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Abstract. Within the theory of small deformations superposed on a finite one, a consistent
linearization for the nonlinear equations of the mechanics of an originally isotropic elastic
body in a neighborhood of some initial stress state is carried out in the Lagrange coordinate
system. As the elastic potential for the originally isotropic body, we use the representation of
the specific strain energy through the algebraic invariants of the Green-Lagrange strain tensor.
The linearized constitutive relations and the equations of motion of the prestressed medium
are derived that allow taking into account the nonlinear effects of the initial deformation on
the elastic properties of the originally isotropic body.
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1. Introduction

The widespread use of artificial materials in aerospace and mechanical engineering, and in
electronics leads to the need for a detailed study of the physical properties of used materials,
their technological and strength characteristics, depending on the operating modes and
conditions. Such studies involve the solution of complex applied problems of the static and
dynamic theory of elasticity, as well as the use of mathematical models that describe the
processes taking place in the materials under consideration with some degree of accuracy. In
turn, the modeling of these processes while taking into account various initial effects is
associated with the use of an elastic potential [1, 2], which describes the energy accumulated
during deformation. The choice of the particular form of the potential is determined by the
specifics of the problem under consideration and by the coordinate system used. For isotropic
materials, the elastic potential can be represented as a scalar function of invariants of one of
the strain tensors [2-4]. Various expressions for the potential in the form of polynomials of 11l
and IV order in invariants of the Green-Lagrange strain tensor were successfully used in [5, 6]
for the modeling of highly elastic materials. For more rigid materials (rocks, metals, alloys,
crystals, etc.), the Murnaghan representation of the elastic potential in the form of a cubic
function of the Green-Lagrange strain tensor invariants [7] is widely used, in which, along
with the elastic moduli of Il order, there are also Il order moduli. At present, due to
theoretical and experimental studies, the values of Il order moduli are known for a wide
range of metals, alloys, crystals, various structural materials and for some rocks [8-12]. The
use of hyperelastic material model with elastic moduli of 111 order made it possible to describe
the properties of a prestressed medium more accurately: to analyze the second-order
effects [11, 12], to determine the mechanical stresses [13, 14], and to study the features of
dynamics, propagation and localization of waves [15-24]. In [21] a fairly comprehensive
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review on this subject is given. In order to develop a linearized contact theory for prestressed
bodies, a consistent linearization for the nonlinear equations of the mechanics of an elastic
solid has been carried out in the Lagrange and Euler coordinate systems [15]. The linearized
equations of motion and the constitutive relations of the prestressed medium were derived in
an arbitrary, generally curvilinear, coordinate system. The expressions presented in a compact
form convenient for research were used in [15, 20-24] to solve a number of mixed boundary-
value problems of the dynamic theory of elasticity. Particularly, for the model of originally
isotropic hyperelastic material with the Murnaghan potential, the influence of the nature of the
initial mechanical effects on the formation, propagation, and localization of wave fields in
both homogeneous and inhomogeneous prestressed media has been studied [22-24].

Recently, a number of new materials, promising in practical applications and possessing
unique physical properties, have appeared. In particular, these materials are able to withstand
a very high level of elastic deformation, at which the nonlinearity of elastic properties
becomes very significant. In [25-27], the results of experimental studies on the determination
of elastic moduli of 11l and IV order for bulk metallic glasses based on zirconium (Zr) and
palladium (Pd) are presented. The appearance of information about IV order moduli
necessitate the improvement of the linearized contact theory for prestressed bodies developed
in [15]. In this paper, we use a representation of the potential in which the elastic moduli of
IV order are taken into account. The linearization is carried out in the Cartesian material
coordinate system. The linearized equations of motion and the constitutive relations of the
prestressed medium are derived, which allow taking into account the nonlinear effects of
second-order and third-order in the influence of mechanical deformations on the elastic
properties of the original material. Within the framework of the proposed model, we studied
the effect of accounting for higher-order moduli on the parameters of the initial strained state
and the properties of the prestressed material.

2. Nonlinear boundary-value problem for a prestressed originally isotropic elastic body
Consider the reference v and the actual V configurations before and after application of
surface and mass forces, respectively. The position of a material point in these configurations

is given by the vectors r =X, and R = X,i,, where {i,i,,i,} is the orthonormal Cartesian

vector basis, X;,X,,X, and X,, X,, X, are the Lagrangian and Eulerian coordinates. Here and

below, we use the Einstein summation convention. Representation of the nabla-operators in
the reference V,, and the actual V configurations is defined by expressions:
.0 .0
Vo=1,—, V=1 ,—. 1
° Mox, X, @
Deformation of the medium is characterized by the deformation gradient C, the
Cauchy-Green strain tensor G, and the Green-Lagrange strain tensor S (I is the unit tensor):
C=V,R, G=CC', S:%(G—I). @
To describe the stress state of a medium, we use the Piola stress tensor IT and the
Kirchhoff stress tensor P, defined in the reference configuration:
o
n=pP-C, P=y,=—7. 3
Ls 25 3)
The tensor y is the derivative of the scalar function of the elastic potential y = y/(S)
with respect to the strain tensor S. For an isotropic elastic material, the specific strain energy

function can be expressed in terms of the algebraic invariants 1, = tr(Sk) (k =1,2,3) of the
Green-Lagrange strain tensor [1-3, 7, 15, 25]:
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x=-pl; +£Mf +ul, +£le13 +v, 11, +iv3|3
2 6 3 4)
B o Fa vl NIV T
24Y11 2Y2 112 373 13 2V4 2
where A, p are the elastic moduli of Il order; v,,v,,v, and v,,v,,7,,v, are the elastic moduli
of I1l and IV orders, respectively. The moduli of 111 and 1V orders are interpreted as linear and
quadratic in deformations additives to the elastic moduli of Il order, which gives one of the
ways to determine them [25]. Further, when deriving the constitutive relations, we assume
that the state S=0 is a state with a minimum free energy, p=0. It should be noted that the
expression (4) with the moduli of only Il and Il orders coincides with the Murnaghan
potential [3, 7, 15].
Taking (4) into account, the Kirchhoff stress tensor (3) is written in the form:
oy, ol,

=l a_S:Wo|+2W1S+3‘V2821 (5)
K
oy 1 1 4
\Ifo:a_ll:Mﬁ'EVlllz+V2|2+€Y1|13+Y2|1|2+§Y3|3' ©
oy, oy 4
lea_lz:M+V2|1+72|f/2+Y4|2' \Ifz:a_lg’zg(vs"'?’sl )

Here we used the following relations for the derivatives of algebraic invariants I,
(k =1,2,3) with respect to the strain tensor S [3]:

izh %:25, %:332.
0S 0S oS
The boundary-value problem of the nonlinear elasticity for a prestressed originally

isotropic body in Lagrangian coordinates is described by the equations of motion

O°R
VO'H+pOb:pO? (7)
and the boundary conditions on the body surface 0 =0, +0,
o: n-II=t
. (8)
0,: R=R

where b is the mass forces vector; t is the surface forces vector; R is the position vector of
a point on the deformed body surface; p, is the material density in the reference
configuration; and n is the unit vector normal to the surface of the undeformed body. The

formulation of the problem is closed by the constitutive law of a hyperelastic isotropic body,
which is described by the expression (5) with the coefficients (6).

3. Linearization about the initial stress state of a hyperelastic originally isotropic body
We assume that there is an initial deformed equilibrium state of the elastic body and the
quantities characterizing this state do not depend explicitly on time [3, 15]:

R,=R,(r), C,=ViR,, S ,=5(C,), P =P(C)), m,=I(C). 9
Equilibrium equations in the volume and on the surface 0=o0,+0, in the basis of the

reference configuration are given by the relations:
VoI, +pgb, =0, (10)
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0 : n-I, =t,,
0,: R,=R].
Consider a small perturbation of the initial deformed equilibrium state (9), caused by a
small change in the mass or surface forces (characteristics of the perturbed state will be
denoted by the superscript *):
b*=b,+nd, t =t +nf. (12)
Then the position of the points in the perturbed state of the medium is determined by the
vector
R*=R,+nu. (13)
Here n is the small parameter; u is the vector of additional displacements.
For the Piola stress tensor, the following representation holds in the perturbed state:
I =T+ I+ 1)+ (14)
By retaining in the expansion only the terms linear in 11, we obtain

(11)

. d
1| :RI'I(C1+11VOu)|no : (15)

Here and below, the superscript ° denotes the convective derivatives of the
corresponding tensors.

The quantities (12) — (14), which determine the perturbed state of the body, must satisfy
the equations of motion (7) and the boundary conditions (8). Taking into account the
equilibrium of the stress-strain state (9) — (11) and the expressions (12) — (15), we derive the

linearized (up to accuracy o(nz)) equations of motion in the absence of mass forces:

o°u

VO 00 = Po ? (16)
and the linearized boundary conditions on the surface 0 =0, +0,:
0 n-Ir=f

. (17)
0,: u=u

To find the convective derivative of the Piola stress tensor, its representation in terms of
the Kirchhoff stress tensor (3) is used:
Im=p-C+P,-C. (18)
Taking (5), (6) into account, for the convective derivative of the Kirchhoff stress tensor,
we obtain:

P* =y, 'l +2y,'S, +2y,S" +3y,"S] +3y, (S,-S" +S"-S, ), (19)
where
oy ol
oyt Y, =——— | f=Z1eS" k=012 m=123,
Wk ka m \Vk GIMGIm 68
I'=10S", 1,°=2S0S", I,°=35%05", (20)

S‘:%(Cl-CT’+C'-C1T), C'=V,u.

Here o denotes the full product.

Further it is assumed that the initial stressed state in the originally isotropic hyperelastic
body is due to the uniform initial deformation:
R,=r-A, A=3§,vi®i, v, =const, k=123, (21)
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where v,,V,,V, are the stretch ratios along the Cartesian coordinate axes; 9, is the Kronecker

delta.
Within the framework of assumptions (21), it follows from (1), (2) that the deformation
gradient, the Cauchy-Green strain tensor, and the Green-Lagrange strain tensor have the form:

C,=V,i, ®i, G, =V, ®i, S, =S,i, ®i; S, :%(vﬁ 1), k=1,2,3. (22)
The Piola and Kirchhoff stress tensors are expressed as follows:

I, =v,Ri, ®i,, P,=Ri, ®i,; P =y,+2y,S, +3y,S}, k=123, (23)
Taking (4), (6) into account, the convective derivatives of the stress tensors (18), (19)

take the form:
o =0m.i ®i,, P =P ®i_,;

. 3 ou ou ou
IT,, n+v +=vy, (S, +S,) || v, —~+v, —= |+ P, —=
Oy Vi n&kn X, mI:\V:L 2“’2( K m):|( k ox GXk) k o,
(24)
ai+vm Uy, ., k,m=123;
OXy
Ein = Wor T2v,5, +3\|/038rf +2(\|/11 + 2\|/125n)sk +4\|’213k2' k,n=12,3.

Here we used the following relations
S’ :l(vk%+v %}ik ®1,.,

3
km nE.:kn [\Vl_'_a\l’z(sk +Sm ):|[Vk

n m

20 “ox, " ox,
ooy Mooy s Mg ogy g2 M
OX, “ox, OX,
. aun
Yo = (\V01 + 29,8, +305S, )Vn ox
. ou, . ou,
WV, = (Wﬂ +2y,,5, )Vn a, Y, =W,V a

The coefficients v, defined in (20), according to (4), (21), have the form:

1

4
:Est Wi =Yar W13 =Wp =W, =0, (25)

l,=S"+S,;+S;, m=123.
Using the formulae (6), (24), (25), the linearized equations (16) can be written in the
scalar form (m=1,2,3):

Wos =Wy

2

o’u 3 o’u o°u o’u o°u
A, " tv +=vy, (S, +S v k_tv ml+p —0= o (26)
m n&mn aXmaXn m|:\V1 ZWZ( k m):|[ k anaXm m anZ j k an pO atz
The expressions (24) for the components of the linearized Piola stress tensor IT° can be
represented in a more compact and traditional for anisotropic materials form [2, 3, 15, 22]:

« OU, .
H =Cj— PV 1,]=12,3, (27)

where
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Chi =V & +2V) (\Vl +3y,5, ) +R, C

* *

iii iji _Vivj(taij’ I ],

(28)

. 3 . 3
iji; = VjVi (‘lﬁ +E‘V2 (Si +5; )j’ Cii = ij (\Vl +E‘I’2 (Si +5; )j"’ P,
and all the remaining coefficients C;kl are zero.

The relations (28) show the influence of the initial deformations on the original

*

properties of isotropic material, i.e. C;,, determine the properties of the prestressed material.
According to (6), (22) — (25), in the absence of initial stresses (v, =V, =V, =1) we have:
C.i=A+2u, Co.=2%, Co.=n, C.=p.
Taking (27) into account, the linearized equations of motion (26) for a prestressed
originally isotropic body take the form [1-3, 15, 22]:
N LAY
M oxox O o
When solving boundary-value problems for semi-bounded media, the problem (17),
(29) is closed by additional boundary conditions, depending on the medium type:
— for the half-space | x,|,| X, |<®, X, <0

C

j=123. (29)

X, >—0: U—>0; (30)
— for the layer|x,|,x,| < o0, X, < X; < Xy, , the lower bound of which is rigidly clamped
X;=X,: u=0; (31)

— at the interface of n-th and n+1-th structural elements with plane-parallel boundaries (with
full coupling):

X, =X, u™ =u™ =l k=1,2,3; (32)
— at the interface (in contact without friction):
X, =%: u”=ul" =0, "= "Y=0, k=12. (33)

4. Determination of the initial stress state

The prestressed state of a body is described by the Kirchhoff stress tensor, which, for the
uniform initial deformation (21), is defined in (23) while taking into account the elastic
moduli of 1, Il and IV orders. By grouping the terms in powers of the deformation tensor S,
for the components of the Kirchhoff stress tensor we obtain:

B =(A+2u)S,+AS, +AS; +H  + H?,
P, =AS, +(A+2u)S, +AS, + HZ + H3, (34)
P, =AS, +AS, +(A+2p)S, + H; + HJ.

If in the representation (4) only the terms with the elastic moduli of Il and 111 orders are
retained, then for v, (k =1,2,3), according to (6), we have:

1 4
Yo =M1+§V1|12 +Voly yi=p+vyl, oy, :gvsi

and H} =0 in the expressions (34).
If the elastic potential (4) has only the terms with the moduli of Il order, then the
coefficients y, (k =1,2,3) are determined by the relations:

Wo=Al, yi=p, y,=0, HI=H=0.
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The components of the Kirchhoff stress tensor in this case are linearly related to the
components of the strain tensor.
The terms H? and H} (k=12,3) from (34) allow one to take into account the
influence of the elastic moduli of 111 and 1V orders:
=(a,+2a,)S +2a5,S, +238,5,S, +a,S; +a,S; +V,S,S;,
=(a,+2a,)S; +2a5,5,+2a,S,5, +a,S, +a,5; +v,5,S;,
HZ = (a, +2a,)S2 +2a,5,5, +28,S,5, + 8,52 + 8,52 +v,5,S,, (35)

Vi +V,, &, =V, +2v,.

a1:

Il
Wik NI

(b, +b, +4b,)S? + b1+2b3)(82+83)812+(2b18283+(b1+b2)(822+S§))Sl+

SS+(
;(b1+2b )(S5+53)+0S,85(S, +S,),
;(b1+b +4b,)S; +(

(

y
b, +2b,)(S,+S,)S? +(2b18183+(b1+b2)(8f+S§))Sz+ (36)
;(b1+2b )(S7+83)+0S,8,(S,+5;)

;(b1+b +4b,)S2 + (b, +2b,)(S, +5,)S? +(2b18182+(b1+b2)(312+822))83+

+%(b1+2b )(S7+83)+hS,S, (S, +S,)

1
b1:EY1+Y2’ b, =v,+2y,, by=v,+2y, b,=y,+7,+4y,

Relations (34) represent a system of three generally nonlinear equations with respect to
three unknowns: S,,S,,S, or P, P,,P, or their combinations, depending on the method for
specifying the initial stress-strain state. With the combined specification of the initial state, the
deformation along one axis (for example, v,) is assumed to be given, as well as two

conditions for the stresses. The deformations and stresses along the other axes are determined
from the system (34).

Further we studied the influence of (i, j,k =1,2,3; i = j#k)
uniaxial 1x, = B =P, P, =R =0,
biaxial 2x, = B =0, P, =R =P,
triaxial 3, > B =P, P,=R =G,
and hydrostatic 3x= P, =P, =P, =P initial loadings.

The material used is the metallic glass Pd,Cu,Ni,P, with the following

parameters [27]:
p=9300kg/m*®,  A=1453.10"Pa, n=0.358-10"Pa,
v,=-2.27-10"Pa, v,=-2.34-10"Pa, v,=-0.818-10"Pa,
y, =-105,828-10% Pa, v, =15.556-10" Pa,

v, =1.81-10" Pa, vy, =—2.98-10" Pa.
The results of the numerical analysis are presented in the dimensionless parameters. The
elastic coefficients and initial stresses are related to the shear modulus p of the isotropic
material in the reference state.
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Figs. 1 and 2 show the dependences of the initial stresses on deformations obtained
from the solution of the system (34), while taking into account the elastic moduli of Il order

only (H?=H}=0, k=123, dotted lines, Curves 1), the moduli of Il order (
HZ?#0, HS=0, dashed lines, Curves 2), and both the elastic moduli of 11l and 1V orders (

HZ#0, H2=0, solid lines, Curves 3). Fig. 1 shows the stresses for uniaxial (1x;), biaxial
(2xi), and hydrostatic (3x) states, respectively.

Initial stress (P/p )

04

Ix,

Initial stress (P/p )

Stretch ratio \A

a)

Stretch ratio v;

b)

Initial stress  (P/p )

Stretch ratio v

c)

Fig. 1. The effect of accounting for higher-order moduli on stresses in the case of uniaxial (a),
biaxial (b) and hydrostatic (c) loadings

Fig. 2 shows the initial stresses for triaxial (3x;) states at G/u=0.1 (Fig. 2a) and
G/u=-0.1 (Fig. 2b).

Initial stress  (P/p )

02

-0.4

04

0.2 A

3x,

Initial stress  (P/p )

1 i s t Tt
0s V, 09V 1 Vi Ll

Stretch ratio \A

a)

Stretch ratio v;

b)
Fig. 2. The effect of accounting for higher-order moduli on stresses in the case of triaxial
loading: G/u=0.1 (a), G/u=-0.1 (b)

In the Figs. 1 and 2, the critical values of the stretch ratio v, (i =1,2,3), corresponding

to the Curve k (k = 2,3) , at which the initial stresses become complex-valued are denoted by
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v, , and the values at which the stresses reach a local minimum or maximum — by v, and v, ,

respectively. In the range [vk’,vk*], the condition of a one-to-one correspondence is fulfilled.

The shaded area is the region of physical linearity where the effect of accounting for the
elastic moduli of Il and IV orders is insignificant. It should be noted that the region
corresponding to the uniaxial stress state was selected. From the Figs. it is clear that generally
the linearity region depends on the type of initial loading: for hydrostatic (Fig. 1¢) and various
triaxial loadings (Fig. 2b), it is significantly reduced and can be shifted toward compression or
extension.

5. Accounting for the effect of elastic moduli of higher-order on the properties of
prestressed originally isotropic bodies
The role of the stress tensor in prestressed elastic body plays the linearized Piola stress

tensor IT° (27) involved in the equations of motion (29) with boundary conditions (30) — (33),
depending on the problem and the medium type. The influence of initial stresses on the

properties of originally isotropic material is represented by the coefficients C;k, from (28).
We rewrite Cy, in the form [15, 22]:

Cia =P8, +VVCiy, 1,J.k1=1,23. (37)
Here C;, depend on the material properties and the type of initial loading

Cii :7\'+2H+4azsi +231|1+4(%"/3 +Y4jsi2 +4b3|18i +b1|12 +bz|21

Ciii =h+2v,(S;+5, )+vlll+gy3(48f +387)+2y,(S;+S;) 1, +47,5S; +7,1, +%y1|12, (38)

C:i =C:

i =Cri :u+2v3(Si+Sj)+vzll+2y3|1(3i+Sj)+y4|2+%y2|f, i,j=123 i#]

All the remaining coefficients Cj, are zero; the parameters a, b, (m=12,3) are
defined in (35), (36).

Figs. 3 and 4 show the influence of deformation on four types of elastic coefficients in a
prestressed body: Cj;, Cyy; (Fig. 3) and Cy;, Cy; (Fig. 4) for the uniaxial (1x,) and triaxial (
3%, G/u=-0.1) initial loadings. As before, the approximations of C;kl which take into

account the elastic moduli of I, Il and Ill, and also II, 11l and IV orders are indicated by
dotted lines (Curves 1, 1Y), dashed lines (Curves 2, 2" and solid lines (Curves 3, 39,

respectively. The numbers 1,2,3 and 1',2',3" in Fig. 3a,b mark the approximations of C,,,, and

C,y, » I Fig. 3c,d — the approximations of C,,,, and C,,.,, in Fig. 4a,b — the approximations

of C,,,, and C,,, , and in Fig. 4c,d — the approximations of C,, . and C,,,, respectively.

As can be seen from Figs. 3 and 4, even in the region of linearity for the initial stresses
(the shaded area), the account of higher-order moduli in a prestressed body leads to significant

changes in the behavior of C;kl . So the intersection points of the approximations of C,,,, and
Cos s Ciiyp @nd Co,., for 1x, correspond to the values of the coefficients in the reference state
(v, =1, Fig. 3a,c). In the case of triaxial stress state (3x,, G/u=-0.1), the intersection of C,,,,

and C,,,,, C,;,, and C,,,, occurs in a certain deformed state (v, =1, Fig. 3b,d), the value of

the coefficients at the point of intersection depends both on the type of this state and on the
constants involved in the corresponding approximations.
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= =
S S
=~ =
U U
Stretch ratio v,
2 2
&) &)
i~ 2
U U
Stretch ratio v, Stretch ratio v,
c) d)

Fig. 3. The effect of accounting for higher-order moduli of original material on the

coefficients Cy;, C;jj in the case of uniaxial (a, ¢) and triaxial (b, d) initial loadings

2 2
&) &)
2 2
o o
Stretch ratio v,
a)
1.4
2 2
U U
2 2
U U
Stretch ratio v, Stretch ratio v,
c) d)

Fig. 4. The effect of accounting for higher-order moduli of original material on the

coefficients Ci;j, C;ji in the case of uniaxial (a, ¢) and triaxial (b, d) initial loadings

It should be noted that if for uniaxial initial loadings in the shaded area there are
significant differences in the behavior of the approximations of C; C;jj, which take into
account either only Lame moduli or higher-order moduli as a whole (the differences between
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the approximations taking into account the moduli of Il order, and Ill and IV orders in the
shaded area are negligible), then for more complex triaxial loadings, the differences due to
taking into account the 1V order moduli become more substantial. In the case of a uniaxial

initial deformed state for the coefficients Cj;, Cj;;, as for Cy;, Cy , it is typical that there is a
point of intersection of all approximations (Fig. 4a,c), but for 3x, (G/u=-0.1) there is no

such point.

6. Linear deformation approach
In the case of small initial deformation, a linear approximation is used for the invariants of the
strain tensor:

v, =1+5,, v2=1+25,, Vv, =1+3§, +§, i,k=123, i=k,
S=906,, 1,=0=08,+3,+9,, I,=1,=0,
where §,,9,, 0, are the relative axial compressions/tensions.
According to (6), (25), the coefficients v, and y,, (k=1,2,3,m=0,1,2) in the linear
approximation take the simple form:

4
Vo =28, wi=p+veh, w, =2 (Vs +1:0),
4
Wor =A+Vi0, Yo, =Wy =V, +7,0, Y=y, 25731
Vi =V Wi =Wy =Wy =0.
The components of the Kirchhoff stress tensor P then are expressed as follows:
B, =A0+2us,, k=12,3.
The coefficients Ci’;k, from the representation (27), (28) of the components of the
linearized Piola stress tensor II° in this case can be written in the form:
Cii =P +(A+2p)+v,0+2(h+2u+2v,)8s,

Cii =X+v19+(7»+2V2)<8i +8j)’

o =M+(H+2V3)(5i +8j),
C

*

(39)

G =PAnE2u8,+2v,(8,+8;),  1,j=123 i#].
Fig. 5 shows the effect of accounting for the nonlinearity of deformation on various

properties of prestressed material in the case of uniaxial (1x,) initial loading. As in Figs. 3 and

4, the approximations of the coefficients C;k, , calculated while taking into account the elastic

moduli of 11 order (Curves 1), Il and Il orders (Curves 2), and I, 11l and IV orders (Curves
3), are presented. The number 0 indicates the approximations (39) linear with respect to initial
deformation.
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Fig. 5. The effect of accounting for nonlinearity of deformation on the coefficients C;k, in the
case of uniaxial initial loading

It follows from the Figs. that the sensitivity of the various coefficients C;k, to the

nonlinearity of the initial deformation is significantly different, but for most of the
coefficients there exists a region of small deformations in which the nonlinearity can be
neglected.

7. Conclusions
When assessing the dynamic, operational and strength characteristics of details made of
artificial science-intensive and high-tech materials and working under the constant action of
various kinds of loads, and when solving a wide range of applied problems, as well as
problems of contact interaction, it is necessary to combine the most accurate accounting of
material properties with the possibility of obtaining relatively simple and efficient solutions.
In this paper, within the theory of small deformations superposed on a finite one, a
consistent linearization for the nonlinear equations of the mechanics of an elastic solid is
carried out in the rectangular Lagrange coordinate system. The linearization is performed in a
neighborhood of some initial stress state. We used the representation of the specific strain
energy in terms of the algebraic invariants of the Green-Lagrange strain tensor, which take
into account the elastic moduli of Il and IV orders. Sufficiently simple and convenient
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expressions for the linearized equations of motion and the constitutive relations of the
prestressed medium are derived, which allow one to take into account the nonlinear effects of
the initial deformation on the elastic properties of the original material.

On the basis of the linearized constitutive relations obtained, the effect of accounting for
nonlinearity of the initial deformation on the behavior of elastic coefficients of the originally
isotropic material is studied for various types of the initial loading. The considerable

difference in the behavior of the coefficients C;k, for two-, five- and nine-constant material

models (Curves 1, 2, 3 and 1', 2', 3" in Figs. 3 and 4) is clearly shown. With simple initial
loadings, for the majority of elastic coefficients there is a region of small deformations in
which the differences between linear in deformation and nonlinear approximations, which
take into account higher-order moduli (Curves 0, 2, 3 in Fig. 5; Curves 2, 3 and 2', 3' in
Figs. 3 and 4), are insignificant. In the case of more complex loadings (Figs. 3b,d and 4b,d),

the difference in the behavior of the coefficients C;kl becomes significant. Additionally, it has

been shown that, in order to study the effect of initial loading on the elastic properties of an
originally isotropic material, even at small deformations, the use of the linear
approximation (39) is more preferable than the two-constant material model (Fig. 5).

It should be noted that the appropriateness of accounting for nonlinearity in the

representation (37), (38) of the coefficients C;kl depends not only on the type of the stress

state, the values of the initial stresses and the material used, but is largely determined by the
problem posed and the characteristics studied (for example, characteristics of the wave field,
parameters of the stress-strain state, characteristics of the dynamic processes).
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