 3 and 4a). When k s = 0.05 , the results are
more consistent with the experimental data for other materials, and similar situation takes
place for the Young's modulus E eff , if p ≤ 65 % , for the shear modulus G eff , if p ≤ 33 % ,
and for the bulk modulus K eff , if p ≤ 50 % . On the contrary, the Poisson’s ratio of the
composite structure can be smaller than the Poisson’s ratio of the main material for large
values of k s in a wide range of percentage of inclusions p (Fig. 4b).
We note that the percentage of softer inclusions and the interface effects have the
opposite influence on the effective stiffness: a simple increase of the percentage of softer
inclusions leads to a decrease in the stiffness moduli, however, the interface effects increase
the stiffness. The growth of the percentage of the softer inclusions for nanocomposite
materials with interphase effects entails an increase of the boundaries areas with interface
stresses. Therefore, with the increase of the percentage of softer inclusions, the stiffness
moduli of nanocomposite materials with interface may increase. For example, for large values
of interface moduli an increase of the percentage of inclusions for not very large p ( p ≤ 45 %
for k s = 0.1 and p ≤ 35 % for k s = 0.05 ) leads to a growth of the effective Young's modulus,
and with further increase of p the effective Young's modulus starts to decrease.
Thus, as it was mentioned in [2, 21 – 24, 27, 28] for porous nanocomposites, from the
results of computational experiments the following trends have been observed. If we compare
two similar bodies, one with ordinary dimensions and the other with nanoscale dimensions,
then for the nanosized body at the expense of surface stresses, the effective stiffness will be
greater than for the body of ordinary size. Furthermore, for the composite body with softer
inclusions of the macroscopic size and without interfaces, the effective elastic stiffness
decreases with an increase of the percentage of inclusions. Meanwhile, for the same percent
of inclusions the effective stiffness of the nanocomposite body with softer inclusions and with
interface may either decrease or increase depending on the values of the interface moduli,
dimensions and number of inclusions. This effect can be explained by the fact that the sizes of
the surface interface with interface stresses depend not only on the overall percentage of
inclusions, but also on their configuration, size and number.
6. Conclusions
The homogenization model was described for a two-phase elastic composite with surface
stresses at the interphase boundaries, which reflected the nanoscale effects for nanostructured
composites. This model was applied for the calculation of the effective moduli of a two-phase
wolfram-copper composite with interface boundary conditions on the boundaries between the
phases. The solutions of the homogenization problems were obtained by the finite element
method in ANSYS finite element package for a cubic representative volume with mapped
meshing in hexahedral finite elements and random distribution of inclusions. For the
considered composite with stiffer skeleton and softer inclusions, we have noted that the
effective moduli were dependent on the percentage of inclusions, their configuration and size.
These dependencies are similar to known dependencies for nanoporous composites.
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