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Abstract. The present investigation is concerned with the two dimensional deformation in a
homogeneous, transversely isotropic thermoelastic solids with two temperatures in context of
Green-Naghdi theory of type-11 as a result of an inclined load. The inclined load is assumed to
be linear combination of normal load and tangential load. Laplace and Fourier transforms are
employed to solve the problem. The components of displacements, stresses and conductive
temperature distribution so obtained in the physical domain are computed numerically. Effect
of two temperatures is depicted graphically on the resulting quantities.

1. Introduction

Thermoelasticity is the study of interaction between deformation and thermal fields. It deals
with dynamical system whose interaction with surroundings is limited to mechanical work,
external forces and heat exchange. It also comprises the heat conduction, stress and strain that
arise due to flow of heat. Also, the change of body temperature is caused not only by external
and internal heat sources but by a process of deformation itself. For this reason,
thermoelasticity is to be regarded as a multi-field discipline, governed by the interaction of a
temperature deformation field. It makes possible to determine the stresses produced by the
temperature field and to calculate the temperature distribution due to an action of time
dependent forces and heat sources.

Green and Naghdi [5] and [6] postulated a new concept in generalized thermoelasticity
and proposed three models which are subsequently referred to as GN-I, I, and Il models.
The linearised version of model-1 corresponds to classical Thermoelastic model. In model -1,
the internal rate of production entropy is taken to be identically zero implying no dissipation
of thermal energy. This model admits un-damped thermoelastic waves in a thermoelastic
material and is best known as theory of thermoelasticity without energy dissipation. The
principal feature of this theory is in contrast to classical thermoelasticity associated with
Fourier’s law of heat conduction, the heat flow does not involve energy dissipation. This
theory permits the transmission of heat as thermal waves at finite speed. Model-11l includes
the previous two models as special cases and admits dissipation of energy in general. In
context of Green and Naghdi model many applications have been found. Chandrasekharaiah
and Srinath [1] discussed the thermoelastic waves without energy dissipation in an unbounded
body with a spherical cavity.

Youssef [21] constructed a new theory of generalized thermoelasticity by taking into
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account two-temperature generalized thermoelasticity theory for a homogeneous and isotropic
body without energy dissipation .Youssef [22] also obtained variational principle of two
temperature thermoelasticity without energy dissipation. Chen and Gurtin [2], Chen et al. [3]
and [4] have formulated a theory of heat conduction in deformable bodies which depends
upon two distinct temperatures, the conductive temperature ¢ and the thermo dynamical
temperature T. For time independent situations, the difference between these two
temperatures is proportional to the heat supply, and in absence of heat supply, the two
temperatures are identical. For time dependent problems, the two temperatures are different,
regardless of the presence of heat supply. The two temperatures T, ¢ and the strain are found
to have representations in the form of a travelling wave plus a response, which occurs
instantaneously throughout the body.

Warren and Chen [17] investigated the wave propagation in the two temperature theory
of thermoelasticity. Quintanilla [16] proved some theorems in thermoelasticity with two
temperatures. Youssef Al-Lehaibi [19] and Youssef Al -Harby [20] investigated various
problems on the basis of two temperature thermoelasticity. Kumar and Deswal [8] studied
the surface wave propagation in a micropolar thermoelastic medium without energy
dissipation. Kaushal, Kumar and Miglani [9] discussed response of frequency domain in
generalized thermoelasticity with two temperatures. Sharma and Kumar [12-13] discussed
elastodynamic response and interactions of generalized thermoelastic diffusion due to inclined
load. Kumar and Kansal [10] discussed propagation of cylindrical Rayleigh waves in a
transversely isotropic thermoelastic diffusive solid half-space. Kumar, Sharma and Garg [11]
analyzed effect of two temperature on reflection coefficient in micropolar thermoelastic media
with and without energy dissipation.

The deformation at any point of the medium is useful to analyze the deformation field
around mining tremors and drilling into the crust of earth. It also contribute to the theoretical
consideration of the seismic and volcanic sources since it can account for the deformation
field in the entire volume surrounding the source region. The purpose of the present paper is
to determine the expression for components of displacement, normal stress, tangential stress
and conductive temperature due to inclined load by applying Integral transform techniques.

2. Basic equations
Following Youssef [21] the constitutive relations and field equations in absence of body
forces and heat sources are:

tij = Cijiext — BijT (1)
Cijrier,j — BijTj = piy, (2)
Kij@ij = BijToe;, + pCeT, (3)
where

T'=¢—aij,j (4)
Bij = Cijuaij (5)
ejj = %(ui,j + uj,i), i,j =1,2,3. (6)

Here Cijxi (Cijit = Criij = Cjire = Cijue) are elastic parameters, p;; is the thermal tensor, T is
the temperature, T, is the reference temperature, t;; are the components of stress tensor, e,
are the components of strain tensor,u; are the displacement components, p is the density, Cg is
the specific heat, K;; is the thermal conductivity, a;; are the two temperature parameters, a;;
is the coefficient of linear thermal expansion.
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3. Formulation of the problem

We consider a homogeneous, transversely isotropic thermoelastic body initially at uniform
temperature T,. We take a rectangular Cartesian co-ordinate system (xq, x,, x3) with x5 axis
pointing normally into the half space, which is thus represented by x; > 0. We consider the
plane such that all particles on a line parallel to x, — axis are equally displaced, so that the
field component u, = 0 and u;,uzand ¢ are independent of x, .we have used appropriate
transformations following Slaughter [14] on the set of equations (1)-(3) to derive the
equations for transversely isotropic thermoelastic solid with two temperature and without
energy dissipation and we restrict our analysis to the two dimensional problem with

ﬂ = (u1; 01 u3)' (7)
Equations (1) - (3) with the aid of (7) take the form

02u, 92u, P { ( 92¢ 82¢ )} 9%y
C116 >t C 44a 2 +(C13+C44)ax 95 ,3169(1 1572 2+a3ax =Pz (8)
0%u, 0%us 9%uz ) { ( 2%¢ 62<p)} _ 9%uy
(C13 + C44) xon, T 44 ox 2 >+ C33 ox2 B3 o, P T\ P12 ax? 2+ A3 57)§ =P 3z 9)
6u1 6u3) 9? { ( 2%¢ 0? (p)}
k1 + k3 To 32 (,31 + B3 + pCg ez ? gz ox2 2+ az 52 (10)
t11 = c11€11 + Cy3e33 — P17, t33 = C13€11 + C33€33 — B3T, t13 = 2C44€13,
where
_ou _ Ous _l@ﬂ 9&) - _( ¢ WQ
€11 = 5% €33 T 3xy €13 =3 6x3+8x1 » T=9 a132+a3a
p1 = (c11tciz)aq + ci3as, B3 = 2¢1304 + 3303 .

In the above equations we use the contracting subscript notations (1 — 11,2 - 22,3 -
33,4 - 23,5 - 31,6 - 12) torelate ¢;j; t0 Cpp.
The initial and regularity conditions are given by

ul(xlrx?ﬂ O) =0= ul(xl'x3' 0)1 u3(x1'x3'0) =0= 1,[3(9(1,9(3, O),
(p(xl, x3r 0) = O = ¢(x1: X3, O) for x3 2 O' — < xl < @, (11)
Uy (X1, x3,t) = uz(xy, x3,t) = @(xq,x3,t) =0 fort>0 when x3; - (12)

To facilitate the solution, following dimensionless quantities are introduced:

2 2
/ X1 ' X3 ’ pcy / pc ’ T / C1 ’ t11
X1 ==, Xa==—, U] =——Uq, Uz =——U,, T =—, t ==t, t;; =——,
7y BT Mgt T3 T LT 3 To L X
_ ts3 1o t31 r_ 9 r_ 4 r_ 093
t33_ﬁT' tgl—BTa @ TO, a, L' as L'’ (13)
where ¢ = =t and L is a constant of dimension of length.

Using the dlmenS|onIess quantities defined by (13) into (8)-(10) and after that suppressing the
primes we obtain

0%u, 0% u1 0%us [ 02 9?2 9 0%u,

1—( ) = 14
ax? + 51 + 02 9x10x3 1 52 ax? +as ax2/))ox, — oat2’ (14)

0%us 9? u3 0%uy [ 9? 62 1% 0%us

O ax2 + 51 + 0 9x,0x; PS5 1552 ax? +as ox2))ox; — otz (15)
2%¢ 2%¢ 9% ouq 9? Jus [ 9?2 0%\] 0%
O, 00 g O ou 1 ( )0 )
axz T P35, S50 9x %25e dx3 = G Mozt B52) | 5 (16)
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_ Caa __ C13+Caa __ C33 _Bs _ ks _ To_ﬁ% __ ToB3P1 __ Cgcq1q
61 " ciq 62 oo 64 T cip 57 B1' Ps = ki’ G = kip’ G = kip ' G = ki
Apply Laplace and Fourier transforms defined by
fOrx3,8) = Jy f(x1, %5, e~ dt, (17)
fA(E) x3) S) = f_oooof(xllx3) S)ei&qul (18)

to equations (14)-(16), we obtain a system of three homogeneous equations. These resulting
equations have non trivial solutions if the determinant of the coefficient (ii,, ii3, ) vanishes,
which yield to the following characteristic equation

(Paz+Qig+Riz+S) @850 =0, (19)
where

P = §1(8483a35% — 84p3 — (opsazs?),

Q = (Gazs® = p){(=8° + 5984 — 8:(5:18 + 5°) + 6782} + 8:04{8 — {35* —E35%a,} +
(25*{azps(8® + 5%) + 81ps(a8” + D} + 852 (=84a3(ps8y + 3 — G},

R = (1+ a8 {—(& + s*)0pss® + 525 (050162 + 08, — §184)} +

(6,8 + s2){(8% + s2)(s?Tzas — p3) — 61(8° — Tgs? — {35%a,8?) — §2azlys?} +

(8 — 035% — 35%82a ) {— (8% + s%)8, + 6587},

S = (618" + s*){(8 +5°) (8 — {35% — {35%a,87) + &2 (1 + a,8%)8°1 5%}

The roots of the equation (19) are +A; (i = 1,2,3), using the radiation condition that
14,15, d — 0 as x; — oo the solution of the equation (25) may be written as

ﬁ'l = Ale_}klx3 + Aze_}kzx3 + A3e_}\3x3, (20)
iy = djAje ™% + dyA,e 2% + dyAzes¥s, (21)
(;0\ = llAle_}\le + 121428_)\2)6:3 + 13A38_13x3, (22)
where
A P-NnQt L
di = MR ST L 12,3 (23)
_ AZPT™4Q™ .
li = W 1= 1,2,3 (24)
where P* = i&{(—{;psaszs?® + 6,((zaszs® — p3)}, QF = 6,(8* — (35% — (35%a18%) + psGy (1 +
a1EZ)52, R* = _<2P5a352 + 54((3“352 — P3), §*= (EZ - <352 - (35261152)54 -

(618 + 52)(aslzs? — p3) + opss® (1 + a18%), T = —(8:8 + s2)(8% — (352 — (352, 8%),
P = (336, — §184)s%i8, Q™ = {;57(6,8 + 52).

4. Boundary conditions

We consider a normal line load F; per unit length acting in the positive x5 axis on the plane
boundary x; = 0 along the x, axis and a tangential load F,, per unit length, acting at the
origin in the positive x; axis. The boundary conditions are

(1) t33(x1,x3,t) = —Fiy(X)H(), (2) t31(x1, X3, 1) = —FU,(x)H (),
(3) doixsl) _ (25)

6X3



Disturbance due to inclined load in transversely isotropic thermoelastic medium ... 111

where F; and F, are the magnitudes of the forces applied, y;(x) and P, (x) specify the
vertical and horizontal load distribution functions respectively along x; axis, H(t) is the
Heaviside unit step function (Fig. 2).

F

X1

E,

Fig. 1. Normal and tangential loadings.

Substituting the values of 4i;, 13 and ¢ from equations (20) — (22) in boundary conditions
(25) and with the aid of (1), (4)-(6), (13), (17), and (18), we obtain the components of
displacement, normal stress, tangential stress and conductive temperature as

= F141(8) 1, (%) 6
U = . 812 ( Mll | M12 - M13) + %ﬁ (M21 - M22 M23), (2 )
_ FY1(8) 1 d 2 ®) d —d +d 27
u3 —_ —1 81 (_dlMll + 2M12 3M13) 2 SZ ( 1M21 2M22 3M23), ( )
= Fi1(8) 1, (8) 8
1 51 § ( l1M11 } le12 — l3M13) + 2 sz 5 (l1M21 - l2M22 + l3M23): (2 )

— . F7 (%)
t33 = ng (_AllMll + A121\/112 - A131\413) + ﬂ (A11M21 - AIZMZZ + A13M23)! (29)

— F (E) F, ()
t31 = 11/)1 (A Myy + ApoMyp — ApzMy3) + == 21/)22 (A1 M3y — Aya Moy + Ay3My3), (30)

My = Dypl33 — A3p053, Myp = Dy133 — Ap3Azq, Myz = Ag1035 — AzpA5,
My, = A13033 — A13A221 My, = A11A33 — Ay3031, My = A11035 — D305

M= S an By an? Bae o123,

B To
Dyj= — ;‘:7\ g S =123, A= Nl j =123, A= D3 Miy—di, My + AysMis.

4.1. Concentrated force. The solution due to concentrated normal force on the half
space is obtained by setting

Y1 (x) = 8(x), (x) = 8(x), (31)

where §(x) is dirac delta function. Applying Laplace and Fourier transform defined by (17)-
(18) and (31) ,we obtain

P@ =1 %@ =L (32)
Using (32) in (26)- (30) , we obtain the components of displacement, stress and conductive
temperature.

4.2. Uniformly distributed force. The solution due to uniformly distributed force
applied on the half space is obtained by setting

(@, v ={ F = @)
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The Laplace and Fourier transforms of ;(x) and ,(x) with respect to the pair (x, &) for
the case of a uniform strip load of non-dimensional width 2 m applied at origin of co-ordinate
system x; = x5 = 0 is given by

{ 90, T®)=|*"EM/ 1 ex0 (34

Using (34) in (26)-(30), yield components of displacement, stress and conductive temperature.

4.3. Linearly distributed force. The solution due to linearly distributed force applied
on the half space is obtained by setting

lx| .
—_— <
if |x|< m

0if |x| >m

(1 (), P, (1)} = {1 (35)

Here 2 m is the width of the strip load , using (13) and applying the transform defined by (17)
and (18) on (35), we obtain

{ %, Falo}= [P cosmy, | g0 (36)

Using (36) in (26)-(30), we obtain components of displacement, stress and conductive
temperature.

5. Applications
Inclined line load. Suppose an inclined load F,, per unit length is acting on the x, axis and its
inclination with x5 axis is §, we have (see Fig. 2)

F, = Fycosd, F, = Fysind. (37)

Fo

Fig. 2. Inclined load over a thermoelastic solid.

Using equation (37) in equations (26) —(30) and with aid of equations (31)-(36) we obtain the
expressions for displacements, and stresses and conductive temperature for concentrated
force, uniformly distributed force and linearly distributed force on the surface of anisotropic
thermoelastic without energy dissipation.

6. Particular cases

(i) If a; = a3 = 0, from equations (26)-(30) , we obtain the corresponding expressions for
displacements, and stresses and conductive temperature for transversely isotropic
thermoelastic solid without two temperature and without energy dissipation.

(i) If we take c;; =A+2U=cC33, Ci2=Ci3=A, Caya=U, f1=P03=0, a; = a3 = «,
K, = K; = K in equations (26)-(30) , we obtain the corresponding expressions for
displacements, and stresses and conductive temperature in isotropic thermoelastic solid with
two temperature and without energy dissipation.
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7. Inversion of the Transformation

To obtain the solution of the problem in physical domain, we must invert the transforms in
equations (26)-(30). Here the displacement components, normal and tangential stresses and
conductive temperature are functions of x; , the parameters of Laplace and Fourier
transforms s and & respectively and hence are of the form f (& x5, ). To obtain the function
f (x4, x3,t) inthe physical domain, we first invert the Fourier transform using

fen, x5, 8)7- [0 e f(§ x3,5)dE = = [ |cos(&x) fo — isin(§x)fol d, (38)

where £, and f, are respectively the odd and even parts of f (£ x3,s). Thus the expression
(38) gives the Laplace transform f(x,, x5, s) of the function f(x;, x5, t). Following Honig and

Hirdes [7], the Laplace transform function f(x,, x5, s) can be inverted to f (x4, x3, t).

The last step is to calculate the integral in equation (38). The method for evaluating this
integral is described in Press et al. [15]. It involves the use of Romberg’s integration with
adaptive step size. This also uses the results from successive refinements of the extended
trapezoidal rule followed by extrapolation of the results to the limit when the step size tends
to zero.

8. Numerical results and discussion

Copper material is chosen for the purpose of numerical calculation which is transversely
isotropic

c1; = 18.78 x 101 Kgm~1s72, ¢;, = 8.76 X 101° Kgm™1s72, ¢;3 = 8.0 x 101 Kgm~1s72,

€33 =17.2x 1019 Kgm=1s72, (¢4 =5.06 x 1010 Kgm~1s72 | (Cp =0.6331x 103/Kg~1K™1,
a; =298 x 107°K1, a; =2.4x107°K1, p =8.954 x 103Kgm~3,
K; =0.433 x 103Wm™K~1, K; = 0.450 x 103Wm™ 1K1,

A comparison of values of normal displacement u5, normal force stress t55, tangential stress
t;; and conductive temperature ¢ for a transversely isotropic thermoelastic solid with
distance x has been made between with two temperature and without two temperature and is
presented graphically for non-dimensional two temperature parameters a;=0.03 and a;=0.06
at § = 0° (initial angle), 6 = 45° (intermediate angle) and § = 90° (extreme angle) in
Figs. 3-15.
1). The solid line, small dashed line, long dashed line respectively corresponds to
a,=0, a;=0 with angle of inclination § =0°,6 =45° and & =90° (without two
temperature).
2). The solid line with centre symbol circle, the small dashed line with centre symbol
diamond, the long dashed line with centre symbol cross respectively corresponds to a,=0.03,
a3=0.06 and at angle of inclination § = 0°,§ = 45° and & = 90° (with two temperature).

Concentrated force. Near the loading surface, the values of normal displacement us;
(Fig. 3) for a;=0.03, a;=0.06 is greater than a,=0, a;=0 for intermediate angle and extreme
angle in the range 0 < x < 2 and 5 < x < 6. However in the remaining range, the behaviour is
opposite. In Figure 4 for both intermediate and extreme angle, the values of normal stress t55,
for a;=0, a3=0 is greater than for a,=0.03, a;=0.06, except in the range 5< x< 7. The
values of tangential stress t;;, for a;=0.03, a;=0.06 at angle of inclination § = 45° and
6 = 90° are more than a,;=0.03, a3=0.06 in the whole range. In Figure 6 the values of
conductive temperature ¢, have an oscillatory behaviour corresponding to both the cases at
6 =0°, § =45° and 6§ = 90°. The behaviour of for a;=0.03, a;=0.06 and a,=0, a;=0 at
initial angle is oscillatory as is depicted in Figs. 3-6.

Uniformly distributed force. It is depicted from Fig. 7, that the distribution curves for
us have same trend irrespective of angle of inclination i.e. for both intermediate as well as
extreme , they move in the similar pattern. In the whole range, the values of u; for a; =0 =
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as is greater than a;=0.03, a;=0.06 for § = 45° and & = 90°. But at the initial angle, the
variations are very small. In Figure 8 the values of normal stress t;5, at a; = 0 = a3 are
greater than for a;=0.03, a3=0.06 in the whole range for 8 = 45° and 8 = 90°. Due to scale
of graph the variations at & =0° are not clear. The effect of temperature increases the
magnitude of tangential stress t5, , i.e. the values for a;=0.03, a;=0.06 are greater than for
a; = 0 = a3 In the whole range as depicted in Fig. 9. At the initial angle, the pattern is
oscillatory. In Figure 10 the values of the conductive temperature ¢ are increased in
magnitude by taking a,=0.03, a;=0.06 at the initial angle as compared with a; = 0 = a5. But
at middle angle and at extreme angle behaviour is ascending oscillatory.

Linearly Distributed force. In Figure 11 the values of normal displacement u, for
both the temperatures have oscillatory behaviour with same pattern for 8 = 45° and 8 = 90°
in the range 0 <x < 6 but it is opposite in the rest of the range. The values of normal
stress t;3, for a;=0= a5 are greater than for the temperature parameter a,;=0.03, a;=0.06 at
angles of inclination 6 = 90° and at 8 = 45° as shown in Fig. 12. However at initial angle in
the Figs. 9-12 small variations are depicted in values of normal displacement u5, normal
stress t;3, tangential stress t;; and conductive temperature ¢. The values of tangential
stress t3,, for a; = 0 = a3 are smaller in magnitude than a,;=0.03, a;=0.06 at both
intermediate as well as extreme angle in the whole range, as is depicted in Fig. 13. The values
of the conductive temperature corresponding to both the temperatures have oscillatory
behaviour with change in magnitude except at initial angle.

5=0°, 2,20,2,=0
— - = - — 5-45,3,20a,20

08 —

normal displacement u,

normal stress t,,

0.8
I I I I |

1.2 .
0 2 4 6 8 10 ‘ ‘ ‘ ‘ ‘

displacement x 0 2 8 10

4
displacement x

Fig. 3. Variation of normal displacement u;  Fig. 4. Variation of normal stress t;5 with

with displacement x (concentrated force). displacement x (concentrated force).
\ 8=0"a,=0,a,=0
I
N \9\& \ A --& - 5;4 .2,=0.03,2,=0.06
P % \ —F — 5=902,=0.03,2,-0.06

tangential stress

conductive temperature ¢

-4
I I I I I 01z T T T T T T ' 1 ' 1

0 2 4 6 8 10 o 2 6 8 10

4
displacement x displacement tx

Fig. 5. Variation of tangential stress t5; with Fig. 6. Variation of conductive temperature ¢
displacement x (concentrated force). with displacement x (concentrated force).
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Fig. 9. Variation of tangential stress t5, with
displacement x (uniformly distributed force).
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Fig. 8. Variation of normal stress t55 with
displacement x (uniformly distributed force).
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4 6 8 10
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Fig. 10. Variation of conductive temperature
¢ with displacement x (uniformly distributed

12 —
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force).

————— 8=45", a,=0=a,
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—O)— 502,003,006
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Fig. 12. Variation of normal stress t;5 with
displacement x (linearly distributed force).
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8=0°, a,=0=a,
————— 5=45°, a,;=0=a,

12 —| + _— — 8=90", a,=0=a,

\\ —0O)— 502,70.032,-006

1 + - =& - 5-45,2,20.03,2,-0.06

\0\
A \k —— — 590 a70.03.2,70.06
&

tangential stress t;,

3 /
5 ; / ————— 5=45°, a,=0=a,
8

a2 —

— 8=90°, a,=0=a,

i / —O)— 5-02,70.03,2,-006

- 7<> — 5=45",2,=0.03,2,=0.06

16— —+F — 5902,=003,2,20.06

-20
\ \ \ \ \
0 2 4 6 8 10
displacement x

displacement x

Fig. 14. Variation of conductive temperature
¢ with displacement x (linearly distributed
force).

Fig. 13. Variation of tangential stress t;; with
displacement x (linearly distributed force).

9. Conclusion

Effect of two temperature have significant impact on components of normal displacement,
normal stress, tangential stress and conductive temperature. As disturbance travels through the
constituents of the medium, it suffers sudden changes resulting in an inconsistent / non
uniform pattern of graphs. The deformation in any part of the medium is useful to analyse the
deformation field around mining tremors and drilling into the crust. It can also contribute to
the theoretical consideration of the seismic and volcanic sources. Since it can account for the
deformation fields in the entire volume surrounding the sources region.
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