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Abstract. Microtubules are filamentous intracellular structures that are responsible for 

various kinds of movements in all eukaryotic cells. The dynamic assembly and disassembly of 

microtubules and the mechanical properties of these polymers are essential for many key 

cellular processes such as spermatogenesis and the processes of neurons. Mathematical and 

computational modeling, especially coupled mechanochemical modeling, has contributed a lot 

to understand their dynamics. However, it has remained a great challenge to reduce the 

critical discrepancies, which exist between the experimental observations and modeling 

results. During this research, the small scaling parameter of the nonlocal Euler-Bernoulli 

beam theory is analyzed to demonstrate the free vibration problem of microtubules. 
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1. Introduction 
Fifty years since the discovery of tubulin [1], the microtubules are studied as dynamic 

polymers of tubulin subunits that underpin many vital cellular processes for example cell 

division and migration. Microtubules are polarized structures, with their minus end anchored 

at the centrosome and plus end, free in the cytoplasm (or interacts with other organelles). 

Microtubules (MTs) are the active filaments and play key roles in the cells, such as 

maintaining the biological functioning of cells (cell division and cell motility), resisting 

thermal or mechanical perturbations from the environments and other sturctural 

functions [2, 3]. MTs are protein filaments which are made up of α and β tubulin and form a 

closed tube (by assembling into linear proto-filaments). The structure of these polymers is 

infact the key to their function (see Fig. 1). The linear proto-filaments provide a uniform 

substrate for motor protein movement and the helical structure makes the polymers more rigid. 

It is believed that each tubulin is composed of 4300 atoms and has a mass of 55 kDa [4]. 

The computer-assisted differential-interference-contrast microscopy gives high contrast 

results and makes it possible to see even very small objects such as single microtubules, 

which have a diameter of 0.025 μm, less than one-tenth the wavelength of light. The 

individual microtubules were recently studied by many researchers (see [5] and the references 

therein). Osborn et al. [6] was one of the pioneers in this field, he with his research group 

studied the microtubules structure using immunofluorescence and the electron microscopy. In 

all such studies, it is difficult to distinguish between the single microtubule from the bundle of 

several ones due to the blurry effects caused by diffraction. 
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Fig. 1. Microtubules(green), actin filaments (red) [7] 

 

Different microtubules configurations exist based on the number of protofilaments. 

Microtubules are typically formed by 13 protofilaments, however, this is a relatively flexible 

property of tubulin assembly and the number of protofilaments in a microtubules observed 

in-vivo and in-vitro conditions may vary. The protofilaments can connect with 2-4 length of 

monomers and make a spiral shape [8, 9]. 

Microtubules are filaments and are found in bent and buckled state within a eukaryotic 

cell. They provide structural support along with necessary motility to the cell, and are 

essential to regulate the mechanics of cell division. To understand how microtubules perform 

their functions, it is necessary to explore their mechanical properties [10]. Recently, the 

nonlocal continuum mechanics has been used extensively to model the nanostructures and 

biostructures such as microtubules and DNA [11, 12]. However, the recognition of the scaling 

parameter in the nonlocal theory, which plays an important role in such studies, did not 

receive much attention. Civalek et al. [13] studied small-scale effects on deflection and 

frequencies of microtubules and used the carbon nanotube scale parameter instead of 

microtubules. 

In this study we used quantitative technique to measure the parameters which may help 

to understand the properties of microtubules and to provide the mechanical information about 

microtubules. In this work, we have used the nonlocal Euler-Bernoulli beam theory as well as 

the finite element approach to explore the molecular dynamics of the microtubules. We have 

provided a unique approach for the first time to evaluate the interaction energy and force 

between the tubulins, natural frequencies and the important scaling parameter    .  

Nomenclature 

u Axial displacement 

   transverse displacement 

   
  extensional strains 

   bending strains 

 ̅  applied axial compressive force 

   moment 
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f(x,t) axial forces 

μ nonlocal parameter 

I second moment of area 

(u,w,φ) terms of displacement 

   natural frequency 

  length of beam 

 

2. Materials and Methods 

Nonlocal Euler-Bernoulli beam theory. The Euler-Bernoulli beam equation has been 

a representative model for the control of systems governed by partial differential equations 

(PDEs). The nonlocal Euler-Bernoulli beam theory has been employed by Lei et al. [14] to 

establish the governing equations of motion for the bending vibration of nanobeams. They 

used a transfer function method (TFM) to obtain closed-form and uniform solution for the 

vibration analysis of Euler-Bernoulli beams with different boundary conditions. Here in this 

article, we will use the technique to study the structural properties of microtubules. 

Euler-Bernoulli beam theory (EBT) is based on displacement: 
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where u and    are the axial and transverse displacements. 

Strain of the Euler-Bernoulli beam theory is: 
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where    
  and    are the extensional and bending strains. 

The expression for the principle of virtual displacement is given as: 
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where f(x,t) is the axial force and q(x,t) is the transverse distributed forces,  ̅  is the applied 

axial compressive force. 

For 0<x<L, Euler–Lagrange equations is: 
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The conditions at the two boundaries (x=0) and (x=L) are given as: 
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where    is the equivalent to shear force. 

 

3. Nonlocal Theories 

Eringen [15] showed that in an elastic continuum, the stress field at a point x depends on the 

strain field at the that point and at other points of the body. Thus, the nonlocal stress tensor σ 

at point x is defined as: 

  ∫  (        ) (  )    
 

 
, (9) 
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where t(x) is the classical stress tensor at point x and the  (        ) represents the 

nonlocal modulus,        and    are the distance and material constant respectively. The 

material constant depends on internal and external characteristic lengths. 

However, the integral constitutive relations can be written as: 

(        )      
   

 
, (10) 

where    is the material constant,   is internal characteristic length and   is external 

characteristic length. 

Calculation of stress. For homogeneous isotropic beams, the nonlocal relation in Eq. 

(10) can be written as: 
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The nonlocal behavior is negligible in the thickness direction.   is Young’s modulus 

and   is shear modulus.    is nonlocal parameter. 

The axial force–strain relation is given by: 

   
   

         
 , (13) 
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Next we will consider    and    only for the Euler-Bernoulli beam theory. So, the 

constitutive relations are expressed as: 

    
    

   
     . (15) 

In this equation,   is the second moment of area about Y-axis. 

Calculations for displacement. In all beam theories, the equations of motion can be 

expressed in terms of the displacements (u,w,φ). So, this will be done using force-deflection 

and moment-deflection relationships in Eq. (13) and Eq. (15) and replacing the stress 

resultants in the equations of motion 

For the first derivative of the axial force   from Eq. (6) and Substituting into Eq. (13), 

we obtain: 
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Substituting   from Eq. (16) into the equation of motion Eq. (6) 
 

  
(  

  

  
)     

   

      (
   

     
   

      ). (17) 

Euler-Bernoulli beam theory. Substituting the second derivative of   from Eq. (7) 

into Eq. (15), we obtain 
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Substituting    from Eq. (18) into Eq. (6): 
  

   (   
    

   )   
  

   *
 

  
( ̅    

  
)      

    

      
    

      +    
 

  
( ̅    

  
)  

  
    

      
    

      . (19) 

Analytical solution of vibration of simply supported beams. For the simply 

supported beams, the boundary conditions are: 

                                           (20) 

to satisfy the boundary conditions; 
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Using Eq. (21) into the equation of motion (19), we obtain 
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for any  , where 

Biophysical analysis of microtubules nonlocal beam theory 307



      (
  

 
)  (23) 

The natural frequencies are given by 
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Substituting       (  is the density and   is the section area) and with an 

assumption that all mass is in the center of beam     , one can obtain frequency using 

Eq. (24). 

 

4. The Molecular Dynamics 

The structure alpha-alpha, alpha-beta, beta-alpha and beta-beta dimers have been studied 

using HADDOCK. HADDOCK (High ambiguity driven docking approach) [15] is a useful 

package to find proteins structures and calculating intermolecular energy of proteins. The 

intermolecular energy contain of some special energies like electro-static energy, van der 

Waals energy and etc. Using MD simulation, the potential energies can be find. 

GROMACS 4.5.3 software [16] with the GRO-MOS96 43a1 force field was used to perform 

the simulation using the methods of molecular dynamics and energy minimization. For 

non-bond interactions Cut-offs distance of 1 nm was calculated and the time step was set to be 

2fs for all MD simulations. The structure box unit was 18nm*9nm*8nm after energy 

minimization. The box was filled with water molecules. Na+ ions were added to each solution 

To balance the negative charge of the dimer. For 50 ps and sing external heat bath, the entire 

system was heated up to 300K. then, the monomers pulled 0.01 nm/ps and the interaction 

energy was calculated for 200 ps (pulling molecular dynamic simulation). Finally, potential 

energy-displacement diagram of alpha-alpha, alpha-beta, beta-alpha and beta-beta tubulin was 

obtained and the data were plotted and fitted with a third order polynomial (see Fig. 2). the 

derivative of the energy function can result force-displacement function. We can then obtain 

the derivative of the energy function and the force-displacement with the help of this data. 

 

 
Fig. 2. Force displacement diagram between the α−β, β−α, α−α and β−β tubulins 

 

FEM Generated Results. Our results show that each tubuin has 4300 atoms and each 

microtubule composed of 100 tubulins (for 0.1 m length microtubule with 13 protofilaments). 

thus, evaluating the properties of microtubules using molecular dynamic simulation is a 

challenging task. considering structural mechanics model alpha and beta tubulins were 

modeled as two spheres with 55 KDa weight which were connected with a nonlinear spring 
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(see Fig. 3). In Fig. 4, we can see the 13 protofilaments and 3start-helix, the dimensions for 

simulation are elaborated in Fig. 4. 

 

 

Fig. 3. Structural model of tubulins connected by springs 

 

 
Fig. 4. schematic diagram for the simulation dimensions of microtubules 

 

The natural frequency is the frequency with which the system oscillates when it is 

disturbed. In this section natural frequency of microtubule is achieved using finite element 

method. Schematic of 6 mode shapes is provided in Fig. 5. Obtaining scale parameter After 

substituting obtained natural frequencies from FEM into nonlocal equations, we obtained 

scale parameters for microtubules. Fig. 6 depicts the nonlocal parameters for microtubules, 

with values obtained in the range of 4050 nm. Heireche et al. [18] used the Timoshenko beam 

model to obtain the vibrational characteristics of microtubules by considering small scaling 

parameter in their work. The nonlocal Timoshenko beam theory has also been used by Gao 

and Lei [19], to study the mechanical behaviors of microtubules. The parametric value which 

they used was in the range of 30 to 70 nm. Therefore the approach we have discussed in this 

article is more appropriate since it provides a more accurate interval for the parametric values 

(40 to 50 nm). 
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Fig. 5. Six natural frequency modes 

 

 
Fig. 6. Natural frequencies of microtubules obtained by FEM and by nonlocal theory 

 

5. Conclusions 

During this research, the small scaling parameter of the nonlocal Euler-Bernoulli beam theory 

is obtained for the free vibration problem of microtubules. For this aim, three steps were 

considered: In first step, interaction energy for all dimers (4 categories) was calculated using 

the molecular dynamic simulation. Potential energy and force-distance diagrams for these 

dimers were obtained. The computational cost of this step cannot be denied. The reason is that 

every tubulin has 4300 atoms and for each category, docking, minimization, NVT and NPT 

equilibrium and pulling MD should be done. We aim to reduce such computational cost in 

future work. In second step, the analysis was based on finite element method. A single sphere 

with 55 KDa weight was considered to mimic the tubulin, these were assumed to be 

inter-connected with a nonlinear spring. Finally, the mechanical model of microtubules was 

used to calculate natural frequencies of microtubules. The molecular mechanics model was 

used in this step, such models may prove to be helpful in finding mechanical and physical 
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properties of cell components more rapidly. Finally, using classical mechanics theories 

especially nonlocal Euler- Bernoulli beam theory, small scaling parameter is obtained for the 

free vibration problem of microtubules. Reasonably convergent results were obtained for the 

scale parameter of microtubules. This work was a multi-disciplinary work between 

mechanical engineering, biology, physics and mathematics. These results can prove to be 

helpful in further studies on the microtubules and their role in eukaryotic cells. We aim to 

extend this work in future using more robust solvers. 
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