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Abstract. Different soils show different nonlinear stress-strain patterns. Hence, it is difficult 
to come up with a general model to predict these shapes. This study investigated the 
suitability of the DHI model which was not originally formulated for geomaterials. This 
model was applied to different loading cycles of various types of soils and the model’s 
variables were optimized using nonlinear generalized reduced gradient (GRG) method. Up to 
five hysteresis springs were considered in the study. The computed error criteria indicated that 
the DHI model approximated the nonlinear hysteresis shapes appropriately and using three 
hysteresis springs presented the best estimation for almost all cases. In addition, this model 
approximated the initial loading cycles better than the final ones.   
Keywords: cyclic direct simple shear (CDSS) test, DHI model, dynamic loading, nonlinear 
plasticity, optimization, soil modeling  

  
  

1. Introduction  
Soil is one of the most problematic materials in terms of material modeling. Surprisingly 
observations of cyclic shear stress-shear strain responses of soft sensitive clays that their 
characteristics have been formed by physical and chemical actions over the centuries showed 
many similarities to a special modern type of elements used in the earthquake engineering 
field called high damping rubber bearings (HDRB). Recent innovative formulations used for 
constitutive modeling of these highly nonlinear elements made authors interested to 
investigate this similarity with more depth. The similarity reveals from two observations: first, 
hysteresis plots of HDRB and soils show analogous shapes under dynamic loading (Fig. 1)  
[1-2]. second, stiffness degradation graphs related to soft sensitive clays and HDRB presented 
in Fig. 2, show similar variation trends [3-4]. 

Soil nonlinearity is one of the main accomplishments in soil science [5]. However, due 
to coupling effects of many parameters and microstructural changes after passing a certain 
strain threshold [6], considering nonlinearity in soil models has been a challenge. In addition, 
including complexities to the soil model usually end up introducing more parameters that 
limit its usage in practice [7]. Soil nonlinearity in geotechnics is usually considered via shear 
stiffness decaying trend and hyperbolic formulas proposed by [8-10]. Nevertheless, it is 
worthy to investigate what techniques researchers in other fields like earthquake engineering 
use to consider nonlinearity. 

As shown in Fig. 3, DHI model captures different kinds of hysteresis shapes within a 
single constitutive model [11]. As a result, it can be beneficial for dynamic problems like 
wind turbines [12-15], where flexibility in stress-strain modeling is advantageous. Extensive 
studies in the literature have focused on investigating cohesive soil responses under dynamic 
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loadings within work-hardening elasto-plasticity concept [16-18]. However, most of the 
introduced models are quite complicated. Therefore, the main goal of this paper has been 
applying a simple but robust model that captures the complex nonlinear plasticity within a 
well-defined constitutive framework. DHI model considers nonlinear plasticity via a 
relatively simple mathematical framework. This model was mainly introduced for HDRB but 
it shows no restriction to be implemented for other types of materials.  

 

 
Fig. 1. Comparison of hysteresis trend between fine-grained geomaterial (a) and HDRB (b), 

modified from [1-2] 
 

 
Fig. 2. Comparison of stiffness degradation trend between soft sensitive clay (a) and  

HDRB (b), modified from [3-4] 
 

 
Fig. 3. Various shapes of stress-strain relations covered by DHI model, modified from [11] 

 
2. Formulation of DHI Model 
In this section, formulation development of DHI model that has been recently implemented in 
finite element programs SAP2000 and ETABS, is presented according to former studies in the 
literature [11,19-23]. DHI model was developed based on hysteresis geometry. It was 
introduced as a modified version of Simo’s viscoelastic model (Eq. 1) [24]. Where S is the 
second Piola-Kirchhoff stress, 𝑊𝑊𝑣𝑣𝑣𝑣𝑣𝑣 volumetric part of elastic stored energy function, 𝑊𝑊�𝑑𝑑𝑑𝑑𝑑𝑑 
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deviatoric part of elastic stored energy, C right Cauchy-Green tensor, 𝑔𝑔𝑛𝑛 parameter which 
governs the magnitude of energy dissipation, 𝑊𝑊�0 strain energy density function for deviatoric 
deformation related to viscosity, 𝜏𝜏𝑛𝑛 relaxation time of nth viscoelastic element and N are the 
number of nonlinear elasto-plastic springs. Difference between DHI and Simo’s model 
originates from changing time parameter t with the curvilinear integral Ґ along the 
deformation orbit on shear strain plane 𝛶𝛶𝑥𝑥-𝛶𝛶𝑦𝑦 (Eq. 2), where D' is the deviatoric part of 
deformation rate tensor. Modified equation is presented in (Eq. 3). Where 𝐿𝐿 is the length of 
curvature in shear strain plane and 𝐿𝐿𝑛𝑛 is relaxation of Ґ of nth elasto-plastic spring. Note that 
by replacing Ґ with t domain also changed from (0,t) to (0,L).   
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By taking elastic deviatoric stiffness degradation into account (Eq. 4) was obtained, in 
which 𝛯𝛯 is the damage function. This constitutive relation was formulated in six degrees of 
freedom. Therefore, this relation was rearranged in such a way to be applicable as  
bi-directional shear deformation analytical model for time history analysis (Eq. 5). Where 𝜏𝜏e 
and 𝜏𝜏h are elasticity and hysteretic part of total shear stress. In addition, as shown in Fig. 4, 
elasto-plasticity region was introduced as n hysteretic parts to model nonlinear plasticity.  
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Fig. 4. Schematic of DHI model 

 
Overall, after some more calculations, generalized formulation for the mth strain reversal 

for unidirectional loading takes the form of (Eq. 6) in which 𝛶𝛶𝑟𝑟
(𝑚𝑚) is the loading/unloading 

strain. 𝜏𝜏𝑛̅𝑛 and 𝛶𝛶�𝑛𝑛 are control shear and control strain that govern hysteretic behavior and size 
of energy absorption by nth hysteretic spring, respectively (Fig. 5). Note that this final form of 

Stress-strain hysteresis shape estimation of different soils using deformation-history integral (DHI) model 223



proposed formulation only requires 2n input parameters (𝜏𝜏𝑛̅𝑛 and 𝛶𝛶�𝑛𝑛) for elasto-plasticity 
region, where n is the number of hysteretic springs. 

 

 
Fig. 5. Hysteresis shape with geometric nonlinearity [11] 
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3. Hysteresis Patterns Estimation 
CDSS test was considered in this study to evaluate lateral hysteresis patterns of different 
geomaterials. DHI model was applied to estimate the stress-strain curves for different types of 
soils including silt, sand, clay, and tailings under different cycles of loading available in the 
literature [1]. The estimations were repeated for one to five hysteresis springs considered in 
the model. Model parameters were chosen using generalized reduced gradient (GRG) method. 
Both Mean Square Error (MSE) and coefficient of determination (R2) for each series of 
computations were derived. The results are presented in Table 1. Considering different 
numbers of springs, it was revealed that for almost all cases, three springs led to the desired 
results. Increasing the number of springs and using four and five springs did not improve the 
stress-strain estimations considerably. Increasing the accuracy by involving more springs to 
the model is illustrated in Fig. 6, for the Fraser River silt under 10th cycle of loading. In 
almost all cases, the model estimated better in initial cycles of loading because much less 
irregularities in term of hysteretic shape occur in initial cycles. For instance, the error criteria 
for Fraser River silt for 2nd cycle were better than the same results for 10th cycle. In addition, 
the observed irregularities and hardening behavior for higher number of cycles in the CDSS 
tests, might be due to some constraint problems used for the experiments.  

Although the measured versus estimated stress-strain curves were good according to the 
R2 criterion, the stress-strain curves were also plotted to enable the engineer to judge visually. 
The curves derived out of using three springs are illustrated in Fig. 7, for all the considered 
soil types in this study for both early and final stages of loading. It was observed that some 
estimations were not as satisfactory as expected; although, the error criteria had shown some 
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good quantities of error. It can be seen for some cases like River sand type I (4th cycle) and 
Laterite tailings (6th cycle).  
 
Table 1. Evaluating model accuracy by MSE and R2 criteria  

 
Regardless of all the positive advantages of the discussed model, it also has minor 

drawbacks that shows there is room for enhancement. For instance, the discussed model 
focuses on hysteresis response and neglects the development of pore water pressure. In 
addition, DHI model does not consider stiffness degradation per cycle as the loading 
continues but has the potential to be upgraded using other models like Pivot model [25]. Pivot 
model is a multi-linear plastic model that is also formulated based on geometry that makes it 
easier to be added to the DHI model to overcome this drawback. 

 

 
Fig. 6. Estimated versus measured shear stress for different number of springs in DHI model 

for Fraser River silt, extracted from [1] 
 

Soil type 
Cycle 

No. 

MSE R2 

1 

spring 

2 

springs 

3 

springs 

4 

springs 

5 

springs 

1 

spring 

2 

springs 

3 

springs 

4 

springs 

5 

springs 

Fraser River 

silt 
2 1.780 0.558 0.282 0.282 0.281 0.995 0.997 0.998 0.998 0.998 

Fraser River 

silt 
10 6.454 2.076 1.315 1.190 0.922 0.965 0.991 0.993 0.994 0.995 

River Sand 

Type I 
2 1.454 1.306 1.260 0.573 0.511 0.995 0.995 0.997 0.997 0.997 

River Sand 

Type I 
4 10.415 3.635 3.641 3.638 3.605 0.915 0.970 0.970 0.970 0.970 

Kitimat clay 1 9.970 4.293 2.355 2.418 2.368 0.989 0.986 0.992 0.992 0.992 

Kitimat clay 10 4.957 2.967 2.964 2.176 2.165 0.982 0.992 0.992 0.993 0.994 

Laterite 

tailings 
1 11.747 6.275 5.703 5.703 5.703 0.991 0.992 0.994 0.994 0.994 

Laterite 

tailings 
6 14.570 6.079 3.894 3.870 3.675 0.945 0.981 0.986 0.986 0.987 
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Fig. 7. Comparison of model estimations with experimental results for different soils, 

extracted from [1] 
 
6. Conclusions 
Main objective of this paper was to open new insights into soil modeling field by showing 
potential of implementing new techniques in material science for soils. Flexibility of DHI 
model to predict nonlinear plasticity within a simple innovative mathematical framework was 
discussed in this study. Soil’s irregular hysteresis shapes were estimated via DHI model that 
was not mainly formulated for soils. DHI model showed adequate results to approximate 
stress-strain curves of various types of soils including silt, sand, clay, and tailings under cyclic 
lateral loading. Due to less shape complexities, DHI model estimated early stages of loading 
better than the final ones. It was also observed that three hysteresis springs ended up with the 
suitable results and increasing number of springs after that did not affect the results 
significantly. Merging DHI model with other models like pivot model to capture stiffness 
degradation per each cycle and finding correlations between model parameters with soil index 
properties using adequate number of experimental data are suggested for future studies.  
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