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Abstract. The paper presents an investigation of effective properties of piezocomposites of 
piezoceramic/polycrystallites type by using the effective moduli method, the computer 
modeling of representative volumes with random structure of granular heterogeneity and the 
finite element method to solve the homogenization problems. The effective moduli, obtained 
from the problems with different boundary conditions on the edges of representative volumes, 
are analyzed. 
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1. Introduction 
Piezoceramic composite materials have received considerable attention due to their 
application in sensors, actuator and other piezoelectric devices. In order to improve the 
efficiency of these materials, the piezoelectric composites based on piezoceramic matrices has 
been developed recently. Porous piezoceramic materials appeared perspective for use as the 
elements for acoustic transmitters and as renewable energy sources. As it turned out, in 
comparison with dense ceramics, porous piezoceramics had small acoustic impedance, but 
sufficiently high values of piezoelectric sensitivities and thickness piezomoduli. However, 
porous piezoceramics is less strong compared with dense ceramics. To improve the 
mechanical properties of porous piezoceramics, more rigid crystallites can be added into 
ceramic composites. 

The classification of piezoelectric composites was initiated by Newnham's connectivity 
theory. In compliance with this theory, the ceramomatrix or polycrystalline piezocomposites 
can be classified as two or three phase composites with 3-0 connectivity (with closed or 
separate inclusions). The ceramomatrix or polycrystalline composite piezoceramic having 
sizes of inclusions, lesser that 100 µm may be accepted as a quasi-homogeneous medium with 
some effective moduli for most applications.  

The material properties of porous or polymer-crystalline piezocomposites with mixed 
connectivities (3-0, 3-3 or 0-3) have been evaluated using different theoretical and 
computational models in [1–19] and others. Thus, the use of Marutake's and Bruggeman's 
approximations for calculation of effective moduli of piezocomposites was offered [19]. The 
approximate equations for elastic, dielectric and piezoelectric constants of diphasic 
piezocomposite form 3-0 to 3-3 connectivity were obtained in [1] based on simplified model 
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combing cubes and 3-3 models. Some cubic models also were used in [2,14]. The modified 
cubes matrix method was proposed for analysis of the piezocomposite with different 
connectivity in [9] and other papers of the same authors. The dilute, self-consistent, Mori-
Tanaka and differential micromechanics theories were extended in [3] to consider the 
effective characteristic of piezocomposite materials. The application of each theory was based 
on three-dimensional static solution of an ellipsoidal inclusion in an infinite piezoelectric 
media. Theoretical models including optimization techniques and homogenization methods 
have also been proposed for piezocomposite in [17]. 

In the present work, we have developed the effective moduli method and finite element 
technique in accordance with [4,5,20,21]. Theoretical aspects of the effective moduli method 
for inhomogeneous piezoelectric media were examined. Four static piezoelectric problems for 
a representative volume that allow finding the effective moduli of an inhomogeneous body 
were specified. These problems differ by the boundary conditions, which were set on a 
representative volume surfaces: mechanical displacements and electric potential (uϕ), 
mechanical displacements and normal component of electric displacement vector (uD), 
mechanical stress vector and electric potential (σϕ), and mechanical stress vector and normal 
component of electric displacement vector (σ D). Respective equations for calculation of 
effective moduli of piezoelectric media with arbitrary anisotropy were derived. 

Based on these equations the full set of effective moduli for ceramomatrix composite 
piezoceramics having wide injection range was calculated with help of finite element method 
realized in the ANSYS package and in the new software ACELAN-COMPOS. Inclusions 
were modeled by using "granule" algorithm in ACELAN-COMPOS package. Then, the 
representative volume models generated in ACELAN-COMPOS were transferred to the 
ANSYS finite element package, where the effective moduli of the composite were calculated. 

 
2. Mathematical models and the effective moduli method 
As is known, in linear approximation for piezoelectric materials there are a linear relations 
between mechanical and electric fields. These dependences are called the constitutive 
relations and can be presented in the following four equivalent forms [22]: 

EeScT ⋅−⋅= *E , EεSeD ⋅+⋅= S , (1) 
EdTsS ⋅+⋅= *E , EεTdD ⋅+⋅= T , (2) 
DhScT ⋅−⋅= *D , DβShE ⋅+⋅−= S , (3) 
DgTsS ⋅+⋅= *D , DβTgE ⋅+⋅−= T . (4) 

Here, },,,,,{ 121323332211 σσσσσσ=T  is the array of the mechanical stress components 

jiσ ; }2,2,2,,,{ 121323332211 εεεεεε=S , is the array of the strain components jiε ; D  is the 
electric flux density vector or the vector of electric displacement; E  is the electric field 
intensity vector; Ec , Dc  are the 66×  matrices of elastic stiffness moduli at constant electric 
field and at constant electric displacement, respectively; e , d , h , g  are the 63×  matrices of 
piezoelectric moduli (stress coefficients, charge coefficients, strain coefficients, voltage 
coefficients, respectively); Sε , Tε  are the 33×  matrices of dielectric permittivity moduli at 
constant mechanical strain and at constant mechanical stress, respectively; Es , Ds  are the 

66×  matrices of elastic compliance moduli at constant electric field and at constant electric 
displacement, respectively; Sβ , Tβ  are the 33×  matrices of dielectric impermittivity moduli 
at constant mechanical strain and at constant mechanical stress, respectively; *(...)  is the 
transpose operation; and (...)(...) ⋅  is the scalar or internal product operation. The different 
material constants from (1) – (4) are connected through each other by the relations: 
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1)( −= EE cs , 1)( −= DD cs , 1)( −= SS εβ , 1)( −= TT εβ , hecc ⋅+= *ED , gdss ⋅−= *ED , (5) 
*edεε ⋅+= ST , *hgββ ⋅−= ST , Ecde ⋅= , gεd ⋅= T , dβg ⋅= T , Dcgh ⋅= . (6) 

Thus, if one of the sets of material moduli is known, { Ec , e , Sε }, then all other sets 
({ Es , d , Tε }, { Dc , h , Sβ }, or{ Ds , g , Tβ }) can be determined. In this section we show that 
for a composite material one can select such homogenization problems, from which we can 
directly determine one of the sets of effective material moduli: { effEc , effe , effSε }, { effEs , 

effd , effTε }, { effDc , effh , effSβ }, { effDs , effg , effTβ }. 
We will consider a ceramomatrix piezocomposite as a two-phase composite in which 

the first phase (matrix) is a piezoceramic material, and the second phase is the elastic 
inclusions. Let Ω  is the representative volume of heterogeneous ceramomatrix 
piezocomposite materials, )2()1( Ω∪Ω=Ω ; )1(Ω  is the volume occupied by the primary 
material of the matrix; )2(Ω  is the volume or the set of the volumes occupied by the material 
of the inclusions; Ω∂=Γ  is the boundary of the volume, n  the vector of the external unit 
normal to Γ , )(xuu =  is the displacement vector-function, )(xϕϕ =  the electric potential 
function, },,{ 321 xxx=x  is the vector of the Cartesian coordinates.  

In order to determine the effective moduli of this composite material, we will consider 
four set of the homogenization problems [20, 21]. The first set is used most often and is based 
on the following boundary-value problem 

0)(* =⋅∇ TL , 0=⋅∇ D , (7) 
EeScT ⋅−⋅= *E , EεSeD ⋅+⋅= S , (8) 

uLS ⋅∇= )( , ϕ−∇=E , 
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0
* )( SxLu ⋅= , 0Ex ⋅−=ϕ , Γ∈x , (10) 

where } , , , , ,{ 0605040302010 SSSSSS=S ; β0S  are some constant values that do not depend on 
x ; 0E  is some constant vector. 

Note that the problem (7)–(10) should be solved in an inhomogeneous volume Ω , 
where )( jEE cc = , )( jee = , )( jSS εε =  for )( jΩ∈x , 2 ,1=j . We consider the elastic material of 
inclusions as a piezoelectric material with their elastic stiffness and dielectric permittivities 
moduli and with negligible piezomoduli.  

In the case of ceramomatrix piezocomposite of 6mm class, in order to determine its ten 
independent effective moduli ( eff

11
Ec , eff

12
Ec , eff

13
Ec , eff

33
Ec , eff

44
Ec , eff

31e , eff
33e , eff

15e , eff 
11
Sε , eff 

33
Sε ), it 

is enough to solve five boundary problems (7)–(10) with various values of 0S  and 0E , having 
set only one of the components β0S , lE0  ( 6 ..., ,2 ,1=β ; 3 ,2 ,1=l ) in the boundary conditions 
(10) not equal to zero: 
uϕ – I.   ββ δ 100 SS = , 00 =E  ⇒ 0

eff
1 / Sc kk
E
k σ= ; 3 ,2 ,1=k ; 03

eff
31 / SDe = , (11) 

uϕ – II.  ββ δ 300 SS = , 00 =E  ⇒ 0
eff

3 / Sc kk
E
k σ= ; 3 ,2 ,1=k ; 03

eff
33 / SDe = ,  (12) 

uϕ – III. ββ δ 400 SS = , 00 =E  ⇒ 023
eff

44 / ScE σ= ; 02
eff
15 / SDe = ,  (13) 

uϕ – IV. 00 =S , ll EE 100 δ=   ⇒ 013
eff
15 / Ee σ−= ; 01

eff 
11 / EDS =ε ,  (14) 

uϕ – V.  00 =S , ll EE 300 δ=    ⇒  0
eff
3 / Ee kkk σ−= ; 3 ,2 ,1=k ; 03

eff 
33 / EDS =ε ,  (15) 
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where jiδ  is the Kronecker symbol; and the angle brackets denote the averaged by the 
volume Ω  values:  

∫Ω Ω
Ω

>=< d(...)
||

1(...) . (16) 

The boundary conditions (8) are the linear essentially boundary conditions, which for a 
homogeneous piezoelectric comparison medium provide the constant stresses, electric fluxes, 
strains, and electric intensity fields. However, as has been shown in [20,21], we can use for 
the homogenization problems other boundary conditions, which also provide the constant 
stresses, electric fluxes, strains, and electric intensity fields for a homogeneous comparison 
medium.  

Thus, instead of the boundary conditions (10), we can consider the natural boundary 
condition for the stress with known constant tensions and the essentially electric boundary 
condition with the known linear electric potential function:  

0
** )()( TnLTnL ⋅=⋅ , 0Ex ⋅−=ϕ , Γ∈x . (17) 

Again, in the case of ceramomatrix piezocomposite of 6mm class, for determination full 
set of effective moduli ( eff

11
Es , eff

12
Es , eff

13
Es , eff

33
Es , eff

44
Es , eff

31d , eff
33d , eff

15d , eff 
11
Tε , eff 

33
Tε ), we can 

solve five boundary problems (5) – (7). (14) with various values of 0T  and 0E , having set 
only one of the components β0T , lE0  ( 6 ..., ,2 ,1=β ; 3 ,2 ,1=l ) in the boundary conditions 
(17) not equal to zero: 
σϕ – I.   ββ δ 100 TT = , 00 =E  ⇒ 0

eff
1 /Ts kk
E
k ε= ; 3 ,2 ,1=k ; 03

eff
31 /TDd = ,  (18) 

σϕ – II.  ββ δ 300 TT = , 00 =E  ⇒ 0
eff

3 /Ts kk
E
k ε= ; 3 ,2 ,1=k ; 03

eff
33 /TDd = , (19) 

σϕ – III. ββ δ 400 TT = , 00 =E  ⇒ 023
eff

44 / TsE ε= ; 02
eff
15 /TDd = ,  (20) 

σϕ – IV. 00 =S , ll EE 100 δ=   ⇒ 013
eff
15 / Ed ε= ; 01

eff 
11 / EDT =ε ,  (21) 

σϕ – V.  00 =S , ll EE 300 δ=    ⇒  0
eff
3 / Ed kkk ε= ; 3 ,2 ,1=k ; 03

eff 
33 / EDT =ε . (22) 

If we assume the the essentially mechanical boundary condition with the known linear 
displacements and the natural electric boundary condition with known constant normal 
component of electric flux vector  

0
* )( SxLu ⋅= , 0DnDn ⋅=⋅ , Γ∈x , (23) 

then for transversely isotropic ceramomatrix piezocomposite we can solve five boundary 
problems (7) – (9), (23) with various values of 0S  and 0D , having set only one of the 
components β0S , lD0  ( 6 ..., ,2 ,1=β ; 3 ,2 ,1=l ) in (23) not equal to zero, and from the 

solution of these problems we directly obtain the effective moduli eff
11
Dc , eff

12
Dc , eff

13
Dc , eff

33
Dc , 

eff
44
Dc , eff

31h , eff
33h , eff

15h , eff 
11
Sβ , eff 

33
Sβ :  

uD – I.   ββ δ 100 SS = , 00 =D  ⇒ 0
eff

1 / Sc kk
D
k σ= ; 3 ,2 ,1=k ; 03

eff
31 / SEh −= ,  (24) 

uD – II.  ββ δ 300 SS = , 00 =D  ⇒ 0
eff

3 / Sc kk
D
k σ= ; 3 ,2 ,1=k ; 03

eff
33 / SEh −= ,   (25) 

uD – III. ββ δ 400 SS = , 00 =D  ⇒ 023
eff

44 / ScD σ= ; 02
eff
15 / SEh −= ,   (26) 

uD – IV. 00 =S , ll DD 100 δ=   ⇒ 013
eff
15 / Dh σ−= ; 01

eff 
11 / DES =β ,   (27) 

uD – V.  00 =S , ll DD 300 δ=    ⇒  0
eff
3 / Dh kkk σ−= ; 3 ,2 ,1=k ; 03

eff 
33 / DES =β .  (28) 

At last, we can consider the natural mechanical and electric boundary conditions with 
the known constant tensions and the normal component of electric flux vector: 

0
** )()( TnLTnL ⋅=⋅ , 0DnDn ⋅=⋅ , Γ∈x . (29) 
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Now for transversely isotropic ceramomatrix piezocomposite we solve five boundary 
problems (7) – (9), (29) with various values of 0T  and 0D , having set in (29) only one 
nonzero components β0T , lD0  ( 6 ..., ,2 ,1=β ; 3 ,2 ,1=l ), and after solving these problems we 

at first obtain the effective moduli eff
11
Ds , eff

12
Ds , eff

13
Ds , eff

33
Ds , eff

44
Ds , eff

31g , eff
33g , eff

15g , eff 
11
Tβ , 

eff 
33
Tβ : 

σ D – I.   ββ δ 100 TT = , 00 =D  ⇒ 0
eff

1 / Ts kk
D
k ε= ; 3 ,2 ,1=k ; 03

eff
31 /TEg −= ,  (30) 

σ D – II.  ββ δ 300 TT = , 00 =D  ⇒ 0
eff

3 / Ts kk
D
k ε= ; 3 ,2 ,1=k ; 03

eff
33 / TEg −= ,  (31) 

σ D – III. ββ δ 400 TT = , 00 =D  ⇒ 023
eff

44 /Ts D ε= ; 02
eff
15 /TEg −= ,  (32) 

σ D q – IV. 00 =T , ll DD 100 δ=   ⇒ 013
eff
15 / Dg ε= ; 01

eff 
11 / DET =β ,  (33) 

σ D – V.  00 =T , ll DD 300 δ=    ⇒  0
eff
3 / Dg kkk ε= ; 3 ,2 ,1=k ; 03

eff 
33 / DET =β .  (34) 

For each set of these problems from found effective moduli we can calculate for 
"equivalent" effective homogeneous medium the other moduli from the constitutive equations 
(1) – (4) and the relations (5), (6). We note, that effective moduli, found from different 
problems uϕ, σϕ, uD, and σ D, will differ, i.e. D

E
uD

EE
u

E
σϕσϕ )()()()( effeffeffeff cccc ≠≠≠ , etc.  

Further, all these problems will be solved in a representative volume Ω  numerically by 
the finite element method. 

 
3. Averaging of inclusions for polycrystalline piezoceramic 
For the case of polycrystalline elastic inclusions, we must calculate at the first stage the 
effective moduli for material of inclusions. At the next stage, we will study piezocomposite 
with isotropic inclusions as two-phase composite according to the approaches described 
above. As an example, we shall consider PZT/α–Al2O3 composite material. 

For calculation of average moduli of inclusions, we shall take into account, that 
inclusions represent the crystallites of sapphire (α-corundum) Al2O3. These inclusions are the 
crystals of system m3  [23], which crystallographic axes are oriented in random manner with 
respect to the global Cartesian coordinate system. In crystallographic axes, its moduli have 
the following structure 
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where 2/)( 121166
rrr ccc −= . 

In this connection, the effective moduli can be defined as the average moduli of 
monophase polycrystallite of trigonal system [21]. Here, the averaging of crystallites moduli 
on every of the possible orientations of crystallographic axes can be implemented in implicit 
form [24]. As a result, the inclusions can be considered as isotropic material, which effective 
moduli are expressed through the initial stiffness moduli rcαβ  and the flexibility or compliance 

moduli rsαβ  under well-known formulas [24].  
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The Voight's averaging gives the following values for the effective bulk module (2)
VK  

and shear module (2)
Vµ   

∑∑
= =

=
3

1

3

1

(2)

9
1

α β
αβ
r

V cK , 
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30
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α
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α
ααµ rrr

V ccc ,  

Alternative averaging on Reuss for flexibility or compliance tensors allows one to find 
the inverse values for the effective moduli (2)

RK  and (2)
Rµ :  

∑∑
= =

− =
3

1

3

1

1(2) )(
α β

αβ
r

R sK , 







−+= ∑∑∑∑
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−
3

1

3

1

6

4

3

1

1eff 236
15
1)(

α β
αβ

α
αα

α
ααµ rrr

R sss ,  

At the averaging of trigonal system polycrystallite the given formulas can be rewritten 
in the form [24]:  

))2(22(
9
1

13123311
(2) rrrr
V ccccK +++= , )124527(

30
1

4413123311
(2) rrrrr
V ccccc +−−+=µ ,  (35) 

)2(22)( 13123311
1(2) rrrr

R ssssK +++=− , )34527(
15
2)( 4413123311

1(2) rrrrr
R sssss +−−+=−

αµ . (36) 

According to the Hill's approach for the final values of effective moduli of a monophase 
polycrystalline material, we shall take the arithmetic middling values obtained by averaging 
on Voight and Reuss: 

2/)( (2)(2)(2)
RV KKK += , 2/)( (2)(2)(2)

RV µµµ += . (37) 

Then, the average values of Young's module (2)E , Poisson's coefficient (2)ν , and 

stiffness moduli )2(
11c , )2(

12c  for inclusion material can be found by using the standard formulas 
from (2)K  and (2)µ  

)3(
9

(2)(2)

(2)(2)
(2)

µ
µ
+

=
K
K

E , 
)26(

)3(
(2)(2)

(2)(2)
(2)

µ
µ

ν
+

−
=

K
K

. (38) 

)21)(1(
)1(

(2)(2)

(2)(2)
(2)
11 νν

ν
−+

−
=

E
c , 

)21)(1( (2)(2)

(2)(2)
(2)
12 νν

ν
−+

=
E

c . (39) 

The averaging of dielectric permittivities on every of the possible orientations of 
crystallographic axes leads to isotropic dielectric medium with effective permittivity (2)ε : 

2/)2( 3311
eff rr εεε += . (40) 

Thus, the inclusions from sapphire crystallites of trigonal system can be modelled by 
isotropic material with effective elastic moduli (2)E , (2)ν  or )2(

11c , )2(
12c  and dielectric 

permittivitie (2)ε , expressed by moduli of sapphire rcαβ , rsαβ , r
iiε  from formulas (35) – (40). 

 
4. Models of representative volumes 
As a representative volume element, we consider a cube evenly divided into smaller 
piezoelectric cubic finite elements with eight nodes. For a mixed two-phase composite, such 
element can have piezoelectric properties of the first phase or of the second phase. We use the 
3-0 algorithm from ACELAN-COMPOS package for simulation of inclusions as granules, 
consisting of one or more structural elements not connected with other granules [25–27]. In 
this algorithm, the representative volumes consist of domains with 888 ××  elements. Number 
8 for the domain division was chosen for the convenience of implementing numerical 
procedures to generate data structures and verify the phase connectivity. 
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The input user data are the boundary granule size and the maximum quantum of 
inclusions in the representative volume. Random choice of the supporting element for the 
granules ensures in the result the stochastic distribution of material properties in the 
representative volume element. The granule grows in the domain of 888 ××  element size 
according to an algorithm that allows the granule to be shaped as close to the ball as possible, 
while avoiding highly elongated elements.  

Each domain is created by a partially random way, and the representative volumes of 
mmm 888 ××  order are formed in the result of generating the sequence of domains along three 

coordinate axes. Thus, each resulting domain differs from the other. Nevertheless, it maintains 
the connectivity of the main phase and the connectivity of the total volume structure, formed 
by a 3-0 connectivity algorithm from ACELAN-COMPOS package. A detailed description of 
this algorithm is contained in [26,27]. 

Some examples of the representative volume element for 2=m  (eight domains) and for 
3=m  (twenty seven domains) are shown in Fig. 1 and Fig. 2, respectively. In these figures 

the cases (a) and (b) correspond to the percentage of inclusions 10=p  %, and the cases (c) 
and (d) correspond to the percentage of inclusions 60=p  %. 

At the next step, the generated structures were transferred to ANSYS finite element 
package, where all further operations were carried out. 
 

 
(a)    (b)    (c)     (d) 

Fig. 1. Example of a representative volume elements 161616 ×× : (a) whole volume with 10 % 
of inclusions, (b) elastic elements in volume with 10 % of inclusions, (c) whole volume with 

60 % of inclusions, (d) elastic elements in volume with 60 % of inclusions 
 

 
(a)    (b)    (c)     (d) 

Fig. 2. Example of a representative volume elements 323232 ×× : (a) whole volume with 
10 % of inclusions, (b) elastic elements in volume with 10 % of inclusions, (c) whole volume 

with 60 % of inclusions, (d) elastic elements in volume with 60 % of inclusions 
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Then, the problems (7) – (9) with (10), (17), (23) or (29) were solved for the 
representative volume using finite element technology and ANSYS package. In the end, in the 
ANSYS postprocessor the average characteristics (stresses, strains, electric fluxes and electric 
intensity fields) were automatically calculated by (16) according to (11) – (15), (18) – (22), 
(24) – (28), or (30) – (34), and thus the full sets of the effective material moduli of 
piezocomposite were obtained. We used an eight-node finite element SOLID5 with the 
displacements and the electric potential as degrees of freedom in each node and with 
capability of piezoelectric analysis. Computing experiments were performed in ANSYS 
software of 11.0 version. However, the developed programs in macrolanguage APDL ANSYS 
will work in higher versions of ANSYS that support piezoelectric analysis and finite element 
SOLID5. 
 
5. Numerical examples 
To provide an example, we consider a PCR-1/α–Al2O3 composite material. For the dense 
piezoceramic PCR-1 we take the following values of material constants [28]: 

(1) 10
11 15.3 10 ,Ec = ⋅  10)1(

12 107.8 ⋅=Ec , 10)1(
13 107.8 ⋅=Ec , 10)1(

33 107.12 ⋅=Ec ,  

( )1 2( ) 10
44 2.6 /10Ec N m= ⋅ , 1.2)1(

31 −=e , 4.12)1(
33 =e , 3.11)1(

15 =e  (C/m2); 0
)1(

11 572εε =S , 

0
)1(

33 304εε =S , where 12
0 1085.8 −⋅=ε  (F/m) is the dielectric permittivity of the vacuum. We 

assume the following values of material moduli of sapphire [29]: 10
11 107.49 ⋅=rc , 

10
12 103.16 ⋅=rc , 10

13 101.11 ⋅=rc , 10
33 108.49 ⋅=rc , 10

44 107.14 ⋅=rc , 

( )1 20
14 2.35 0 /1rc N m= − ⋅ , 011 34.9 εε =r , 033 54.11 εε =r . Then, after the calculation by 

formulas (32)–(37) we obtain the averaging moduli of (α-corundum as an isotropic phase: 
10)2( 1026.40 ⋅=E  (N/m2); 23.0)2( =ν ; 10)2(

11 1088.46 ⋅=c  (N/m2), 10)2(
21 1022.14 ⋅=c  (N/m2); 

0
eff)2( 10εεε == . For the representative volume, we take mmm 888 ××  element structures 

with number 3=m , which provide close convergence of the computational results. 
We are going to analyze the relative effective moduli. For example, EEE cccr αβαβαβ /)( effeff =  

are the values of the effective moduli effEcαβ , related to the corresponding values of the moduli 
Ecαβ  for the dense piezoceramic without inclusions, and so on.  

Table 1 shows the effective elastic stiffness moduli with a different percentage of 
inclusions for uϕ-problems (7) – (15), σϕ-problems (7) – (9), (17) – (22), uD-problems (7)–
(9), (23) – (28), and σ D-problems (7) – (9), (29) – (34).  

 
Table 1. Relative values of effective elastic stiffness moduli 
Relative 
moduli 

Boundary 
problem 

Percentage of inclusions 
10 20 30 40 50 60 

)( eff 
11
Ecr  

uϕ 1.128 1.261 1.406 1.581 1.767 1.931 
σϕ 1.116 1.222 1.352 1.502 1.676 1.837 
uD 1.128 1.261 1.407 1.581 1.767 1.933 
σ D 1.115 1.225 1.352 1.505 1.683 1.842 

)( eff 
12
Ecr  

uϕ 1.047 1.098 1.146 1.198 1.254 1.310 
σϕ 1.051 1.102 1.157 1.208 1.275 1.314 
uD 1.047 1.098 1.146 1.198 1.254 1.311 
σ D 1.049 1.108 1.153 1.210 1.284 1.316 

)( eff 
13
Ecr  uϕ 1.048 1.099 1.147 1.191 1.250 1.295 
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σϕ 1.054 1.101 1.168 1.208 1.254 1.318 
uD 1.049 1.100 1.147 1.190 1.247 1.289 
σ D 1.051 1.098 1.157 1,197 1.245 1.297 

)( eff 
33
Ecr  

uϕ 1.193 1.391 1.618 1.843 2.083 2.337 
σϕ 1.170 1.315 1.529 1.713 1.932 2.179 
uD 1.195 1.397 1.629 1.860 2.101 2.367 
σ D 1.176 1.335 1.556 1.759 1.984 2.259 

)( eff 
44
Ecr  

uϕ 1.336 1.708 2.134 2.542 3.055 3.550 
σϕ 1.278 1.564 1.896 2.250 2.697 3.157 
uD 1.341 1.725 2.159 2.580 3.106 3.608 
σ D 1.294 1.595 1.972 2.341 2.815 3.328 

 
Tables 2, 3 and 4 present similar results for effective piezoelectric moduli (stress 

coefficients) eff
31e , eff

33e , and eff
15e , effective dielectric permittivity moduli eff 

11
Sε , eff 

33
Sε , and 

effective piezoelectric moduli (charge coefficients) eff
31d , eff

33d , and eff
15d , respectively. Note 

that the values of piezoelectric charge coefficients have a significant influence on the 
performance of piezoelectric devices, especially for hydroacoustic applications.  

 
Table 2. Relative values of effective piezoelectric moduli (stress coefficients) 
Relative 
moduli 

Boundary 
problem 

Percentage of inclusions 
10 20 30 40 50 60 

)( eff
31er  

uϕ 0.956 0.907 0.830 0.727 0.620 0.509 
σϕ 0.977 0.936 0.909 0.814 0.693 0.624 
uD 0.959 0.914 0.834 0.727 0.610 0.470 
σ D 0.968 0.909 0.863 0.758 0.626 0.520 

)( eff
33er  

uϕ 0.897 0.788 0.676 0.574 0.473 0.376 
σϕ 0.909 0.828 0.723 0.641 0.545 0.448 
uD 0.892 0.778 0.659 0.547 0.444 0.324 
σ D 0.900 0.806 0.689 0.588 0.487 0.351 

)( eff
15er  

uϕ 0.898 0.787 0.660 0.572 0.468 0.347 
σϕ 0.912 0.822 0.719 0.639 0.527 0.433 
uD 0.893 0.772 0.638 0.541 0.425 0.298 
σ D 0.903 0.798 0.675 0.584 0.459 0.339 

 
Table 3. Relative values of effective dielectric permittivity moduli 
Relative 
moduli 

Boundary 
problem 

Percentage of inclusions 
10 20 30 40 50 60 

)( eff 
11
Sr ε  

uϕ 0.872 0.741 0.608 0.511 0.415 0.308 
σϕ 0.875 0.755 0.619 0.528 0.435 0.325 
uD 0.867 0.727 0.589 0.484 0.378 0.268 
σ D 0.870 0.736 0.600 0.497 0.389 0.279 

)( eff 
33
Sr ε  

uϕ 0.883 0.765 0.652 0.551 0.454 0.364 
σϕ 0.887 0.775 0.665 0.569 0.472 0.382 
uD 0.880 0.758 0.640 0.532 0.434 0.323 
σ D 0.882 0.765 0.647 0.543 0.443 0.329 
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Table 4. Relative values of effective piezoelectric moduli (charge coefficients) 
Relative 
moduli 

Boundary 
problem 

Percentage of inclusions 
10 20 30 40 50 60 

)( eff
31dr  

uϕ 0.645 0.444 0.304 0.210 0.146 0.100 
σϕ 0.690 0.517 0.374 0.271 0.188 0.137 
uD 0.641 0.438 0.297 0.201 0.139 0.087 
σ D 0.675 0.488 0.344 0.239 0.161 0.104 

)( eff
33dr  

uϕ 0.650 0.448 0.306 0.214 0.150 0.103 
σϕ 0.692 0.521 0.370 0.273 0.194 0.138 
uD 0.645 0.440 0.297 0.203 0.140 0.087 
σ D 0.676 0.492 0.340 0.240 0.166 0.103 

)( eff
15dr  

uϕ 0.672 0.461 0.309 0.225 0.153 0.098 
σϕ 0.714 0.526 0.379 0.284 0.195 0.137 
uD 0.666 0.447 0.295 0.210 0.137 0.083 
σ D 0.697 0.500 0.342 0.249 0.163 0.102 

 
For piezocomposite with soft inclusions, we have obtained the following results. The 

models (uϕ) and (uD), in which fixation conditions are pointed out, are more rigid than the 
models (σϕ) and (σ D), in which mechanical stresses are fixed. Therefore, the effective 
stiffness moduli for models with specified displacements are greater than for models with 
specified stresses, i.e. ξαβσξαβ u

EE cc )()( eff eff < , D ,ϕξ = . At the same time, the influence of 
electric boundary conditions on the stiffness moduli is extremely insignificant. 

For effective dielectric permittivity moduli the following inequalities hold: 
σϕϕσ εεεε )()()()( eff eff eff eff S

iiu
S
iiD

S
iiuD

S
ii <<< . Thus, the dielectric constants are the highest for 

the model with specified stresses and electric potential. Note that the differences in the values 
of the effective dielectric permittivity moduli increase as the percentage of the non-
piezoelectric phase increases.  

The inequalities for effective piezoelectric stress coefficients somewhat differ from their 
inequalities for effective dielectric permittivity moduli: σϕσϕ )()()()( eff

33
eff
33

eff
33

eff
33 eeee DuuD <<< , 

σϕσϕ )()()()( eff
15

eff
15

eff
15

eff
15 eeee DuuD <<< , σϕσϕ |)(||)(||)(||)(| eff

31
eff
31

eff
31

eff
31 eeee DuDu <<< . It can be 

seen that both the values of the piezomoduli and the values of the dielectric constants are 
maximum for the σϕ-problem. The differences in the values of the effective piezoelectric 
stress coefficients also increase as the fraction of the elastic inclusions increases. 

The inequalities for nonzero effective piezoelectric charge coefficients almost repeat the 
corresponding inequalities for effective piezoelectric stress coefficients: 

σϕασαϕαα |)(||)(||)(||)(| effeffeffeff
iDiuiuDi dddd <<< . Note that the choice of boundary conditions 

has the greatest influence on the piezoelectric charge coefficients, and the relative differences 
between the values of these piezomoduli can reach 50 %.  
 
6. Conclusions 
Thus, in present paper we develop the effective moduli method and finite element technique 
in accordance with [20, 21]. To find the effective moduli of an inhomogeneous body, we set 
four static piezoelectric problems for a representative volume. These problems differ by the 
boundary conditions, which are set on the representative volume surfaces, and which 
guarantee the constant values of electric displacements, strains, stresses and electric fields for 
homogeneous material. Special formulas are derived to calculate the effective moduli of 
piezoelectric media with arbitrary anisotropy. Based on these formulas, we find the full set of 
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effective moduli for ceramic polycrystalline piezocomposites using finite element method. 
The finite element computations were implemented using the computation package ANSYS, 
and specially developed computer programs were written in macrolanguage APDL ANSYS. 
At that, the generation of the granular structures for representative volumes was carried out 
using separate finite element software ACELAN-COMPOS. 

As a representative volume, we consider a cube evenly divided into cubic piezoelectric 
finite elements. At the first stage, depending on the given percentage of inclusions the 
material properties, selected by special granular algorithm ACELAN-COMPOS finite 
elements, are modified to the properties of inclusions. Further from the solutions of 
homogenization problems, we determine the effective moduli of the piezocomposite made of 
piezoceramics and crystallites. To provide an example, we consider polycrystalline 
piezoceramics with sapphire (α-corundum) crystallites Al2O3 as inclusions. The effective 
moduli for inclusions are calculated as the average moduli of monophase polycrystallite of 
trigonal system. The results of calculations give the full set of effective moduli.  

We note that the results obtained here differ from the results presented in [16,30,31]. In 
particular, we did not obtain a growth of the piezoelectric modulus eff

33d  in the range of  
0–20 % of the inclusions. These differences are due to that the porous ceramomatrix 
composites were studied in [16,30,31]. Thus, the optical photomicrographs of the polished 
surface of these piezocomposites, obtained in the Research Institute of Physics from Southern 
Federal University [16,30], are shown in Fig. 3.  
 

 
Fig. 3. Optical photomicrographs of porous ceramomatrix 
 piezocomposites with different percentage of inclusion 

 
From these figures, it can be seen that the pores in piezoceramics are ten times smaller 

than the sizes of crystallites. Therefore, for such complex three-phase material the 
homogenization can be carried out in two stages. At the first stage, the effective moduli of 
porous piezoceramics can be calculated, and at the second stage, the effective moduli of two-
phase composite ceramic/crystallites can be determined. Then, for modelling the porous 
piezoceramics, one can use the models developed in [32–35], where pores were considered as 
voids, as well as the models of inhomogeneous polarization near the pore boundary [20]. We 
plan that these approaches will be the subject of further research.  
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