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Abstract. The work is devoted to description of unsteady thermal processes in low-
dimensional materials. One-dimensional harmonic crystals with alternating masses and
stiffnesses are considered. Analytical solution demonstrates the ballistic nature of heat
propagation, which is confirmed by numerical simulations based on the particle dynamics
method. It is shown that temperature distribution propagates as two consecutive thermal
fronts with finite speed, and its initial shape is preserved.
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1. Introduction

The relevance of this study is connected with the active development of new technologies for
creating materials that allow to regulate the material composition and structure at the atomic
level [1-3]. The properties of low-dimensional materials are often unique, which opens up
promising opportunities for their application [4]. For example, the hexagonal boron nitride
has high stability, chemical resistance, hardness, strength and thermal conductivity [5, 6]. In
general, low-dimensional materials have a complex crystal structure. For example, two-
dimensional graphene lattice consists of two sublattices formed by carbon atoms, and the
sublattices of hexagonal boron nitride, binary boron and nitrogen compound, are formed by
two different kinds of atoms. Filamentary nanocrystals (nanowires, nanowhiskers) can be
formed by either one type of atoms (silicon, carbon-carbine), or several ones (gallium
arsenide, indium phosphide). Hence, the development of models that would correctly describe
the physical and mechanical properties of such media and structures, including non-stationary
thermal processes, becomes particularly important. It should be noted that the existing
mathematical models are often not applicable to low-dimensional structures. For example,
recent experimental studies have shown that heat propagation at the nanoscale has peculiar
properties [6-8]. In particular, the Fourier law, which implies the diffusive type of heat spread,
is not fulfilled for low-dimensional structures; in contrast, the heat propagation in
nanostructures is of a ballistic nature [7,9]. The analytical solution demonstrating the
anomalous heat propagation in one-dimensional harmonic chain was first presented in [10].
The solution was obtained for the stationary problem of heat propagation between two
thermal reservoirs with different temperatures, and it was shown that the thermal resistance
does not depend on the length of the chain, which contradicts the Fourier law; harmonic
crystals consisting of particles with different masses were considered, for example, in [11,
12].
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In recent works [13-17], a method that allows analytical description of thermal
processes in harmonic crystals has been developed. This paper is devoted to application of
this method to one-dimensional harmonic crystals with alternating masses and stiffnesses. The
object of investigation is a harmonic crystal, which is a crystal lattice consisting of material
points interacting via linearized forces. The principle of separation of fast and slow thermal
processes is applied. Characteristic time for a fast process is of order of several periods of
atomic vibrations. Fast motions refer to fluctuations in the kinetic temperature associated with
the partial transfer of the kinetic energy to thermal energy; in polyatomic crystals, it is
accompanied by the redistribution of kinetic energy over the unit cell's degrees of freedom.
Characteristic time for a slow process is much larger than a period of atomic vibrations [18,
19]; heat transport, i.e. time evolution of the spatial distribution of kinetic temperature, is a
slow process. In this paper, analytical solutions are given for two unsteady heat transfer
problems: (i) cold and hot half space contact and (ii) propagation of an initially rectangular
thermal perturbation. Analytical results are verified by numerical simulation based on the
particle dynamics method.

2. Problem statement

Fig. 1. One-dimensional harmonic crystal with alternating masses

Lattice dynamics equations. Initial conditions. Particle dynamics equations for an
infinite one-dimensional harmonic crystal with alternating masses (Fig. 1) have the form:
up,l = (l)%(up_l’z - 2up_1 + up'z), up'z = a)%(upll - 2up_2 + up+1’1). (1)
Here u,, and u,, are displacements of the particles with masses M; and M, which
belong to the pth unit cell; ¢ is the bond stiffness, and the respective frequencies are

w, = /C/Ml and w, = /C/MZ' Following [20], we introduce the equilibrium interparticle

distances: d is the one inside the unit cell, and a — d is the distance between the neighboring
particles from different cells. Hence, the so-called length of the unit cell is equal to a.
Consequently, for the case of w; = w, the system yields to one-dimensional harmonic chain
with the unit cell length equal to ¢/,.

In order to reduce the number of unknowns, let us introduce a parameter a € (0, o0):

My=aM, M,=M/, = w =w /1/0(, w, = wa. (2)
Taking the symmetry of its definition (2) into account, we can restrict ourselves to
a € (0,1).
The initial conditions are written as follows
up,1|t=0 =0, up,2|t=0 =0, up,1|t=0 =Vp1 up,2|t=0 = VUp,2; (3)

where v, ; are random velocities with zero mean, i.e. their mathematical expectations are
equal to zero. Such initial conditions are used, for instance, to model an ultrashort laser



174 E.A. Podolskaya, A.M. Krivtsov, D.V. Tsvetkov

impact [21, 22]. Note, that the solution of the resulting system (1)-(3) will be a set of random
values.

Dispersion relation. Let us seek the solution of (1)-(2) in the wave form with frequency
Q and one-dimensional wave vector K:

— —-1(Qt+Kpa — —-1(Qt+Kpa
Uy, = Cie ( pa), Uy, = Cre ( pa), 4)

Hence, the dispersion relation is determined as

0%, = w? [(a+1/a)iJa2+1/a2+2cosKal. (5)
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Fig. 2. Dispersion curves for one-dimensional diatomic harmonic crystals with various mass
ratios 0 < a < 1. Black line (@ = 1) corresponds to the one-dimensional harmonic chain

Figure 2 shows the branches of dispersion relation for one-dimensional diatomic
harmonic crystal at different values of the parameter « € (0,1). For example, the curves for
a = 0.8 correspond to the mass ratio for the two-dimensional hexagonal boron nitride (the
exact value is 0.772), which possesses unique physical and mechanical properties [5, 6].

If the masses differ slightly, i.e. @ — 1, optic and acoustic branches Q; and Q, merge.
Consequently, we obtain two dispersion curves for monoatomic chain, shifted by 2w along
the horizontal axis relative to each other. The appearance of the two curves is due to the
change in the translational symmetry; in this case we still solve the system (1) of the two
equations for two neighboring particles.

Differentiation of (5) with respect to the wave vector leads to the following
representation of group velocities

d‘Q —_ . 2 :
C1p = 1'2/d1( = Fsign(Ka) | a@” sin Ka | )
291,2\/“2 + 1/a2 + 2cosKa

Note, that the dispersion curves (Fig. 2) will look the same for the system with
alternating stiffnesses provided that the ratio of its parameters is kept wz/w L=
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3. Heat propagation

Kinetic temperature. Let us now follow [13-17] and consider the transfer from the
stochastic problem for particle displacements (1)-(3) to closed deterministic one for the
statistical characteristics of pairs of particles.

First, we introduce a spatial coordinate x = pa, which is one of the convenient ways to
identify a pth unit cell. Then, we introduce the kinetic temperature T (x, t) proportional to the
sum of the kinetic energies of the particles in the unit cell:

kpT(x,0) = 1/ (My (i 1) + Mp(i2 1)), ()
where kg is Boltzmann constant, and brackets (...) denote mathematical expectation.
Consequently, the velocities v, ; (see initial conditions (3)) are the random velocities with the

variance (v; ;) = 2/!(BTO(X)/]V[,, where To(x) = T(x,0).
l

Thus, the conditions (3) mean that at the initial time, the particles have random
velocities corresponding to a certain temperature field. This field correlates with the initial
Kinetic temperature of the system, while the potential energy is initially zero. This, in turn,
means that, according to the virial theorem [13, 16, 23], after a certain period of time, the
kinetic and potential energies will equilibrate. Characteristic time of this process is of order of
several periods of atomic vibrations, and it is referred to as fast process. Also, at such times
the Kinetic energy is redistributed over the degrees of freedom inside the unit cell [17]. On the
contrary, heat transport is a slow process, for which the characteristic time is much larger.

It has been demonstrated that the propagation of the thermal perturbation T,(x) in a
monoatomic chain is described by the formula [16]:

T(x,t) =Tp + T

Tp = TO(x)/4n f_”n cos 2Qtd(Ka) 1 (8)

Ty =Yg J7 [To(x + cg(Ka)t) + To(x — ¢, (Ka)t)|d(Ka)
where Q is frequency, determined by the dispersion relation, K is one-dimensional wave
vector, and ¢, is group velocity. At large times fast processes Ty vanish, and temperature field
is a superposition of thermal waves travelling with the speed c, and having the shape of the
initial perturbation T, (x).

Analysis of fast processes for one-dimensional diatomic crystal is given in [17].
Specifically, it is demonstrated that the solution oscillates around the half of the initial
temperature T,, and its amplitude decays as 1/ N At larger times when fast processes are

negligible, formulae (8) for polyatomic chain can be rewritten

T(ot) ~ To =Ygy 17 50 [To (x + ¢, (Kadt) + To (x = ¢ (Ka)t )| d(Ka), (9)
where N is the number of atoms in the unit cell; for diatomic chain N = 2; cq; are the

respective group velocities (6). Further, several solutions will be constructed and compared
with the results of numerical simulation using the particle dynamics method. Formula (9)
means that the heat propagation has ballistic character, which differs from the Fourier law. In
the case of N = 1, formula (9) was derived for scalar lattices [16].

Cold and hot half space contact. Let the initial thermal perturbation have the form of a
Heaviside function:
To(x,0) = ToH(x), T(x,0) =0, (10)
where T, is the temperature of x > 0 half-space before kinetic and potential energy
equilibrate. Then, for the considered diatomic system, formula (9) yields to
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T(x,t) = T0/8n f_ﬂn[H(x + ¢y, (Ka)t) + H(x — ¢, (Ka)t) + H(x + ¢, (Ka)t) +

H(x — g, (Ka)t)]d(l{a). (11)
Taking into account, that H(x) = H(Ax) we finally obtain

T(/) = /g I [H (/s + g, (K)) + H (¥, = g, (Ka)) + H (¥ + ¢, (Ka)) +

H (¥/; = ¢4, (Ka))| d(Ka). (12)
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Fig. 3. Propagation of a Heaviside function in one-dimensional diatomic chain with different
massratios 0 < a < 1

Figure 3 shows the result of integration of (12) for different values of the parameter
a € (0,1). For ¢ # 0 and a # 1 there are two thermal fronts travelling with finite speeds
[16], i.e. maximum values of group velocities c,, and c,, respectively (6). Note, that c7’**,
corresponding to the acoustic branch, is always larger than cg}**.

If « - 1, the two fronts merge and the solution coincides with the solution for the
monatomic chain with the unit cell length equal to a/z [13]:

fTo/2 _ TO/Zn arccos(zx/awt), 0<x< aa)t/2
) - | | ”
(*/0) Ty, > aot), (13)

To verify the obtained solution (12), a numerical simulation based on the particle
dynamics method was carried out. A sample consisting of 1000 particles was considered, for
which equations (1) were solved with initial conditions:

up,1|t=0 =Vp,1 ap,2|t=0 =Vpy P20
tpaleeo =0 tpalieo =0, {710 TN TR T D0
and periodic boundary conditions. The kinetic temperature was calculated using formula (7),
where the mathematical expectation was approximated by averaging over 20 realizations with

(14)
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various random initial conditions. Comparison of the analytical solution (12) with the
numerical solution has shown a good agreement up to small thermal oscillations near x = 0.
Propagation of rectangular thermal perturbation. For further analysis of the limiting
cases when a — 0 and @ — 1, let us consider the following initial temperature distribution
To(x,0) =To(H(x + 1) —H(x — 1)), T(x,0) =0, (15)
where [ is a half of the interval with nonzero temperature.
The solution of this problem is a sum of solutions (12), according to superposition
principle. Temperature distribution for a diatomic chain with « = 0.8 at several consequent
times is shown in Fig. 4. Comparison of the analytical and numerical solutions (see Fig. 5)
has also shown quite a good agreement. The deviations in the vicinity of x = 0 are caused by

the residual fast processes, which have not fully decayed [17]. This effect decreases with the
increase of the sample size.
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Fig. 5. Comparison of analytical and numerical solutions at t = 600s
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According to the classical heat conduction theory, a maximum would be observed at
x = 0 and it would decay exponentially. In the case of anomalous thermal conductivity, the
solution decays faster near zero, forming four fronts that propagate two by two in opposite
directions with constant speeds.

Note that in a system with alternating masses or stiffnesses, the thermal front at large
times, when the "peaks" become less prominent, looks in a way similar to the solution of a
similar problem based on the Fourier thermal conductivity law, whereas the solution for a
monatomic chain demonstrates a fundamentally different behavior [13].

If the width of the initial perturbation [ decreases and its amplitude T, increases, the
solution tends to fundamental solution, i.e. solution with perturbation in the form of a delta
function. Numerical simulation for & # 0 and a # 1 has demonstrated that the thermal fronts
stay at a finite distance from each other, and the speed of the first ones (cg,**, acoustic

branch) always turns out to be greater than the speed of the second ones (cg;**, optic branch).

If one of the masses is negligible in comparison to another, i.e. @ — 0, most of the heat is
transferred with the speed cg}**, whereas if a — 1 almost all the heat propagates with c7'**.
These observations can be further used to test the presented theory in future experiments.

4. Conclusions

In the present work, the method that allows analytical description of heat propagation in
harmonic crystals [13-17] is applied to one-dimensional harmonic crystals with alternating
masses (Fig. 1). Solution (9) was obtained by analogy with (8) for scalar lattices [16]. Slow
motions are considered: the temperature field is a superposition of waves moving with group
velocities (6), and has the form of the initial temperature distribution.

Analytical solutions are given for two problems: (i) cold and hot half space contact and
(i) propagation of an initially rectangular thermal perturbation. It is shown, that if the masses
differ slightly, all the solutions tend to the profiles for a monoatomic chain.

For the problem (i), it is demonstrated that, for any ratios between the masses, the initial
thermal perturbation propagates in the form of two successive thermal fronts having finite
speeds and repeating the form of the initial perturbation. The speed of the first, faster front
corresponds to the acoustic branch of the dispersion relation (5), and the speed of the second
front corresponds to the optical one. In turn, rectangular thermal perturbation (ii) splits into
four thermal fronts, which propagate two by two in opposite directions with constant
velocities.

Comparison of the analytical results with numerical simulation shows that the presented
theory describes the distribution of heat in a diatomic chain with high accuracy. It is
demonstrated numerically that if the masses differ slightly, the main part of the initial
perturbation propagates at a speed corresponding to the acoustic branch, but the velocities of
the fronts corresponding to the optical branch remain finite. The latter means that up to the
achievement of exact equality of the masses all fronts exist, and they are located at a finite
distance from each other.

The dispersion relation (5) is the same both for a chain with alternating masses and for a
chain with alternating stiffnesses, if the ratio of the respective parameters is the same as well.
Thus, from the point of view of the heat transfer problem, these systems are equivalent. Note
that this is true only when considering the average temperature in the unit cell (7). The
propagation of heat waves corresponding to different degrees of freedom will be significantly
different for the two systems [17].

Acknowledgements. The authors are sincerely grateful to V.A. Kuzkin, M.B. Babenkov and
O.S. Loboda for helpful discussions. This work was supported by the Russian Science



Anomalous heat transfer in one-dimensional diatomic harmonic crystal 179

Foundation (project 17-71-10212, E.A. Podolskaya, project 18-11-00201, A.M. Krivtsov,
D.V. Tsvetkov).

References

[1] Novoselov K, Mishchenko A, Carvalho A, Castro Neto A. 2D materials and van der
Waals heterostructures. Science. 2016;353(6298): aac9439.

[2] Tantiwanichapan K, Swan A, Paiella R. One-dimensional carbon nanostructures for
terahertz electron-beam radiation. Physical Review B. 2016;93(23): 235416.

[3] Rauwel P, Salumaa M, Aasna A, Galeckas A, Rauwel E. A Review of the Synthesis and
Photoluminescence Properties of Hybrid ZnO and Carbon Nanomaterials. Journal of
Nanomaterials. 2016;2016: 1-12.

[4] Shi L, Dames C, Lukes J, Reddy P, Duda J, Cahill D et al. Evaluating Broader Impacts of
Nanoscale Thermal Transport Research. Nanoscale and Microscale Thermophysical
Engineering. 2015;19(2): 127-165.

[5] Shi Y, Hamsen C, Jia X, Kim K, Reina A, Hofmann M et al. Synthesis of Few-Layer
Hexagonal Boron Nitride Thin Film by Chemical Vapor Deposition. Nano Letters.
2010;10(10): 4134-4139.

[6] Golberg D, Bando Y, Huang Y, Terao T, Mitome M, Tang C et al. Boron Nitride
Nanotubes and Nanosheets. ACS Nano. 2010;4(6): 2979-2993.

[7] Chang C. Experimental Probing of Non-Fourier Thermal Conductors. In: Lepri S (ed.)
Thermal Transport in Low Dimensions. Lecture Notes in Physics. Springer International
Publishing; 2016;921. p.305-338.

[8] Guzev M, Dmitriev A. Oscillatory-damping temperature behavior in one-dimensional
harmonic model of a perfect crystal. Dal'nevost. Mat. Zh. 2017;17(2): 170-179.

[9] Bae M, Li Z, Aksamija Z, Martin P, Xiong F, Ong Z et al. Ballistic to diffusive crossover
of heat flow in graphene ribbons. Nature Communications. 2013;4: 1734.

[10] Rieder Z, Lebowitz J, Lieb E. Properties of a Harmonic Crystal in a Stationary
Nonequilibrium State. Journal of Mathematical Physics. 1967;8(5):1073-1078.

[11] Kannan V, Dhar A, Lebowitz J. Nonequilibrium stationary state of a harmonic crystal
with alternating masses. Physical Review E. 2012;85(4): 041118.

[12] Dhar A, Saito K. Heat Transport in Harmonic Systems. In: Lepri S (ed.) Thermal
Transport in Low Dimensions. Lecture Notes in Physics. Springer International Publishing;
2016;921. p.39-105.

[13] Krivtsov A. Heat transfer in infinite harmonic one-dimensional crystals. Doklady
Physics. 2015;60(9): 407-411.

[14] Babenkov M, Krivtsov A, Tsvetkov D. Energy oscillations in a one-dimensional
harmonic crystal on an elastic substrate. Physical Mesomechanics. 2016;19(3): 282-290.

[15] Kuzkin V, Krivtsov A. An analytical description of transient thermal processes in
harmonic crystals. Physics of the Solid State. 2017;59(5): 1051-1062.

[16] Kuzkin V, Krivtsov A. Fast and slow thermal processes in harmonic scalar lattices.
Journal of Physics: Condensed Matter. 2017;29(50): 505401.

[17] Kuzkin V. Approach to thermal equilibrium in harmonic crystals with polyatomic lattice.
Arxiv [Preprint] 2018. Available from: https://arxiv.org/abs/1808.00504 [Accessed 12th
October 2018].

[18] Sokolov A, Krivtsov A, Miiller W. Localized heat perturbation in harmonic 1D crystals:
Solutions for the equation of anomalous heat conduction. Physical Mesomechanics.
2017;20(3): 305-310.

[19] Gavrilov S, Krivtsov A, Tsvetkov D. Heat transfer in a one-dimensional harmonic crystal
in a viscous environment subjected to an external heat supply. Continuum Mechanics and
Thermodynamics. 2018; Available from: https://doi.org/10.1007/s00161-018-0681-3.



180 E.A. Podolskaya, A.M. Krivtsov, D.V. Tsvetkov

[20] Ashcroft N, Mermin N. Solid state physics. Philadelphia, Pa.: Saunders college; 1976.
[21] Poletkin K, Gurzadyan G, Shang J, Kulish V. Ultrafast heat transfer on nanoscale in thin
gold films. Applied Physics B. 2012;107(1): 137-143.

[22] Indeitsev D, Osipova E. A two-temperature model of optical excitation of acoustic waves
in conductors. Doklady Physics. 2017;62(3): 136-140.

[23] Hoover W. Computational Statistical Mechanics. New York: Elsevier Science; 1991.





