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Abstract. A review of three-dimensional mathematical models describing the irreversible
processes of polarization of polycrystalline ferroelectrics is given. Experimental works and
most frequently used models for describing hysteresis properties are considered. These
include well-known phenomenological and micromechanical models. Some of them allow
describing the nonlinear response under the action of electrical and mechanical loads. For
each of the models, physical and mathematical features, basic formulas and calculating
algorithms are presented. The main advantages and disadvantages of each of the presented
models are noted. Large and small loops of dielectric and deformation hysteresis are shown.
A conclusion is drawn about the unresolved problems in the field of modeling of
polycrystalline ferroelectrics — ferroelastics. The list of works on the review topic is given.
Keywords: mathematical models, ferroelectrics, ferroelastics, hysteresis loops,
phenomenological models, micromechanical models

1. Introduction
Since the discovery of the phenomenon of ferroelectricity by Valasek in 1921, almost a
century has passed, but the practical significance of this discovery is so great that it is not
possible to talk about the completeness of research in this field at the moment. Many
ferroelectric materials have been discovered, their structures have been studied, ferroelectric
ceramic technologies have been developed, ferroelectrics-relaxors have been discovered, the
technologies for creating porous ceramics and composite elements with piezoelectric and
magnetic properties have been developed, but the questions of mathematical modeling of non-
linear response to electric fields and mechanical stresses remain relevant, and are far from
their completion. Technologies of microminiaturization of working elements and thin-film
structures put forward new requirements in the field of mathematical modeling of volumetric
properties of materials. Indeed, small forces, as well as a small potential difference in such
elements, can lead to large mechanical stresses and electric fields that can change the structure
of the material due to partial or complete depolarization of the element. And if in the simplest
cases it was sufficient to use one-dimensional models that explain the nonlinear hysteresis
response of uniaxial (longitudinal) effects, now this is clearly not enough. Models are needed
that describe both the longitudinal and transverse response under all possible influences.

The main focus of this review is on polycrystalline ferroelectric materials or ceramics,
which are active materials and which, by virtue of their internal structure, have the ability to
convert mechanical energy into electrical energy, and vice versa. By affecting the sample with
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an electric field or mechanical stress, we observe a response both in the form of electric
displacement and in the form of deformation [1].

At small external influences, deformations caused by them and electric displacements
are small. Such processes are called reversible. Their modeling is reduced to the construction
of constitutive relations in the form of linear algebraic relations connecting external and
internal parameters like Hooke's generalized law. In other words, the mathematical model is
described by linear algebraic operators, in which the elements of tensors of elastic,
piezoelectric and dielectric constants are found experimentally. The calculation of the
physical characteristics of the transducers, in which the piezoceramic elements are polarized
before saturation, is performed within the framework of these linear models. They are
sufficiently studied and include the equations of motion, the equations of electrostatics,
geometric relationships and constitutive relationships; to which the initial and boundary
conditions are added. In the simplest cases, the equations can be solved analytically, for more
complex problems it is convenient to use numerical methods, for example, the finite element
method.

The situation changes dramatically as soon as the external loads reach thresholds, and
their intensity continues to increase. In this case, irreversible processes start with nonlinear
response. And besides with increasing loads, we have someone nonlinear equation, while for
decreasing ones we have other. The constitutive relations become not only non-linear but non-
single valued. In mathematical terms, they are described by operator relations of hysteresis
type. In addition to intense external loads, other parameters, in particular temperature, also
affect the irreversibility of the process. For cooling or heat processes, when a temperature
changes near a threshold value, called the Curie temperature, a solid phase transition occurs
from a low symmetry phase to a high symmetry phase or vice versa. However, in this review
we present models of irreversible processes of polarization and depolarization by an electric
field and mechanical stresses under isothermal processes. Irreversible processes associated
with relaxation properties, with the influence of temperature, with the influence of the size of
the ferroelectric granules, the dynamics of processes and other features will not be considered
here. The main circle of questions will be connected with the analysis of existing
mathematical models describing the response of the material to external influences of high
intensity for the isothermal process. In other words, the principles of constructing the
constitutive relations for irreversible processes of deformation and polarization will be
considered, their analysis carried out, and some conclusions formulated.

It is interesting to note that many irreversible processes have a similar response: the
relationships between external and internal parameters are mathematically described by
similar relationships. In plastic media, the stresses cause elastic and residual strains; in
ferromagnetism, the magnetic field leads to induced and remnant magnetization; in
ferroelectrics, the electric field generates induced and residual polarization, etc. For cyclic
processes, the response is described by hysteresis relationships, as shown in Fig. 1.
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Fig. 1. Hysteresis: a - plastically; b - magnetically; ¢ — dielectrically

Therefore, it happens that the mathematical models developed for someone processes
are often used to describe another processes. The closer the observed phenomena in the
physical plane, the more accurately the mathematical apparatus works.
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Modeling of processes of polarization and depolarization, i.e. the construction of
hysteresis-type operators plays an important role in the use of numerical methods for
calculating the physical characteristics of the working elements of devices [2]. In particular, in
the finite element method, such operators are the constitutive relations closing the system of
equations obtained from the laws of continuum mechanics. An important role in modeling is
played by experimental data.

2. The main experimental data characterizing the response of the material

The criterion for the correctness and adequacy of the work of any model is a good
coincidence of the predicted phenomena with experimental data. A qualitative experiment is a
very complex study, so most of them reflect only certain properties with simple effects. The
most significant experiments in static tests are those that reflect the complex response of a
material due to the action of an electric field and mechanical stresses. Basically, these are the
works where the properties of ferroelectric ceramics of the perovskite type are investigated:
for example, BaTiOs, or a ceramics containing lead: PZT, PLZT 8/65/35. Interesting results
on the response of PLZT 8/65/35 in the complex effect of electric and mechanical fields [3]
are shown in Fig. 2.
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Fig. 2. Full loops of dielectric and deformation type "butterfly” hysteresis for different values
of compressive stresses: A- o =0MPa; B- o0 =-6 MPa;C- o =-30 MPa;
D - o0 =-60 MPa

Large loops of dielectric and deformation hysteresis in uniaxial tests and fixed
compressive stresses for both lead and lead-free ceramics give similar results [4 — 8] and are
shown in Figs. 3, 4.

Conclusion: the loops of the dielectric and deformation hysteresis essentially depend on
the intensity of the operating fields. Uniaxial mechanical compressive stresses along the
electric field axis affect the ability of domains to rotate. The more intense the mechanical
compressive stresses along the field, the less domains the electric field can turn along the line
of its action.

As a rule, the mentioned above types of ceramic are the full ferroelectrics-ferroelastics.
This means that the strain response to mechanical stresses is also non-linear. The distinctive
ferroelastic properties of such materials [6, 8] can be seen in Figs. 5, 6.
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Fig. 6. Small loop o, <> ¢,,.

Conclusion: for purely mechanical effects, the solid-solid phase transition takes place,
the material from isotropic becomes anisotropic, the elastic moduli of the material (tangents to
the curves) are changed, and residual deformations appeared that satisfy the condition of
incompressibility of material. The last statement can be easily verified if we compare the
values of longitudinal and transverse strains.

Dynamic tests, as a rule, are carried out for harmonic impacts. For example, the cyclic
effects of an electric field and mechanical stresses can take place both in phase and in anti-
phase. The dielectric and deformation loops of such tests [9] are shown in Figs. 7, 8.
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Fig. 7. Dielectric hysteresis for transverse compressive stresses: a — in phase; b — anti-phase
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Fig. 8. Strain hysteresis for transverse compressive stresses: a - in phase; b — anti-phase

Conclusion: dielectric and deformation responses at transverse compressive stresses in
the phase lead to a decrease in the horizontal slope and a decrease in the area of the loop.
Dielectric and deformation responses at transverse compressive stresses in anti-phase lead to
an increase in the horizontal slope and increase in the area of the loop.

Along with large loops, small loops of dielectric and deformation hysteresis are often
investigated [9]. Such loops of the dielectric and strain hysteresis due to the action of the
electric field are shown in Figs. 9, 10. Small loops of strain hysteresis due to the action of
mechanical stresses are shown in Figs. 11, 12. Moreover, Fig. 18 reflects the expansion-
contraction process, and Fig. 19 — pure compression followed by an increase in intensity.
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Conclusion: according to small hysteresis loops, one can judge the changing elastic,
dielectric and piezoelectric modules of the material.
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Summing up, we can say that the main task of mathematical modeling of irreversible
processes is the construction of hysteresis operators taking into account the changing
anisotropy of material properties.

3. The simplest one-dimensional models
The most common one-dimensional models were numerically investigated in [2]. In the same
place, algorithms are described and the results of calculations in the form of plots of dielectric
and strain hysteresis loops are presented. Here we briefly mention the basic mathematical
principles of models.

The Rayleigh model. This model describes hysteresis by simple parabolic functions.
The Rayleigh model [10] was one of the first, in which hysteresis dependences for the
magnetization processes of iron are described. In order to apply it to the polarization
processes of polycrystalline ferroelectrics, the magnetic field must be replaced by an electric
field, and the magnetization by polarization. Mathematically, the branches of the dielectric
hysteresis are described by parabolic relationships, as shown in Fig. 13:

aE?, initial polarization curve,
P=

max

aE__E J_r%(E2 -E?), descending and ascending branches,

where a = p,/EZ,, p,is the spontaneous polarization, E . is the maximum value of the
electric field.

Fig. 13. The Rayleigh model

Obviously, such dependence only approximately describes the hysteresis.

Evolutionary models. This model describes hysteresis phenomena with the help of
evolutionary laws leading to hereditary operators. It was developed on the assumption that
macroscopic electrical properties are described by a system of electric dipoles, the magnitude
and orientation of which can be changed by external loads, and the material in the
macroscopic plan is uniform. Dipole dynamics is regulated by an atomic lattice, for which
typical times of electronic response are less than 10" seconds. In [11] it is assumed that the
dipole moment x depends on strain S, absolute temperature @, electric field E and the

number of switching dipoles N in the form of a functional dependence u = u(S,0,E,N).
And since the process of domain switching has a time scale of the order of 10°® to 10°
seconds, it is considered that the parameter N obeys the evolutionary law. Mechanical stress
T and electrical displacement D can be represented by time-independent relationships:
T=T"(S,0,E,N); D=D"(S,6,E,N); N=h(S,0,E,N).

Further assumptions are related to the type of introduced functions. In the case when
they can be taken as linear, we obtain a hereditary theory of ferroelectricity:
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T=C(0)(S—Sr)+i%C(t—z‘)(S(r)—Sr)dr+®(0)(6’—9r)+

O —
S|

®(t—r)(«9(r)—(9r)dr+77(0)E+j%77(t—r)E(r)dr;

D=D, + L(O)(s—sr)+j%L(t—r)(S(r)—sr)dr+;<(0)(e—er)+

t t
jix(t—r)(e(r)—er)dﬂg(m+jig(t—r)E(r)dr.
o dt o dt

The creep functions entering here are not written out due to the cumbersome nature.

To determine the physical properties of polarized ceramic PZT 65/35, in one-
dimensional case [12], the temperature influence is neglected and, under certain conditions,
instead of operator relations of the hereditary theory, linear relations are used containing
additional terms in elastic, piezoelectric and dielectric modules. A connection was established
between the velocities of elastic waves with elastic modules for polarized and unpolarized
states, and was added experimentally founded value of the dielectric constant. After that, all
parameters are determined. Similar studies can be found in [13-17].

Models of the theory of plasticity. These models qualitatively describe the polarizing
effects; they are based on the similarity of the phenomena plasticity and polarization and were
constructed using rheological models. The analogy of mechanical and electrical quantities is
stated on the base of similar phenomena description: the generalized coordinate — the electric
charge; generalized speed — current; coefficient of elastic compliance — capacity; the
generalized force — the electromotive force. In the transition to continuous media, forces are
replaced by mechanical stresses, displacements by strains, etc. As a result, one can write the
following correspondence: o <> E, £<> P, where E is the electric field; P is the

polarization or electrical displacement; o is the mechanical stress; ¢ is the deformation. The
elastic element of Hooke is associated with a condenser, the element of Saint-Venant dry
friction is a bipolar zener diode (Fig. 14).

e - ik e[

Fig. 14. Condenser and bipolar zener diode  Fig. 15. Connection of elements: a — in series;
b —in parallel

In the theory of plasticity, rheological formulas for elastic and plastic deformations are
conveniently described by differential inclusions [18]. Therefore, it is natural to extend this
apparatus to the theory of polarization. Then for the condenser and zener diode it is
convenient to use the expressions:

E, :EPE; E, erS(P,) (c,r>0-const),

C
where the indices "e" and "0" indicate the induced and residual components, respectively, and
S(v) is a sets function determined by the rule:

{-1}, v<O0;
S(v) =<[-1+1],v=0;
{+1}, v>0.

The generalization of the model is associated with various compounds of the elements,
for example, in series (Fig. 15 a), or in parallel (Fig. 15 b). In the first case, we obtain a
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differential inclusion that defines the "play" operator. In the second case, we obtain a
differential inclusion, which defines the operator "stop” [19,20]. Next, we can determine the
Prager polarization models by adding capacitors to the chains considered, as shown in Fig. 16.

£ L

Fig. 16. Polarizing models of Prager: a — capacitor in parallel; b — capacitor in series

Without dwelling on a detailed description of the Prager model, we note only the second
case, shown in Fig. 16 b, which is described by the rheological formula [2]:

(1+C—1JF'> _cEe sl(—E _(UCZ)PJ
c, r

Without dwelling on a detailed description of the Prager model, we note only the second
case, shown in Fig. 16 b, which is described by the rheological formula [2]:

Fig. 17. Generalized model of Prager Fig. 18. Hysteron

Varying the parameters of the model, it is possible to substantially change the shape of
the hysteresis loop. The main drawback of this model is that with its help it is difficult to
describe the saturation state.

The Preisach model. This model uses the rheological model "hysteron™ [21,22], which
describes the switching of a 180° domain with an increasing and decreasing electric field
exceeding the coercive value. In fact, "hysteron™ is a generalization of the sets function to the
processes of switching a simple 180° domain. The model was proposed in 1935 by
F. Preisach [23]. In the simulation of polarization, a set of 180° domains is introduced and the
inhomogeneity of the structure is taken into account, according to which there is a large
scatter of domains along coercive and internal fields. The switching of each domain is
described by a rectangular hysteresis loop with its coercive (E.) and internal ( E;) fields

(Fig. 18).
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The presence of a huge number of domains in ceramics allows us to talk about their
probability distribution, with a probability density function u(x,y) defined on the plane

{|X|Soo, y>oo}:
JJutxy)ddy =1, (x=E,, y=E).

x=0

For each state in the half-plane there is a boundary separating the domains of two
opposite directions. For an unpolarized state, it is the abscissa (Fig. 19). When an electric
field of one or another sign is applied these boundary moves due to the involvement of new
hysterons in the switching process (Fig. 20). If the electric field changes the direction of
growth, then the direction of movement of the boundary also changes (Fig. 21).

The distribution function in the locality of coercive fields has a pronounced peak, which
allows us to approximate it using known distributions, with subsequent determination of the
parameters entering into it. There are also distribution functions in the form of polynomials in
intense and coercive fields [24 — 27].

For a mathematical representation, we introduce the concept of an elementary dipole

hysteresis operator (Fig. 22), or the relay operator [20] 7,, :Colo, T]x{-1L+3—>{-1+1},
which is a rate independent one. The parameters « and g for the relay operator and the
parameters x and y for the hysteron are related by linear relations: a =y-x%; g=y+Xx,
SO ¥, xey =7, Theirreversible polarization is determined by the integral

P(t) = p: [[[u(x V) (7., E)(t)dxdy,

x>0
where p. is the maximum polarization value achievable in the process of ceramic

polarization by a homogeneous electric field. It is noteworthy that if we choose a uniform
distribution function
if (x,y)eS,;

oy [HE:
HOYI =10, it (xy)eS,:

where S, is the region on the half-plane of the variables x and y, indicated in Fig. 19 by a
triangle with hysterons, then by simple calculations of the integrals we easily find hysteresis
dependences of the Rayleigh method.

The various shapes of the dielectric hysteresis loops, calculated using the Preisach
model, can be found in [2]. The shape and slope of the loops depend strongly on the Gaussian
distribution parameters. So for the case

u(x,y) = L exp —(xza)” L exp -y
’ N2ro, 207 \N2ro, 207 )

where E,, =2-10°V/m; o, =0, =2-10% (the dimensions of o,, o, coincide with the
dimensions of x, y), one can investigate the influence of the parameter a, (dimensionality
X ). Assuming successively a, =0, a, =1-10°,a, =2-10°%, a, =5-10°, a, = 7-10°, we obtain
the loops shown in Fig. 23.

The Preisach model has become widespread not only in the description of magnetic and
ferroelectric hysteresis, but it is intensively used in calculating the damping coefficients of

many dynamical systems [28-52], including taking into account the dipole switching
dynamics [53-60].




Mathematical 3D models of irreversible polarization processes of a ferroelectrics and ferroelastics polycrystal 83

Fig. 23. Preisach model: the effect of increasing the parameter a, on the shape of the
hysteresis loop
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4. Three-dimensional models of polarization

Some three-dimensional models are a simple generalization of one-dimensional models to the
3D-case. These include evolutionary models, plasticity models and the Preysach model. But
there are also those that differ fundamentally from those presented earlier. Some of them were
described in [2], the other part will be presented below.

Evolutionary model. This model [61] describes hysteresis phenomena with the help of
evolutionary laws leading to hereditary operators. In contrast to one-dimensional models, here
the dipole moment is a vector quantity and is divided into instantaneous and transient parts:
p=p, +p, . The instant part depends functionally on strain, absolute temperature and electric

field p, =p, (S,6,E), and the transition part is related to these parameters and to the vector

N characterizing the number of domains by the evolutionary law. The vector parameter N
also satisfies the evolutionary law:

p =f (S,6,ENN), N=f (S,6,EN).

The constitutive relations for the stress tensor and the electric displacement vector are
written in the form of functional relationships:
T=T (S,6,E,N); D=D'(S,0,E,N).

The totality of these equations represents a general evolutionary model. The subsequent
simplifications are related to the fact that only the isothermal process is considered, instead of
the vector N, only its projection to the axis of the electric field direction is considered, the
evolutionary law for the transition part of the dipole moment is divided into two parts
separately for strain and the electric field. Then the constitutive relations can be written in the
form of a system of linear equations for the components of the corresponding tensors and
vectors. In this case elastic, piezoelectric and dielectric constants for polarized ceramics get
additional terms, but to avoid cumbersome expressions, they are not given here.

Another approach, based on the analogy between elastic and viscoelastic materials, was
proposed in [62]. It is an extension of the Tiersten nonlinear response model [63] to the case
of time dependence, for which the constitutive relations are written in the form of
viscoelasticity operators.

Models of the theory of plasticity. Because of the similarity of the processes of
polarization and plasticity, plasticity models are often used in describing irreversible
processes of polarization and deformation, although they are phenomenological and are not
related to the microstructure of the material. The polarization vector and the strain tensor
consist of an induced (elastic) and a residual (plastic) part P=P, +P,, e=¢,+¢,. The

induced components are related to mechanical stresses and electric field by linear relations,
generalized to the three-dimensional case:

g, =S(g,,P,) 6—d"(g,,P,)E; P, =d(g,,P,) 6+ k(g,,P,) E.
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The physical characteristics S,d,k depend on the residual parameters. To determine the
residual parts, a generalization is carried out from one-dimensional theory to three-
dimensional by means of sets functions in the following way. For one hysteron in the one-
dimensional case, the boundary {E=-E_, E=+E_} defines an interval within which

E € (—E,, + E,) there is no switching, and only after its attainment it is possible occurring the

switching. In the three-dimensional case, the electric field is a vector quantity
E ={E,,E,,E.,}. The boundary of the segment is turning into the sphere
f=E’+E;+E;-E’=0

at achieving which a switch can occur. This description is well suited for single crystals when
the field varies along one of the crystallographic axes. However, for polycrystalline
ferroelectrics, with increase of the electric field, more and more domains are included in the
switching process. To describe this phenomenon, a theory of plasticity with isotropic
hardening is used. The surface of polarization changes its dimensions due to the introduction
of a function of some parameter, remaining convex. If the increment of the field leads to the
movement of the depicting point inside the surface or along a tangent to it, then there is no
switching. But if the increment of the field leads to the motion of the depicting point along the
normal to the surface, then the switching will occur and, as a consequence, the residual
polarization changes. In the one-dimensional theory, a differential inclusion connecting the
electric field and the rate of residual polarization was used to determine the rate of residual
polarization. In the three-dimensional case, instead, an associated law is formulated,
according to which the increment of the residual polarization is directed along the normal to

the surface dP, = dig—; =2dA(E)i+E,j+E,k). From here dA=dP,/2E, where

dP, =|dP,|, E=|E|. The increment AP, =dP, can be determined from a relationship
P, =g(E) that is easily obtained from experimental data. Really, if E ={0,0,E}, and the
hysteresis function P = ¢ (E) is gotten, then from P =P, + P,, and P, = xE, we easily obtain
P, =g(E) = ¢(E) — xE . For quasi-static processes, a sequence of values of the electric field
is chosen {E_}., : E, = E(t,), whence dP, =g(E,)-9(E,.). The presented scheme was

realized in [64] in a slightly different interpretation of the unknown and determining
parameters in [65].

In order to take into account the anisotropic hardening associated with changes in the
physical characteristics of the material, plasticity models with both isotropic and kinematic
hardening are used [66, 67]. The surface of polarization is modified
f=(E-E®)-(E-E®)-E’(P,,)=0,
where E® =P, is the back field, E_(P,) is the hardening field. The parameter « is a
material characteristic which will be determined in the future, and the function E_(P,) is

determined by experimentally. The increment of the residual polarization is determined by the
associated law: dP, = d/lgf—E, but the coefficient entering here is found by differentiating the
equation of the polarization surface, and can be represented as

die (E-E;)-dE

oE

OE
E-E,)- :
(E-E)

2. (E-E,)+2E

0 (E-Eg)+2E, P,
The first term in the denominator is responsible for the kinematic hardening, and the

second term is for isotropic hardening.

'(E_EB).
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In order to take into account the anisotropic hardening associated with changes in the
physical characteristics of the material, both mechanical stresses, strains and polarization
surface are constructed taking into account not only electrical but also mechanical parameters.
The expressions for such a surface include the modified values of the electric field and
mechanical stresses, and the surface itself is displaced in space [2, 68]:

(E-aP,)-(E—aP,) 3(6-pg,):(6-fs,) +7(é—aPo>~(&—ﬂso)-(E—aPO) N

f=
EZ 2 ol Elo,
Po '(6’—,380)~(E—6ZP0) +ﬂpo '(&—2,380)-P0 -1=0
psat EC O_C psat GC

The constants y, n, u entering here must ensure the convexity of the loading function.
The parameters «,f are the functions of the intensity of the plastic deformation tensor and
the residual polarization vector. Some authors use empirical formulas for their description,
choosing parameters to satisfy the experimental data [68 — 73]. The increment of the residual

parameters is determined by means of an associated law: dP, = dﬂgf—é, de, = d;tg—t with
()

the same coefficient. This coefficient is determined after differentiating the equation of the
polarization surface, but because of the bulky of the formulas, it is not given here. If we take
in the previous expression y,=0, =0, we obtain an expression for the loading

function [70]. An example of loops of dielectric and deformation type "butterfly” hysteresis
calculated from the described model from [70] for a certain set of parameters is given in
Fig. 24.

The authors of [74] proposed to consider the related problems of polarization and
deformation by introducing unconnected two loading functions for the electrical and
mechanical parts with the subsequent determination of the two coefficients entering into the
associated laws. It was noted in [75 — 80] that, in contrast to plasticity phenomena, where
dislocations move for a long time, it is necessary to take into account the saturation state i.e.
the state when all domains were switched and the switching process stopped. Therefore, it
was suggested to consider four functions, two of which are loading surfaces, and the other
two are criteria for the saturation state:

f*(E,P,)=|[E-c"P, || -E,,

h*(e,E.P,) =|| P, | -P., (c.E,P,),

f " (6,E, P, deve’) = \/3/2 || 6 —c'deve! || -6, (E,P,),
h'(P,.deve;) = /2/3 ] deve; || —(&,, —+/2/3 || deveg |l).

Fig. 24. a— D < E hysteresis loop; b — & «&> E butterfly loop

It is assumed that deve, is the deviator of residual strain tensor, and the residual strain
consists of two parts: &, =€, + € . The first term corresponds to the strain due to the action of
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the electric field, and the second term is the strain from the action of mechanical stresses.
Associated laws lead to the appearance of four constants, which are found from the equations
df * =0,dh? =0,df " =0,dh" =0, but because of the cumbersomeness here are not given.

An example of hysteresis curves of the dielectric and deformation type “butterfly"”
hysteresis according to [77] can be seen in Fig. 25.
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Fig. 25. a— D <> E hysteresis loop; b — ¢ <> E butterfly loop

Note that for the generally accepted plasticity models, empirically selected functions
E.(P,) and others are provided in the calculation of the output of the hysteresis loop to the

saturation state. The use of four functions to describe polarization processes lead to the fact
that with increasing loads some conditions are replaced by others, and as a consequence, the
smoothness of the loops is violated, sharply pronounced angles can appear on the hysteresis
curves.

The Preisach model. Generalized Vector Preisach models have developed significantly
for magnetization processes, while for polarization processes they are almost not used. The
foundations of a simple generalization of the scalar model to the three-dimensional case are
laid down in the works of 1.D. Mayergoyz [82 — 85], and the main mathematical aspects are
presented in [86]. The vector hysteresis model of Preisach is designed as a superposition of
scalar models that are continuously distributed along all possible directions, and can be
mathematically represented as:

fity=" Ioﬂlze(w[ [[v(a,8.6,0)7,,u,, (t)dad ,Bjsined 6do,

azp
where f(t) is the vector output value; e, is the unit vector along the direction defined by the

spherical coordinates 8, ¢; u, ,(t) is the projection of the input vector on the direction e, ;
7., 1s the hysteresis operator described in Section 3. For magnetic (ferroelectric)

applications, we have u(t) as the strength of the magnetic (electric) field; f(t) is the residual
magnetization (polarization) vector. The main idea of the method is that the total
magnetization over all planes passing through the vectors of the magnetic field and the chosen
direction is counted, and in each switching plane only 180° domains are approximated. It
should be noted that for ferroelectric phenomena this model cannot be perceived by a simple
analogy between electric and magnetic phenomena, because in ferroelectrics the position of
domains is regulated by crystallographic axes. And if the rotation of the magnetization vector
is possible for any position of the magnetic field, then for ferroelectrics there is no such
possibility.

Models of plastic deformation of crystals (micromechanical models). The
description of the model and the results of calculations can be found in [87-98]. Assuming
that in the ferroelectric crystal the strain tensor and the polarization vector can be decomposed
as a sum of linear (reversible) ¢_,P, and residual (analogous to plastic) ¢,, P,components:
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e=¢,+¢g,,P=P +P,, and, taking into account that D = ¢ E + P, + P,, one can write down
the determining equations of the linear piezoelectric response in the form:
¢e=Sf:0+d"-E+g,;
D=d:o+x°-E+P,.

Here o, E, S%, d, k° are the stress tensor, the electric field strength vector, the elastic

modulus tensor of the crystal, the tensor of the piezoelectric modules of the crystal, and the
dielectric constants tensor of the crystal, respectively. In a tetragonal single crystal, six
spontaneous polarization orientations are realized (along the positive and negative directions
of the three crystallographic axes) therefore in the absence of external loads, the residual
components are zero. When external loads are applied (o, E), different domain switches are

possible, with the possible implementation of 3D switching systems.
The residual deformation and polarization can be written as the sum of the contributions
of individual domains:

6 6
€ :,Z,;’C'SS'; P :;CIpSI ,
where ¢, is the concentration (volume fraction) of the | domain in a single crystal that

6
satisfies the constraints: 0<c, <1, >'c, =1. Modules S®,d,x° of a single crystal are

1=1
determined on the base of the modules of individual domains St, d,, x{ by relationships that
take into account the volume fraction of each domain:

6 6 6
S* :.Z,l:C'S'E’ dzgc,d,, K’ :IZl:c,Kf.

The change in the concentration of the single | - domain of a single crystal is expressed
in terms of the rate of switching from a state with an orientation | to a state with orientation
J:

30 .

CI — Z Ala f a ,

a=1
where A'“ =1, if 1- domain is the recipient « of the switching system (a:J —1);
A'“ =-1, if | - domain is a donor « switching system (¢« :1 — J); A'* =0 in other cases.
The rates of residual strains and polarization can be represented as

6 30 . . 6 30 .
éozzclaslzzfaua}/a; Pozzclpslzzfasapa’
1=1 a=1 1=1 a=1
where p, =%(sana +n_s,) is the Schmid orientation tensor; s, is a unit vector in the

direction of the polarization change; n_ is a unit vector associated with the axes of the cell;
7., P, are material constants.

To determine the kinematic variables f ¢ that play a fundamental role in describing the

switching processes, the conditions of thermodynamic constraints are introduced a priori.
Using the expression for the dissipation power

. . . . 30 .
d=06:¢,+E-P, —%(G:SF '6+26:d, -E+E-KJ -E)zZG“f“ ,
a=1
and taking into account all previous relationships, the driving force is calculated G*:

6 6
G* {uaya +%ZA'”(G:S,E+E-d,)}:c+E-[saPa +%ZA'“(d, 64K -E)]
1=1 1=1
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After this, the evolution equations for finding the kinematic variables f“ are taken in

the form:
n-1 C:jonor(a) m
C, '

but in such a way the condition of non-negativity of dissipation is satisfied 6 >0. Here
G/ >0,B“>0,n>0,m>0,C, >0 are material constants that determine the shape of the

hysteresis curves; ¢ is the concentration of the |- domain (the donor « switching
system).

To describe the scleronomic behavior, one should choose n>>1, as usual, when
analyzing the plasticity of crystals. The introduction of the last factor in the evolution
equation allows us to describe the saturation effect and to satisfy the inequalities imposed on
the volume fraction of domains. Assuming the uniformity of the mechanical stresses and the
electric field at any time o(t), E(t), it is possible to determine the driving forces G* for any

switching system, and then directly the kinematic variables f . This model includes 7
parameters y_,P,,GZ, B“,n,m C,, which must be chosen from the condition of

coincidence of calculated and experimental data.

In [99] generalizations were obtained, in the case when effects of the influence of grain
boundaries of a polycrystalline material are taken into account.

For the transition from single crystals to polycrystals, the considered plasticity model of
crystals must be supplemented by elements that take into account the mutual influence of the
single crystals on each other. To this end, a finite-element (FE) approach was realized in
[100] for a representative volume of a polycrystalline material. The set of single crystals for
which the previously considered model is valid was described by a system of finite elements.
Thus, the interaction of single crystals in the process of loading was accomplished by the
interaction of one finite element with another, which is the base of the FE method. Such an
approach does not take into account the influence of the grain boundaries, but allows us to
operate with a huge number of domains taking account of their mutual influence on each
other during switching process. This made it possible to describe in detail both the mutual
influence of the crystallites on each other and take into account the micro-stresses under
inhomogeneous and cyclic loading, and to find the reduced modules of polarized ceramics.

To evaluate the results of the described model, large dielectric hysteresis loops are
given in Fig. 26 and Fig. 27, respectively, from [87] and [100].
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Fig. 26. Dielectric hysteresis loop of Fig. 27. Dielectric hysteresis loop of
single crystal polycrystal

Although a somewhat simplified model is presented in [87], it all the same belongs to
this class of models, since it operates with the concentration of domains in the crystal.
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Comparing these figures, one can draw an important conclusion: in Fig. 26 the loops have
almost vertical walls, which are always observed in the polarization of ferroelectric crystals;
in Fig. 27 the lateral walls of the loops have a pronounced slope and a smooth transition to the
saturation curves, which is inherent in polycrystalline materials.

Model of orientational switching. In this model, a representative volume is
considered, which includes a set of domains oriented in space in an arbitrary manner [101].
Not only 180°, but also 90° switching are considered, and the residual polarization vector and
the residual strain tensor are determined by simple averaging:

P, =<p; >:&Z(c)k; g, =< & >:8—SZ(c®c—la®a—£b®b)k.
N k N Kk 2 2

The orientation of each domain is characterized by crystallographic axes a,b,c
(Fig. 28). Let the vector of tenseness of the applied electric field is E. We denote the plane,
passing through the origin (the point of reduction) perpendicularity to the axis ¢ of the
domain, as B, and the plane, passing through the vectors ¢ and E, as A.

c A

Fig. 28. Determination of angles in the model of orientational switching

The line of intersection of these planes will be a straight line OK . Let us denote y, is
the smallest of the angles between E and the line of intersection of the planes. From the four
possible directions of the vector a we choose the one at which it makes the angle closest to
the field. We introduce the following angles: y. is the angle between the direction of the field
and c-axis; y, is the angle between the vector a and the field E; o is the angle between
a-axis and the line of intersection OK . It is obvious that the introduced angles are within
0<y.<7m O0=2w<rzld, wy,<rzl2

Let E_, E,, are the coercive fields of 180° and 90° switching, respectively. The main
conditions are switching (rotations) of domains, which are written in the form of a system of
inequalities of 180° rotations:

Ecosy, Ecosy, S

Ecosy > E_; - >0.
E E

cc ca

: E E
For 90° rotations, we have C057a _ EC057 >1,

if the domain axis ¢ is in the upper

ca cc

Ecosy, Ecosy, >0,
E

ca cc

part of the sphere and Ecosy,> E_,; if the domain axis ¢ is in the

lower part of the sphere.
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Dielectric hysteresis loops are constructed for quasi-static processes, i.e. for a sequence
of equilibrium states {E.}. For this purpose, the process of loading by an electric field

E =E(t) is replaced by a sequence of its values E e{E.}: E, =E(t). For each state
E = E,, the domain switching conditions are checked, after which the residual polarization

and the residual deformation are calculated. Then we have determined the arrangement of the
spontaneous polarization vectors for a given vector E, we find the resultant polarization and
strain. The dielectric hysteresis loop calculated from this model [2] can be seen in Fig. 29.
Taking into account some point as a bringing point, we can assign to each vector of
spontaneous polarization a unit vector. The distributions of the spontaneous polarization
vectors before and after polarization are shown in Fig. 30.

EC:: Eca
Fig. 29. Hysteresis loop by model of Fig. 30. Distribution of axes before
orientational switching and after polarization

For the calculations, the following values of the parameters included in the model were
adopted: N =1273248; E,=2-10°V/m;E_ =3-10°V/m;E_, =6-10°V /m, where N
Is the number of spontaneous polarization vectors, E_, E_ are the coercive fields of 180°
and 90° switching, E_,, is the maximum value of the electric field. It should be noted that this

model allows us to determine the magnitude of the cone angle « in which the directions of
the spontaneous polarization vectors are distributed after the removal of the electric field.
With the specifying above numerical values of the parameters, we obtained:

a=129°; P, =-0.18-10"p,; P, =-0.79-10"° p; P,; = 0.81p..

At physical terms, this model closely adjoins the physics of the phenomenon of
polarization of polycrystalline ferroelectrics, but since it does not take into account the mutual
influence of domains on each other, it has a "rectangular™ loop like at single crystal.

Model of energy switching. This model also considers the representative volume,
which includes a set of domains oriented in space in an arbitrary manner [2] and similar to the
previous averaging method, the residual polarization vector is determined. The main
difference infers in the description of the domain orientation and in the formulation of the
domain switching criterion. For ferroelectrics of the perovskite type, the axes of the local
system a, b, ¢ are coaxial with the axes of the crystallographic system, as shown in Fig. 31

and with respect to a fixed system Ox, x,X, are determined by means of three angles ¢, v, @ .
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X; X,

/ xz/ X,
Xy X,

Fig. 31. Assignment the angles of the local Fig. 32. Possible positions of spontaneous
coordinate system vector. Polarization and
deformation of a unit cell

Electric fields and mechanical stresses of high intensity cause a process of domain
switching that are compatible with the crystallographic axes of the ferroelectrics, as shown in
Fig. 32. With increasing external loads, the energy of each domain varies, but cannot exceed
threshold values; switching occurs. If the domain is switched, then only to a position where its
energy is minimal, and the switching moment occurs when the difference between the
energies of the current state and the state with minimum energy exceeds the threshold value
[1, 102, 103]. These conditions form the base of the criterion of energy switching:

—ps -E+pi" -E-g;:6+8l" 6 >U..
Here E is the electric field vector; ¢ is the tensor of mechanical stresses; U, is the

threshold value of energy.

Dielectric hysteresis loops are also constructed for quasistatic processes. Calculations
showed that the form of the loop of dielectric hysteresis exactly coincides with the previous
case; therefore, it is not given here. This is to be expected, since only domain switching
conditions have changed.

Nevertheless, the energy model of switching has got its application after the appropriate
generalization, which consists in taking into account the mutual influence of domains on each
other. In [104, 105] it was done by applying the finite element method. The representative
volume was divided into a lot of sub regions, taken for domains, and coinciding with finite
elements. In each domain, the direction of the crystallographic axes was chosen by the
random number sensor, and the direction of spontaneous polarization was set (for
ferroelastics, the location of the spontaneous strain tensor was chosen). In a quasistatic
process, the energy conditions are checked for each state in each finite element. If they are
fulfilled, the domain is switched. After checking all the elements, the transition to the next
state is made. The iterative process continues to the last state, which corresponds to the end of
the load-unload process. The influence of domains on each other is realized by the mutual
influence of finite elements on each other by the mechanical and electric fields. In [104,105]
the energy criterion is presented somewhat in a different form, but the mathematical meaning
of this has not changed. The results of calculations by the model [105] using the FE method
can be seen in Fig. 33, where presented the large dielectric and strain loops of hysteresis.
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Fig. 33. FE model with an energy switching criterion

The Giles-Atherton model. The model is based on the so-called "limit" (or
anhysteretic) curve, derived analytically on the base of Weiss theory and Boltzmann statistics
[106 — 113]. If there were no mechanisms for locking (or pinning) the domain walls in the
ferroelectric, then after the removal of the electric field the polarization would be zero. This
situation is observed in polar liquids, but in polycrystalline ferroelectrics there is a very
different mechanism for switching domains. Nevertheless, the basic idea of modeling the
polarization process is borrowed from there.

From the mathematical viewpoint, the limiting dependence can be explained and
obtained by the methods of mechanics of a multilevel continuum. Let a transition be made
from the unpolarized state at zero electric field to the current state with E = 0. At the first
stage, the micro-level is considered, for which it is supposed that the rotation of domains
obeys statistical laws, therefore for a given electric field it is possible to find the distribution
of all domains of representative volume. Then averaging is performed (the transition to the
macro-level is carried out) and for a representative volume the polarization is obtained. Let
assign to each vector of the electric field strength the resulting polarization vector. Since the
correspondence is constructed for each transition from the unpolarized state to the current
state, we obtain a single-valued dependence, which determines the "limiting” (maximum
possible) polarization for a given electric field vector. The implementation of this approach
was carried out by Tamm LE. [106], and briefly it is as follows. Let the unit volume of the
dielectric contains N domains with a constant density of the electric moment p_. Let for

each vector of spontaneous polarization one established in compliance the collinear unit
vector with beginning in some adducing point in space. The resulting polarization vector is
found by determining the area of the unit sphere onto which the ends of the unit vectors exit.
In an unpolarized state, all unit vectors are distributed uniformly over the entire surface, so
that the resultant polarization is zero.

At the micro-level according to Weiss theory, it is considered that the field of forces
acting on the dielectric domain is reduced to the sum of the electric field E and some
"molecular field" proportional to the polarization of the representative volume:
E® =E+aP,, where « is a certain constant that accepts for ferroelectrics large values in

comparison with conventional dielectrics.

The fraction of the energy density of a domain that is similar to a dipole depends on the
direction of its polarization vector and is expressed by the formula: U = —p_-E* .

According to the theorem of statistical mechanics, the Boltzmann theorem, under the

conditions of thermodynamic equilibrium, the law of distribution of domains in the presence
of a conservative force field (in this case the electrostatic field) differs from the law of their

distribution in the absence of this field by a factor exp(-U /k.T), where U is the density of
the potential energy of the dipole in the electric field under consideration, T is the absolute
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temperature, k. =1.38-10""° erg/deg is a Boltzmann constant. Therefore, the averaging
operation yields the maximum possible polarization:

ef

P, fdw}eXD(E a'nanssim//dw
0 0

_kr

P, = ' ps: psns’ a= '
P,

0

o E“-n ).
[dep[exp = Isingdy
0 0 a

Further actions are carried out at the macro-level for characteristics of a representative

volume. As usual, the total polarization consists of two parts: reversible (induced) P,, and
irreversible (residual) P, :
P=P +P,.

The reversible part is a state parameter, and it can be defined as some part of the
difference from the maximum and residual parts of the polarization:
P.=c(P,-P,),
where ¢ is still an indeterminate factor. The irreversible part of the polarization is the
parameter of the process. To determine it, we estimate the energy necessary for breaking the
mechanisms pinning the walls of the domain; calculate the work of the electric field in the
ideal (limiting) case and count the work of the electric field in the real process of polarization.
Further, the energy balance is derived, which can be formulated as follows: the real losses in
the process of polarization are formed from losses in the ideal (limiting) case and the energy
costs required to break the mechanisms of pinning the walls of the domains. This immediately
yields the equation in the differentials for the residual polarization vector:
PP, =k

| dE™ |

where K is a positive constant to be determined. In a quasi-static process, the increment of the
residual polarization vector is found numerically for each equilibrium state, after which the
total polarization is determined. As a numerical approach the method of Runge-Kutta of the
4th-order gives good results [2]. You can also use the method of successive approximations
with an invariable starting point. The latter circumstance is important, because at the same
value of the electric field, the increment of the residual polarization vector depends on the
direction of the process: as the field increases, we have one monotonic curve, while
decreasing, another. When the electric field varies according to the harmonic law, we obtain
dielectric hysteresis loops.

The model includes at oneself the 5 parameters: p,, «, ¢, a, k, which are selected from

the condition of coincidence of calculated and experimental data. In [2], in the one-
dimensional case, a lot of numerical experiments were carried out and the effect of the model
parameters on the loop shape was investigated. It is shown that the coefficient « is
responsible for the amplitude of the loop, the coefficient a for its slope, the coefficient k for
the loop area, the coefficient ¢ for the flatness of the loop. Varying the values of the
coefficients, one can achieve not only a qualitative but also a quantitative coincidence with
the experimental data. For illustration, Fig. 34 shows the effect of the coefficient value on the
form of dielectric loops. As the coefficient increases, the slope of the loop increases and its
area increases.
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Fig. 34. Giles-Atherton model: (a) k =5.1-10°V /m; (b) k =1.1-10°V /m;;
() k=2.1-10°V /m

This model describes well the large hysteresis loops.

It was shown in [2,114] that the Giles-Atherton model can be generalized to the case of
ferroelastics. In [114,115], changes were made to the Giles-Atherton model so to obtain not
only large but also small hysteresis loops well coordinated with practice. Without dwelling on
the subtleties of the additions, we present only the results of small loops of the dielectric and
strain hysteresis in Figs. 35, 36. They agree well with the experimental data shown in
Figs. 9, 12, not only qualitatively, but also quantitatively.
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In [116,117] one is made a comparison between the Preisach and Giles-Atherton
methods, including for the case where models include mechanical stresses.

The considered model of Giles-Atherton by its nature refers to micromechanical
models. It uses statistical laws and approaches of a two-level continuum.

5. Discussions
Each of the presented models performs the basic function related to the description of
hysteresis dependencies. However, each of them is based on different prerequisites.
Therefore, the results of the work of a particular model differ from the corresponding
experimental data. Let us evaluate the positive and negative aspects of the models considered.
Phenomenological models: they are models in which functional nonlinearities are
formulated for a representative volume. They include the Rayleigh model, evolutionary
models and models of the theory of plasticity.
In the Rayleigh model, the nonlinear dependence between the electric field and
polarization only approximately describes the dielectric hysteresis, and only for small and
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medium values of electric field intensity. In evolutionary models, irreversible parameters
were introduced in implicit form, for the disclosure of which evolutionary laws were used.
Constitutive equations are obtained in the form of integral relations of the theory of
viscoelasticity. The creep functions included in the integral relations are constructed for linear
functions entering into the evolution equations, the formulation of increasing and falling
hysteresis branches being based on inequalities in the functions describing the load and the
response of the material. In the models of the theory of plasticity, the main role is played by
the surface of polarization (loading), which includes itself a set of input parameters that make
it possible to substantially change the shape of the hysteresis loop. Usually, these parameters
are chosen so that the results of numerical calculations coincided with the experimental data,
as accurately as possible.

Micromechanical models: they are models in which a two-level medium is used to
construct the constitutive relationships in a representative volume. Initially the micro-level is
considered at the first stage, where threshold loads are taken into account, leading to
irreversibility of the proceeding process. Then, in the second stage, by means of averaging,
the residual parameters are determined and the constitutive relations for the representative
volume are built. The Preisach model, as well as the models plasticity of crystals, energy
switching and Giles-Atherton all of them are included in the range of micromechanical
models. For each of them, first, at the micro-level, the domain switching conditions are
considered, and remaining parameters of the representative volume are found by averaging. In
these models, a domain structure is considered in one or another extent.

The Preisach model operates with only 180° domains, and the hysteresis behavior of the
functions is based on this. In mathematical terms, the approximation of a real loop is
accomplished by elementary rectangular hysteresis loops. The model is intended only for
finding the residual polarization, and does not operate with the induced part. In addition, this
model does not include mechanical stresses, which significantly reduces its practical
application in three-dimensional cases.

The remaining models consider more complete systems of domains. In the models of
orientation and energy switching for each domain, a local coordinate system is introduced and
the switching conditions are determined, which allows one to move step by step in the
direction of irreversibility of the process and obtain an additive picture of the development of
the residual parameters.

According to the model of orientational switching, the following conclusions can be
drawn. In its essence, it is closer to the physics of the phenomenon of polarization of
polycrystalline ferroelectrics, but does not take into account the influence of neighboring
domains on each other during the polarization process. Because of this, the loop acquires
angular shapes and is not suitable for describing the differential properties of the material. On
the other hand, it allows us to find a solution of the angle in which the directions of all the
spontaneous polarization vectors are located after reaching the saturation polarization.
Another drawback of the model is that it does not include mechanical stresses, which does not
allow it to investigate ferroelastic phenomena.

The energy model of switching by physical essence takes into account the physical
phenomena of polarization of polycrystalline ferroelectrics, but also does not take into
account the effect of neighboring domains on each other during the switching process. The
dielectric hysteresis loop has angular shapes. In addition, this model operates only with the
residual parameters of polarization and deformation and does not include induced
components. However, it has an undeniable advantage, because it includes mechanical
stresses, which makes it possible to describe ferroelectric and ferroelastic phenomena.
Essential progress in terms of generalization of the model was achieved after applying the
finite element method. As soon as each domain was matched with the final element, the effect
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of the domains on each other was taken into account. This made it possible to obtain good
results with satisfactory loops of dielectric and strain hysteresis.

In the Giles-Atherton model, statistical methods are used instead of switching criteria.
Analytical expressions were obtained for determining the maximum possible polarization in
the form of surface integrals in which the density of the domain distribution is described by
functions of exponential type. The integrands were obtained on the base of the energy
rotations of the domains as a function of the intensity of the electric field. In this model, the
induced component is introduced along with the residual polarization, and the mutual
influence of the domains on each other is taken into account twice. Firstly, by means Weiss
field, and secondly, for the averaged characteristics in a representative volume, when been
take into account the energy costs for breaking the mechanisms pinning the walls of the
domain and calculating the work of the electric field in the ideal and real process of
polarization. The model contains a set of 5 parameters, by appointing which it is possible to
obtain a good coincidence of large hysteresis loops with experimental data. The drawbacks of
the model include a very coarse approximation in the description of domain rotations in
ferroelectrics, where this process is replaced by the process of rotation of dipoles as in polar
liquids in the construction of limiting polarization. This immediately affects when trying to
build small hysteresis loops, where the results of calculations lead to large discrepancies. It is
noted that the modeling of ferroelastics can be carried out by Giles-Atherton methods if the
electric field will be replaced by mechanical stress and a polarization by the strain. The main
difference between the Giles-Atherton model and the models considered earlier is that it uses
the density function of the domain distribution in the form of analytical integral relations.

6. Conclusions

In summary, three-dimensional theories are divided into phenomenological theories, in which
the constitutive relationships are formulated without involving the microstructure of the
material, and micromechanical, where such a structure and domain switching processes are
taken into account. At first glance it seems that the more accurate the model relies on the
physics of the phenomenon, the more accurate the results of its work, however and the
phenomenological models give results sufficient to describe irreversible processes. As
numerical experiments show, models that include many domains give good results in
describing quantitative relationships. How to rule, for it need to select only a few parameters,
in contrast to the phenomenological, where it is sometimes necessary to introduce empirical
laws. It should be noted that at the moment the universal mathematical model of polarization
and deformation of polycrystalline ferroelectric materials has not yet been developed. None of
the models considered gives completely identical results with experimental data
simultaneously for both large and small hysteresis loops. Some authors prefer one model, and
others prefer another, it all depends on the purpose of the study. We can say that there are
many unsolved problems that have practical significance. Unresolved problems include the
following tasks:

(i) small loops of dielectric and strain hysteresis are not fully investigated;

(if) in the generally accepted models, all possible effects from the action of each of the
components of the stress tensor and the electric field vector are not fully reflected when they
are simultaneously acted upon the represented volume;

(iii) there are no studies on how the anisotropy of the material changes with the simultaneous
action of an electric field and mechanical stresses, when the direction of the electric field
vector does not coincide with any of the principal directions of the stress tensor;

(iv) for quasistatic processes there are no models in which it would be possible to look at the
picture of the passage of a domain switching wave along the volume of a ferroelectric;
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(v) there are practically no studies related to the analysis of similarities and differences in the
existing models of Preisach, Rayleigh, Giles-Atherton, plasticity of materials;

(vi) in fact there is no mathematical analysis of the influence of the model parameters on the
final result;

(vii) the methods for selecting the model parameters are poorly represented and there is no
formulation of the minimum set of parameters;

(viii) very poorly represented models in which the analytical functions of the density of the
distribution of domains would be used, with the subsequent description of hysteresis
operators.
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