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Abstract. The paper is devoted to the numerical study and analysis of the characteristics of
the stress-strain state in layered cylindrical constructions made of transversely isotropic
materials under pulsed loading with a given spatial-temporal distribution.
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1. Introduction

Currently, the widespread use of anisotropic composite materials in the force elements of the
constructions of different goods increases the importance of the study of the features of their
stress-strain state, caused by wave processes under local pulsed loading. These loads arises
both as in exploring the constructions, as in diagnostics of their state by active acoustic
methods of nondestructive testing.

The paper [1] presents detailed specific examples of the numerical investigation of the
stress-strain state in layered cylindrical structures made of transversely isotropic materials,
subjected to pulse loads arising due to the curvature of the construction surface and physical-
mechanical characteristics of the materials of layers.

The aim of this work is the numerical study and analysis of the stress-strain state in
layered cylindrical constructions made of transversely isotropic materials under pulsed
loading with a given spatial-temporal distribution.

2. Statement of problem: initial data and relationships
Let us consider the problem of determining the stress-strain state in layered cylindrical
construction, referred to a cylindrical coordinate system (see Fig. 1). Pressure pulses are

applied to some j-th regions of outer (r =r, ) the surface of the construction. The internal
surface (r=r,) is free of stresses ("free boundary”), and the interfaces of the layers
(r=r,; n=12,.,N -1) rigidly fastened to each other ("hard bonding™).

The layers made of a transversely isotropic material, the axes of symmetry of these
layers coincide with the z-axis, and the design is assumed to be sufficiently long that
corresponds to the radiation conditions at the construction edges.

The fields of displacements and stresses in each layer of the considered construction are
described by the equations of motion [2] and should satisfy the boundary conditions.

We obtain the solution of this problem, based on the generalized method of the
scalarization of dynamic elastic fields in transversely isotropic media [3]. It allows one to
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describe the searched fields by using three potential functions ¢, w, v, corresponding to
quasi-longitudinal, quasi-transverse and transverse waves and being solutions of the
Helmholtz equations.

To find the full distributions of displacements and stresses, it is used spectral method.
The pulse load p(8,z,t) is present by its spectral density, which in the case of independence

of the spatial-temporal distribution of the impact on the z-coordinate (non-axisymmetric case)
has the form:

P(0, ) = T p(o,t)e'dt, (1)

where @ is the circular frequency.

Fig. 1. Calculation scheme.

For example, under multipulse loading, if the distribution of each of the pressure pulses
on coordinate @ has the semi-sine form, and the temporal dependence is given by the Gauss
function, then the spectral density of this impact is defined as

J ) . M

P(e,a)) = Z{_ poj ,B£ - Mﬁjem}tj j||:a01 + zamj cos{m(é’ + AQJ)}:| ! (2)
j=1 j m=1

where J is the number of pressure pulses; p,;, z;, t; are the amplitude, duration, and initial

time of the action of the j-th pressure pulse, respectively;

2
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mrc mrtc . . . . .
X; = 4_05; X, =—9%4005; 74 is the duration of the j-th pressure pulse in coordinate
2r 2r

0; A@, is the position of the j-th pressure pulse relatively of 6 =0.

In non-axisymmetric case, the expressions for the displacements and stresses, which

presence in the boundary conditions due to the functions ¢ and v, have the forms:
(L)
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C; are the moduli of elasticity.

(L)
The wave numbers g and y are defined as follows:

(L)
g - Ai \ Ai Az Z 20)210/((:11 - ClZ) 1 (4)
where A =(C,+C,,)0°pl(2C,C,.); A, =w*p*I(C,C,,); p isthe density.

The formulae (3) and (4), obtained from the constitutive relations [3, 4], taking into

account the assumptions on the position of the axes of symmetry of the material layers and the
limitations on external load.

The common solution of Helmholtz equations for functions ¢ and v is known:

p= Z{(ﬂm [grjﬂom (grﬂcosmei

v=i[v;Hrﬁ)(gr)+vr;H,§f)(;(r)]sinm9, ()
m=0

where ¢, ¢., V., Vv, are the amplitudes of the m-th harmonic of the corresponding types

of waves, traveling in opposite directions across the layers; H® and H® are the Hankel
functions of the 1st and 2nd kind of m-th order.

When we define the fields at certain point r for each harmonic m and frequency ),
then the following condition is checked:
w<<vm/r, (6)

where v, is the speed of quasi-longitudinal waves.

At violation of the condition (6), the functions ¢ and v are presented in the form of
solutions of the Laplace equations:

Q= ((pml’ + o, 1]cos(m¢9)

V= (vnﬁrm +v, i’“j cos(m@). (7)
r
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This is due to the instability of the solution, caused by the presence of the singularity of
the Hankel function for small arguments in the low-frequency part of the spectrum and
considering a large number of spatial harmonics in the description of the pressure pulses,
localized in small areas on the construction surface, when the Hankel functions of high order
are used.

The calculation relationships to determine the fields of displacements and stresses in
each layer were obtained in matrix form, similarly to those described in [4], with a subsequent
transition from conjugate space to real space by performing the inverse Fourier transform.

The absorption of wave energy by the materials of the layers was set by adding to the

(L) (L
wave numbers g and y imaginary components, g° and y  being the absorption coefficients

of the corresponding types of waves.

3. Results of numerical modeling at multipulse loading with given spatial distribution

By using the proposed method, we calculated distribution of the radial stresses o, (r,60)
(see Fig. 2) in monolayer cylindrical structure (r,=1 m; r,=0.1 m; p=2700 kg/m?,

(L)

C,, =107GPA; C,, =C,, =55.3 GPA; C,, =25.9 GPA; g =05 m™; ' =1 m™) at time t,
corresponding to the maximum amplitude for the given value r. These results were obtained
on the outer surface of the construction at r =r, and at r =0.2m; upper and lower rows of
plots in Fig. 2, respectively). Single pulse of pressure corresponds to Fig. 2 a, d and multiple
pressure pulses with the duration of the 7 =2 s correspond to Fig. 2 b, c.
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Fig. 2. Distributions of radial stresses o, (r,8) in the coordinate @ in the cylindrical
construction: (a) z,, =x/3, A9, =0;(b) 7,,=7,, =716, AG,=A6,=x7/12;
(C) Ty =7y, =Ty =7y, =712, AO,=A6,=%718; () 7, =7/12, AG=0.

The integration was carried out, using the method of fast Fourier transform at K =12
(2" = 4096 is the section number of partitioning the integration interval).
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The distribution of the radial stresses o, (r,8), shown in Fig. 2, were obtained for:
(a) 7, =7m13,A0,=0; (b) Ty =Ty =716,A0,=A0,=27/12;
(C) Ty =7y, =Ty =7, =712, AO,=A6,=%718;(d) 7, =7/12, AG=0.

Analysis of the simulation results (see Fig. 2) shows that at simultaneous loading by
multiple pressure pulses, the pressure pulses with a small length 7, expand and merge due to

the diffraction, at the far distance from the place of the pulse application (the external surface
of the construction). The stress amplitude in this case is close to the load amplitude of a single

pressure pulse with a large 7, .
Figure 3 shows the distributions o, (&), obtained at the interface (r =r,) of the layers
in two-layered cylindrical construction (r, =0.5 m; r, =0.2 m; r, =0.1 m) at different times

t. These moments of time correspond to the maximum amplitudes at pulsed loading with
parameters similar to shown in Fig. 2d (Fig. 3a) and Fig. 2c (Fig. 3b).
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Fig. 3. Distributions of radial stresses o, (8) in the coordinate & at the interface between
layers (r = r,) in two-layer cylindrical construction.

Physical-mechanical characteristics of the material of the inner layer coincided with
those described above, and for the outer layer they had the following values: p =1400 kg/m?;
(L)
C,=19.2 GPA; C,, =C,, =8 GPA; C,,=5.6 GPA; g =1m™; ' =2 m™.
Analysis of these distributions shows that due to the interference, the time,
corresponding to the maximum amplitude at simultaneous loading by multiple pulses of
pressure, occurs later than at loading by single pulse of pressure.

4. Results of numerical modeling at multipulse loading with given temporal distribution
We studied the stress-strain state at multipulse loading with a given temporal distribution by
using the proposed method. The dependences of radial stress o, (t) were calculated at the

interface between layers (r=r,) in two-layer cylindrical construction (r,=1.2-107% m;
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r,=6.0-10° m; r, =3.0-10"° m, the relative thickness of the construction « =0.75, where
a =(r,—r,)/r, [5]), at pulse loading (every pressure pulse is present in the form of the Gauss
function with a duration of 7 =0.5 ps with semi-sine shape on the outer surface (r =r,) of a
duration 7, =7, A@ =0).

Physical-mechanical properties of materials of external and internal layers and the
integration parameters coincide with the described in Section 3.

Figure 4 shows dependence of radial stress o, (t) at the interface between layers (r =r,

) in a two-layer cylindrical construction at loading by a single pulse of pressure in the form of
the Gauss function. The upper part of the plot presents the temporal distribution of pulsed
load on the outer surface of the construction (r =r,).
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Fig. 4. Dependence of o, (t) at the interface between layers (r =r,) in two-layer cylindrical
construction at loading by single pulse of pressure in the form of Gauss function.
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Fig. 5. Dependence o, (t) at the interface between layers (r = r,) in two-layer cylindrical
construction at repeated loading by pulses of pressure in the form of Gauss function.
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Figure 5 shows the dependence of the radial stress o, (t) at the interface between
layers (r =r,) in two-layer cylindrical construction with repeated impacts of pressure pulses
in the form of the Gauss function (5 identical pulses of pressure applied to the outer surface of
the construction at time t, =0 ps, t,=8.2 ps, t;=17.1 ps, t, =212 ps, t, =25.2 ps). The
upper part of the plot presents the temporal distribution of pulsed impact on the outer surface
of the construction (r =r,).

The pointed temporal distribution of the pressure pulses is given in accordance with the
recommendations of [5, 6], to achieve the maximum values of radial stresses o, (t) at the

interface between layers (r =r,) in the considered construction at limited number of pressure
pulses. In this case, the pressure pulses were applied at intervals of time equal to the time
intervals between maximum values of the radial stresses o, (t) of the same sign, obtained on
dependence for the case of loading by a single pulse (see Fig. 4), but the order of application
of these pulses must be reversed.

The analysis of these dependences shows that at a given temporal distribution of pulse
impact, an increase by 4.3 times in the amplitude of the maximum radial stress takes place on
the boundary of layers, compared to the maximum radial stress calculated for the case of
single pulse of pressure.

The maximum amplitude of the radial stresses at the interface between layers of the
construction may be increased up to 7.2 times compared to the maximum radial stresses,
calculated for the case of single pulse of pressure, by using pressure pulses of rectangular
shape instead of Gauss dependence.

Figure 6 shows dependence of change of radial stress o, (t) with time t at the interface

between layers (r =r,) in a two-layer cylindrical structure at loading by pressure pulse of a

rectangular shape, and Fig. 7 presents a similar dependence with repeated loading by pressure
pulses of rectangular shape. The upper part of the plots presents the time distribution of
pulsed load on the outer surface of the structure (r =r,) for each of the calculated cases.
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Fig. 6. Dependence o, (t) at the interface between layers (r = r,) in two-layer cylindrical

construction at loading by single pulse of pressure with rectangular shape.

The results of the numerical simulations clearly illustrate the features of the stress-strain
state in layered cylindrical structures made of transversely isotropic materials under pulsed
loading with a given spatial-temporal distribution and agree well with the results, published in
the known papers, for example in [5, 6].
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Fig. 7. Dependence o, (t) at the interface between layers (r =r,) in two-layer cylindrical

construction at repeated loading by pressure pulses of rectangular shape.

5. Conclusion

The results of calculations allow us to make conclusion on possibility of the application of
developed method of calculating stress-strain state in layered cylindrical constructions,
subjected to multiple local dynamic loads with high accuracy and taking into account the
peculiarities of arising wave processes.

The above-described results is most appropriate to use at a priori and a posteriori
analysis of the results of state diagnostics for advanced constructions made of new anisotropic
layered composite materials, by using acoustic methods of nondestructive testing in
mechanical engineering, shipbuilding, aircraft construction, etc.
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