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Abstract. We consider generalized variational non-local models of media with fields of 
defects and show that the methods of continuum mechanics are very effective in modeling 
connected reversible and irreversible thermomechanical processes. It is postulated that the 
tensor of free distortions is determined only by the spherical tensor, which is interpreted as a 
dilatation associated with a change in temperature. A variational model of coupled 
thermoelasticity and hyperbolic thermal conductivity is under construction. It describes the 
general case of non-locality, when gradient properties are determined by scale parameters that 
are responsible for both mechanical and temperature effects. The analysis of boundary value 
problems is given, the physical interpretation of all model parameters is given through known 
thermomechanical parameters. We also offer a variation model of irreversible thermodynamic 
processes, which is based on the principle of L.I. Sedov. In this case, the variation form for 
the dissipative part of the change in energy is based on the non-integrability condition 
proposed by the authors.  
Keywords: non-local models, defective media, free dilatation, variational models, extended 
thermodynamics, irreversible processes, dissipation model, coupled thermoelasticity and 
thermal conductivity, physical model, thermo-resistance 
 
 
1. Introduction 
It is known that the classical theory becomes insufficient to describe the distribution of heat at 
low temperatures [1], to understand the thermoelastic properties of small-sized systems [2,3], 
for the cases of simulating of nanostructured microelectronic components and various 
thermoelectric devices [4]. On the other hand, it is known that the wave properties of 
hyperbolic heat transfer can manifest themselves as consequences of scale effects [5,6]. Such 
problems of heat and mass transfer need to attract more general models of the  
Maxwell-Cattaneo type [7-10], which are free from contradictions of diffusion type models. 
Accounting for the effects of connectedness of mechanical and thermal fields should also be 
carried out using models of extended thermodynamics [11-13]. In work [13] it is noted that 
models of extended thermodynamics with the wave nature of heat transfer in micro-
mechanics of inhomogeneous can be obtained on the basis of generalized non-local theories 
with two scale parameters. 

The approach based on the analysis of the space-time theory of elasticity [14-17] is very 
effective in building models of extended thermodynamics with allowance for thermoelasticity 
and thermal conductivity. In recent papers [18-20], closed models of heat transfer using 
variational approaches have been constructed. Variational models allow us to give correct 
formulations of the models of coherent thermal conductivity and extended 
thermodynamics [21]. 

Materials Physics and Mechanics 42 (2019) 564-581 Received: July 22, 2019

http://dx.doi.org/10.18720/MPM.4252019_10 
© 2019, Peter the Great St. Petersburg Polytechnic University 
© 2019, Institute of Problems of Mechanical Engineering RAS 



As it turned out, the space-time elasticity includes traditional thermoelasticity as well as 
entropy and temperature and allows you to get all the main results of classical 
thermoelasticity, including relations between thermodynamic coefficients,  
Duhamel-Neumann hypothesis, equilibrium equations for non-uniformly heated bodies, as 
well as Fourier and of heat conduction Maxwell-Cattaneo laws. 

However, such an approach becomes very laborious for implementation in a space-time 
continuum, if within it we try to generalize and take into account scale effects, introducing a 
gradient variant of models. Therefore in this article, the authors try to study the 
thermomechanics of deformation and coupled heat transfer processes within the framework of 
the classical consideration. 

Size effects in the thermal conductivity and thermoelasticity were investigated in 
theoretical and experimental studies [22-24]. In [25-27]. It was shown that for inhomogeneous 
structures, gradient effects and coupled effects and thermal relaxation effects are very 
important as in assessing the effective thermal conductivity, effective thermomechanical 
properties as in the study of their dynamic behavior. Recently, in thermomechanics, as well as 
earlier in the 80s in the mechanics of inhomogeneous media there occurred an interest in the 
development of generalized applied gradient theories, which allow us to take into account not 
only strain gradients, but also temperature gradients of a higher order than in classical models. 
An example of such a continuum thermomechanical theory is the generalized Aifantis theory. 
In [28], this theory extends to thermomechanical problems; it introduces the concepts of 
hypertemperature and hyperentropy associated with gradientness. Specially, it is worth to note 
the interface effects characteristic for heterogeneous materials, especially if the density of the 
phase boundaries is high. Such effects are associated with thermo-barrier effects at the 
interfaces [29].  

In this article we will try to show that the consistent use of variational methods of 
mechanics for generalized models of media and the physical model obtained by using Green's 
formulas, as well as a consistent interpretation of the obtained results allows us to construct a 
closed energy-consistent mathematical gradient theory of connected thermodynamics of the 
processes of deformation and heat conduction, i.e. obtain the formulation of governing 
equations (equations of equilibrium and quasistatic thermoelasticity in the case of quasi 
stationary processes and equations of motion and Maxwell-Cattaneo dynamic heat conduction 
in the case of dynamic irreversible processes) and the full spectrum of initial-boundary 
conditions. At the same time, it is shown that taking into account the gradient of the base 
models of the media used as the basis for constructing connected models, determines the basic 
nature of heat transfer which is not local, as is the case in elasticity. 
 
2. Variational gradient model with defects field (micro dilatations field) 
Let's consider a variant of a model of a medium with defect fields, which, on the one hand, is 
a gradient, and on the other hand, takes into account the field of defects associated with a free 
change in volume, micro dilatation. Such a choice of the model is determined by the fact that 
further we will consider the deformation fields associated with temperature effects. We write 
the Lagrange functional, which completely defines the physical model and the mathematical 
model of the media 
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where 1 2( , , )V iU R θ θ  is the volume density of the potential energy; A  is the work of external 
forces; V

iP  is the forces given in volume V ; and F
iP is the forces given on the surface F  of 

the body; 1 2( , )FU θ θ  is the density of potential energy of surface interactions, which 
determines the model of the adhesive properties of the surface of an elastic body; 1 2, ,iR θ θ  
are the components displacement vector, elastic dilatation and free micro dilatation 
respectively; 1

,i iRθ = ; 11 2 ( / 2 / 2 / 3)ijmn im jn in jm ij mnG m δ δ δ δ δ δ= + −  is the tensor of classical 

elastic moduli associated with shape  changing  under deformation; 11 22,K K  are classical 
bulk modulus and free dilatation bulk modulus respectively; 12K  is the bulk modulus which 
describe the coupled effects; 11C  is the gradient modulus; 12C and 22C  are coupled gradient 

modulus and gradient free dilatation modulus; , , 1, 2pqA p q =  are the adhesion properties of 
the body surface. 

The peculiarity of the proposed model is that the gradient nature is determined only by 
elastic and free dilatation, in other words, the gradient part of the potential energy density VW
has the following simple form 

11 1 1 12 1 2 22 2 2
, , , , , ,2 2V a a a a a aW C C Cθ θ θ θ θ θ= + + . 

The adhesive model is defined by three constants, one of which 11A  determines the 
surface tension and is similar to the corresponding parameter in the Gurtin-Murdoch 
model [30], the coefficient 22A  determines the "non-classical" adhesion properties associated 

with free dilatation and 12A  characterizes the coupled effects in adhesion. 
Constitutive equations for the generalized stresses and generalized kinematic variables 

(deformations, curvatures of  elastic dilatations, free dilatations and their curvatures) in the 
body volume could be written based on the Green formulas. Cauchy stresses 1

ijσ , moments 
1
am , dislocation stresses 2

ijσ , and dislocation moments 2
am  are the following view: 
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On the surface of the media, Green equations lead to constitutive equations for the two 
types of adhesive "forces" 1a  and 2a  that are scalars: 

1 11 1 12 2 2 12 1 22 2
1 2,F FU Ua A A a A Aθ θ θ θ

θ θ
∂ ∂

= = + = = +
∂ ∂

. (3) 

Now we can write the variational equation corresponding to the stationary condition of 
the Lagrangian (1). Taking into account equations (2), (3) we receive the following variational 
equation in force terms: 

566 S.A. Lurie, Р.A. Belov, D.B. Volkov-Bogorodskii



1 1 1 2 2 2 2
, , ,

1 1 2 2 2
, , ,

1 1
,

1 1 2 2 2
,

( )

{[( ) ] ( ) }

{[ ( ) ]

( ) ( ) } 0,

V F
i i i i

V F

ij i j a a a a
V

V
ij a a ij j i i a a

V

F
i ij a a ij j i

F

a a r r a a

L P R dV P R dF

R m m dV

m P R m dV

P m n R

m n a R m n a dF

ddd 

σ dd θ σ dθ dθ

σ dd  σ dθ

σ dd

dd θ

= + −

− + + + =

= − + + − +

+ − −

− + − + =

∫∫∫ ∫∫

∫∫∫

∫∫∫

∫∫

 

here in  is the unit vector of the normal to the surface of the body. 
The last equation can be represented in kinematic variables as follows:  
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The following assertion holds: 
Theorem 1. A variational model defined by Lagrangian (1) and by the variational 

equation (4) in a particular case gives a) a variational formulation of classical thermoelasticity 
and b) coupled classical thermoelasticity and thermal conductivity. 

a)  For a given temperature field, the variational model defined by the Lagrangian 
(1) gives a variational formulation of classical thermoelasticity if the gradient part of the 
potential energy is zero. 

b) With an unknown temperature field, a variational generalized model with the 
Lagrange functional (1), reduced to the Mindlin model with a field of dilatation defects leads 
to the formulation of coupled thermoelasticity and thermal conductivity. 

Proof. We first assume that in the gradient model, (1) the moduli pqC  are equal zero. In 
this case, the potential energy density VU  is reduced to the potential energy density for a 
simplified version of the Mindlin model with a field of defect-dilatations, where the 
variability of the fields of defects is neglected. Such a model of the defect environment is 
called conditionally algebraic, because the deficiency can be excluded algebraically from the 
boundary value problem for displacements, and then determined explicitly by the constructed 
solution [31]. Thus, we assume that the gradient part of the potential energy is zero: 

11 1 1 12 1 2 22 2 2
, , , , , ,2 0a a a a a aC C Cθ θ θ θ θ θ+ + = . 

In addition, we assume that free dilatation is obviously related to the field of 
temperature T , the distribution of which is assumed to be known. 

2 2 / 3ij ij ijD Tθ δ α δ= = , 
where α  is the coefficient of thermal expansion. 

The Lagrange functional for the model under consideration (1) takes the following 
simple form: 
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Accordingly, the variational equality, which determines the mathematical model, can be 
written in the following form: 
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where: 
12 12

, , 0V V F F
i i i i i iP P K T P P K n Tα α= + = − =  . 

It is easy to see that the variational equation completely (5) describes the classical 
thermoelasticity. The first part of the theorem is proved. 

We further assume that, as in the models of Mindlin, the gradientity of model is 
determined only by the presence of the gradient part of the potential energy associated with 
the gradients of free dilatations and 22 0С >  ( 22 2 2 0j jС θ θ ≠ ,  2 2 / 3ij ij ijD Tθ δ α δ= = ): 
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It is easy to see that the Green formulas in this case immediately give the Duhamel 
Neumann equations for stresses, if we accept that 12K  coincides with the bulk modulus of 
elasticity. The variational equation of the Lagrange principle 0Lδ =  for model (6) is 
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Equation (7) defines a closed boundary problem for the generalized coupled stationary 
thermo-elasticity-heat conduction, which almost completely coincides with the classical 
formulation of the coupled problem [32], where coefficient 2 22l С k=  has physical sense of 
the thermos-conductivity coefficient. The theorem is proved. 

We note that, in the resulting generalized variational formulation of a coupled theorem 
of hermo-elasticity and thermal conductivity, coincides with the classical one if we formally 
accept in (7) that 22 0K = . However, this condition contradicts the requirement of positive 
definiteness of potential energy in (1). However, it can be seen that the coupled model (7) 
actually coincides with the classical formulation, if the coefficient 22K  is considered so small 
compared to 12K  and 2 22( )l С  so that the second term in the generalized heat equation can be 
neglected (the second Euler equation in (7)) compared to the other two terms. It can be shown 
formally that for any boundary problem it is always possible to choose such a value of 

22 0K >  that the solution of the coupled model (7) coincides with the solution of the classical 
coupled problem with any predetermined accuracy. 
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3. Generalized mathematical model of coupled thermoelasticity and thermal 
conductivity. Analysis of the mathematical formulation 
By equating to zero the first variation of (4) with respect to admissible kinematic fields iRδ  
and 2δθ , we obtain the following equilibrium equations:  

11 12 2 12 2
, , , ,( ) 0 ,V

i j ji r ri i i iR R C R K C Pµµ  λ θ θ∆ + + − ∆ + − ∆ + =  (8) 
22 2 22 2 12 12

, , 0.r r r rC K K R C Rθ θ∆ − − + ∆ =  (9) 
The interpretation of equilibrium equations (8), (see also (4)) is quite obvious. The 

system of equations (8) should be considered as a system of three-dimensional 
thermoelasticity equilibrium equations, written in displacements, where the terms containing 

2
,iθ  determine the volume change associated with the temperature field. The scalar equilibrium 

equation (9) remains to be interpreted as the "heat conduction" equation. So, the system of 
equations (8), (9) determines the system of equations of coupled thermoelasticity-thermal 
conductivity.  

The following natural/essential boundary conditions are derived by such variational 
procedure. Accordingly, the terms in the surface integral (4) give three pairs of alternative 
almost "classical" boundary conditions for the generalized thermoelasticity: 
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and a pair of scalar boundary conditions due to gradient–dilatation theory 
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At last, a pair of scalar boundary conditions for static temperature distribution problem 
have view:  
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Equations (8) if we take 12 12 0K С= =  are the equilibrium equations for a medium with 

a gradient of restricted dilatation, which, in the case of an additional condition 11 0С =  are 
reduced to the equilibrium equations of the classical theory of elasticity. Note that in the case 
of taking into account the adhesion and smooth surface of the body, classical boundary 
conditions in (1) are modified by the term 11 1

,r r
F

A R dFθ d∫∫ in (11) and take the form 
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It is easy to show that these boundary conditions take into account the surface tension 
and the resistance of the surface to bending. 

Remark. We note that the presented variational equation (7), where the same type of 
boundary conditions are set on the all body surface, does not at all limit the class of possible 
boundary value problems. Indeed, using the variational principles of mechanics, boundary 
value problems can always be reduced formally to the first main problem, when external 
forces are given on the all surface of the body. This is due to the fact that the kinematic 
connections on the surface of the body can be introduced as the work of reactive force factors 
on the introduced kinematic connections on the part of the surface where generalized 
displacements are specified. 

As an example, we consider the variational equation of the classical theory of elasticity, 
when force factors are given on the all surface: 
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Assume that external surface loads are given a part of the surface Fσ , and displacements 
are given on its other part RF , RF F Fσ= ∪ . We take into account the kinematic relations on a 
part of the surface RF using the method of Lagrange multipliers and introducing indefinite 
Lagrange multipliers ip . As a result, the variation of the extended Lagrange functional is 
written as: 
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The received variational equation defines a boundary value problem in the volume V , 
bounded by the surface RF F Fσ= ∪ . Assume that a solution of the formulated above the 
boundary problem can be found in displacements. Then, computing the Lagrange multiplier 

ip  from the equation 
11

, ,( / 3)i ijmn m n m m ij jp G R K R nδ= +  
we formally can introduce the formulation of the first boundary problem instead the initial  
problem with mixed boundary conditions.  

The statement is proved. The above reasoning formally extends to the variational 
formulation for a generalized model of media 

Equations (8), (9) are the governing equations of the generalized coupled stationary 
problem of thermoelasticity and heat conduction. Formally, volumetric deformation 1θ  can be 
excluded from these equations. As a result, it is possible to write the governing equation of 
generalized stationary heat conduction through free dilatation 2θ  and, therefore, in terms of 
temperature. This equation obviously generalizes the equation of stationary heat conduction, 
which follows from the variational formulation (7). 

Under the same assumptions that were introduced earlier and under the condition that 
there are no volume forces and heat sources, in the case under consideration we arrive at the 
gradient equation of stationary heat conduction 

2[ ] 0Tk T l T∆ − ∆∆ = , (13) 
where 
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Here Tl  is the scale temperature parameter, which is expressed through the scale 
characteristics of the gradient-dilatation model 1l , 2l  and are connected with modules of the 
generalized model (4). 
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For gradient thermal conductivity with equation (13), we can formally write the 
variational formulation of the functional which is determined by the following expressions for 
the density of "potential" energy in the volume and on the surface: 

2
, , , , ,2 , 2 2 ( ) ( )( )V V T k k F i i s i i j jU k l T T kT T U aTT bT T n R T n T n= ∆ ∆ + = + + . (14) 

The surface energy density FU  in (14) corresponds to the adhesion model introduced in 
the general model, with the last term appearing due to the fact that when we exclude from the 
equations (8), (9) the volume deformation, it is established that 1θ  is proportional not only to 

2θ , but also to 2θ∆ . The role of the coefficient sR  is extremely interesting, because as will be 
shown later, this coefficient reflects the property of thermal resistance of the contact 
boundaries of various phases in contact problems of heat transfer for inhomogeneous 
structures. 

A variation formulation that takes into account the surface effects (14), introduced in 
the general formulation and written in variations, is given below. 

2

2
, , ,

2
, ,

( )

[( )

( ) ( )] 0.

T
V

F
T i i i i i i

F

T s i i j j

k l T T TdV

P k l T n k T n aT bT n T

k l T bT R T n T n d F

d

d

d

∆∆ −∆ +

+ − − ∆ + − − +

+ ∆ − − =

∫∫∫

∫∫   (15) 

The coefficients ,a b  in the integral over the surface (15), i.e. in classical and non-
classical boundary conditions describe the generalized effects of heat transfer. 

Note that, on the one hand, variational equality (15) is a consequence of the general 
variational formulation formulated for the Lagrange functional (7) in terms of generalized 
displacements for a gradient medium with fields of defects – dilations. Indeed, equation (13) 
was obtained by excluding volumetric strain 1θ  from equations (8), (9), and is a consequence 
of the Euler equations (8), (9) in variational equation (7). 

On the other hand, the formulated variational equality (15), written in terms of 
temperature only, can be considered as a variational equation written for the Gibbs potential, 
taking into account that temperature can be interpreted as generalized stresses in the extended 
thermodynamics [20]. We believe that variational equation (15) may be useful for engineering 
applications. 
 
4. Variational model of dynamic coupled thermoelasticity and thermal conductivity 
Irreversible processes in continuum mechanics are considered. We use a variational Sedov's 
principle, in according to which, for irreversible processes, only a variational form can be 
written, which in general case is non-integrable 

1 0L Dδ δ+ = , (16) 
where L A K U= + −  is dynamic Lagrangian, , ,A K U  are the work of given forces in the 
volume and on the surface of the body, the kinetic energy and potential energy, respectively; 

1Dδ  is nonintegrable variational form, which describes the dissipative channels. 
So, in the common case it can be divided into integrable and nonintegrable parts. The 

integrable part corresponds to reversible processes and can be represented as the variation of 
the possible work, kinetic and potential energy. For linear media, potential energy is a 
quadratic form of its arguments. 

In the work [33], algorithm of definition of nonintegrable variational form was proposed 
when the kinematic variables are known. 
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Assume that the dissipation process is associated only with thermal processes, i.e. the 
dissipation channel 1Dδ  is determined by the kinematic parameters 2θ  and 2θ  where 

2 2 / tθ θ= ∂ ∂ , and t  is the physical time of the process. The simplest is the following model 
of dissipation [33]: 
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Here D  is the physical constant that describes the dissipation properties of the 
thermodynamic process of the dеformation. 

To implement Sedov's principle, we write the expressions of the volume density of 
potential energy and the density of kinetic energy: 
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here ρ  is the classical density, 11ρ  is the gradient density, the measure of inertia of volume 
change, 22ρ  and 12ρ  are the measure of inertia of free dilation and, accordingly, the 
measure of inertia of coupled dynamic processes of free and constrained dilatation. 

As a result, taking into account the relations (16), (17) and (18), (19) we can find the 
variational equation of Sedov: 

1

11 11 12 2 21 22 2 2
, , ,

11 1 12 2 11 12 2
, , , , ,

21 22 2
,

( )

[ ]

{ [ ( ) ( ) ] }

{ [ ( ) ( )

( )

V F
i i i i

V F

i i j j i i j j
V

ijmn m n ij ij i j m mk k i ik
V

i i

A K U D

P R dV P R dF dt

R u R R R dV dt

G R K K R С u C R

K R K

dd

dd

ρ d ρ ρ θ d ρ ρ θ dθ

θ d θ dd  θ d

θ d

+ − + =

= + +

+ + + + +

+ − + + − + −

− +

∫ ∫∫∫ ∫∫

∫ ∫∫∫

∫ ∫∫∫

     



2 21 22 2 2
, , ,

2 2 2 2

0

( ) ] }

1[ ( ) ] .
2

j ji i i

t

V V

C R C dV dt

D dV dt D dV

θ θ dθ

θ dθ θ dθ

− + +

+ − +∫ ∫∫∫ ∫∫∫

 

We transform this expression using integration by parts. Finally, we obtain the 
following variational equation: 
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 (20) 

The following statement takes the place. 
Theorem 2. Equation (20) gives a closed, consistent mathematical model of the 

deformation process under consideration, including the physical model, the equations of 
motion of the considered gradient medium under thermoelastic loading and connectivity, the 
generalized equation of gradient thermal conductivity (and the Maxwell- Cattaneo equation in 
particular), the initial boundary value problem generally. 

Proof. Indeed, the equations of motion of a dynamic gradient thermoelasticity 
immediately follow from the variational equation (20) as the Euler equations with a 
variational statement.  The expression in equation (20) for the variation of displacements iuδ  
is a vector equation of motion of the medium, i.e. generalized dynamic thermoelasticity 
equation: 
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Similarly, equating to zero the expression for the variation of free dilatation 2δθ  we 

will obtain as the Euler equation, the dynamic equation of the gradient thermal conductivity: 
21 21 21 22 2 22 2 2 22 2

, , , 0.i i i i j jK R C R R K C Dρ θ θ θ ρ θ− + D − − + D − − =   (22) 
Let us consider the surface integrals in (20) and show that they define the full set of 

boundary conditions. Indeed, these equations include all set pairs of alternative conditions for 
the considered gradient coupled dissipative problem, which can be written in the form of 
variational equality: 
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The last three terms in (20) contain pairs of conditions that define the spectrum of the 
initial conditions: 
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 (24) 

Let us consider the physical relations. The constitutive relations are found using the 
Green formulas and (18): 
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As a result, the Duhamel-Neumann law immediately follows from the constitutive 
equations of the model (see (25), (26)). In addition, equality (26) shows that temperature 
along with pressure has a meaning of generalized stresses in the model under consideration, 
which fully corresponds to the model of extended thermodynamics considered in [33]. 

Green's formulas make it possible to find also governing relations for internal moments 
(moments 1

am ), and dislocation moments 2
am : 
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The theorem is proved. 
Further it will be shown that the governing relation for 2

im  gives the constitutive 
relation for the generalized heat flux. From the defining equation for temperature (25) we find 

21 1 21
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θθ θ−
= = − . (28) 

Considering (28) we rewrite the equations of thermoelasticity and thermal conductivity 
in terms of displacements and temperature: 
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We note that, as before, if in the equation (30) the term 22K T  is considered small in the 
heat conduction operator 22 22 22K T C T T DTρ− + D − −  , then the heat equation (30) 
degenerates into the equation of hyperbolic heat conduction: 
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 (31) 

In particular, for processes, in which there is no change of volume , 0k ku = , the 
equation (31) takes the form of Maxwell-Cattaneo equation. Indeed, identifying the physical 
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constants in the equation (31) in accordance with the physical meaning, i.e. taking 22
VC k= , 

22
Vρ τ= , VD c=   

we obtain the exact Maxwell-Cattaneo equation 
0 ,V V Vk T T c Tτ∆ − − =   

here Vk  is the thermal conductivity coefficient at a constant volume, Vτ  is the relaxation time 
of the heat flux at a constant volume, Vc  is the specific heat capacity at a constant volume 
(the coefficient determining dissipation). 

Consider the same heat conduction equation (30) and rewrite it in "stresses", i.e. in 
terms of temperature and pressure. Considering the governing relations (25), (26) we find: 
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Taking into account the equalities (32), the heat equation (30) is written in the form:
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From here you can immediately obtain the heat equation for isobaric processes and 
identify the corresponding physical constants: 

0 ,P P Pk T T c Tτ∆ − − =   (33) 
where 
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Taking into account the relations (34), as well as the equations of Hooke's law for 
pressure and temperature (25),(26) allows us to identify all the parameters of the generalized 
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model (20) and give a physical interpretation to the physical parameters of the general model, 
through known and measurable physical thermodynamic characteristics: 
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here SK , TK  are adiabatic and isothermal bulk moduli, Vk , Pk , Vc , Pc  are coefficients of 
thermal conductivity and heat capacity at constant volume and pressure, respectively, ,V Pτ τ  
are relaxation times with constant volume and constant pressure, α is thermal expansion 
coefficient. 

Note that the presented interpretation of the model parameters is consistent with the 
known thermodynamic inequalities. 

0, 0S T P VK K c c− > − > . 
Finally, we consider the governing relations for dislocation moments 2

am and rewrite it 
in terms of temperature and pressure using equalities (32). Defining the heat flux as 

2
i V T iq c K m= −  

we have 
21

, ,( )S T
i P i V V i

T

K Kq k T C c k p
K α
−

= − − + . (36) 

Note, that the generalized Hooke's law for the "temperature" double stress (heat flux) 
(36) takes the form of equation for the heat flux that was received in the in the recent 
work [33].  

As a result, we showed that the methods of continuum mechanics allow us to obtain a 
variational model of an irreversible coupled thermodynamic process of dynamic 
thermoelasticity and hyperbolic thermal conductivity. At the same time, it is remarkable that 
the constitutive equations of the model are consistent with the known thermodynamic 
inequalities and include both the equations for the heat flux and the Duhamel-Neumann law. 

 
5. Results and conclusion 
Let's consider the model of gradient thermal conductivity (15), for which the use of 
variational methods of continuum mechanics was the basis for taking into account surface 
effects in the problem of thermomechanics. We assume that the parameters responsible for the 
effects of heat transfer at the boundary are equal to zero, i.e. 0a b= = . The parameter sR  is 
responsible for new, unexplored before surface effects that can not be described in the 
framework of the classical thermal conductivity, even taking into account surface effects such 
as surface tension, modifying the classical boundary conditions for heat flux (it can be shown 
that such is the parameter 11A  in (11)). The parameter sR appears only in the non-classical 
boundary condition for gradient theory. 

Consider a one-dimensional stationary problem of heat conduction for two phases with 
the condition of a given constant heat flux at infinity. The solution of the heat conductivity 
equation of the gradient model (15) is represented as a superposition of two solutions – 
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"classical" solution φ  that satisfies the harmonic equation and the exponential solution of the 
Helmholtz equation ψ , characteristic of gradient theories 
T φ ψ= − ,     2 0φ∇ = ,     2 2 0lψ ψ−∇ − = ,  (37) 
where l  is the scale parameter of the gradient model. 

Contact conditions (see Eq.(15) that take into account the parameter sR are written 
through the classical and exponential fields in the following form: 
[ ] 0 , [ ] 0 , [ ] 0 , [ ] sT T k k R Tφ ψ= = = − =  , (38) 
here k  is the thermal conductivity coefficient; [...] denotes a jump of the function standing in 
them. 

We argue that the parameter sR  allows one to model thermal resistance in heat transfer 
problems of inhomogeneous media. There is a statement. 

Theorem 3. 
1. The gradient model of thermal conductivity describes the effects of thermal resistance 

in the "classical" part of the temperature field, with a smooth continuous contact over the full 
temperature and its derivative at the contact boundary of the phases 

2. The parameter of surface properties sR  <0... characterizes the thermal damage of the 
surface and the effect of a jump in the total temperature in the vicinity of the contact boundary 
of the phases, i.e. thermal resistance of the boundary and the Kapitsa effect distributed over 
the interfacial zone 

Proof. In the one-dimensional case, we obtain the following simple representations for 
the solution with unknown coefficients, which we will find from the contact conditions: 

i iA B xφ = + ,     * *i ix l x l
i iA e B eψ −= + , ( 1, 2)i = . (39) 

Then, taking into account Eqs (37), (39) and the decreasing of the gradient part of 
solution at infinity we have the following solution for a two-phase medium: 

1*
1 1 1

x lT A B x A e= + − ,     0x < ,     2*
2 2 2

x lT A B x A e−= + − ,     0x > . (40) 
Unknown coefficients in solutions (40) are found from the conditions of contact of the 

phases (38): 
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where q  is the value of a given heat flux, , 1, 2il i = ,  are the scale gradient parameters of a 
two-layer medium. 

As a result, we find a jump in the classical component of the temperature at the phase 
boundary, while the total temperature and its derivative are continuous at the contact 
boundary. 
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In particular, when 1 2l l l= =  we get 
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The resulting relation (41) proves the theorem. Indeed, solution (41) shows that a jump 
in the harmonic part of the temperature at the phase boundary occurs at sR < 0, depends on the 
quantity sR . and is proportional to the heat flux, as the Kapitsa effect shows [29]. 

The theorem is proved. 
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Consequently, the gradient model of thermal conductivity allows us to simulate thermal 
resistance for the "classical" part of the temperature. Note, that at the phase boundary, the 
continuity of the total temperature and its derivative takes place. When sR .>0, the jump is 
proportional to the small scale parameter, and the gradient model of thermal conductivity as a 
whole allows one to simulate the effects of an anomalous increase in the effective thermal 
conductivity for multiphase materials if the inclusions have a high thermal conductivity even 
in the case of low thermal conductivity of the matrix. These effects are due to the properties 
of the interfacial layers in the vicinity of the contact boundaries of the phases, which is 
characteristic for gradient theories. It is easy to verify that in the case of sR < 0, the parameter 

sR  can describe the phase boundaries with an arbitrary given jump in the classical part of the 
temperature field up to a singularity, which indicates that the boundary is so damaged that 
heat transfer is impossible. Figure 1 shows the temperature distribution lines for 

2 10 Wk
m K
 =  ⋅ 

, 1 1 Wk
m K
 =  ⋅ 

, 21 Wq
m
 = −   

, 1 2l l l= =  and different values of sR : 

 
Fig 1. Effects of thermal resistance in the vicinity of the contact boundary of the phases 

1 – 2 1.09sR lk = −  (significant contact boundary resistance), 
2 – 2 1.05sR lk = − , 3 – 2 1sR lk = − , 4 – 2 10sR lk =  

 
As a second example, consider the problem of determining the effective thermal 

conductivity k  of a composite with spherical inclusions, taking into account gradient effects 
and effects of thermal resistance, if the thermal conductivity coefficient of the matrix is equal 
to 1k and the thermal conductivity coefficient of the inclusion is equal to 0k . In this case, the 
solution is constructed as a superposition of a uniform field and radial factors with unknown 
coefficients [34]: 

3( )i iA r B zφ −= + ,     ( )* *
1 1̂( ) ( )i ih r A h r B zψ = + , 

1 3

1 sinh( ) cosh( ) ( ) sinh( )( ) d r l r l r l r lh r
r dr r r

− = = 
 

, 

1 3

1 cosh( ) sinh( ) ( ) cosh( )ˆ ( ) d r l r l r l r lh r
r dr r r

− = = 
 

. 

For the spherical inclusion of the radius 0r  and the spherical layer (matrix) of the radius 

1r , we have the following representation for the temperature, taking into account the decrease 
of the exponential field at infinity: 

( )(0) *
0 1 0( )T A h r A z= − ,     0r r< , 
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( )3 (1) * (1) *
1 1 1 1 1 1

ˆ( ) ( )T A r B h r A h r B z−= + − − ,     0 1r r r< < ,     ( )3
21T r B z−= + ,     1r r< . 

The algorithm for determining the effective thermal conductivity takes into account 
considerations of equivalent homogeneity in the model of three spherical bodies. From here 
we obtain the condition 2 0B =  in an efficient media. Contact conditions at the border allow 
you to find all the coefficients taking into account the thermal resistance sR . Figure 2 shows 

the dependence of the effective thermal conductivity k  on the concentration of inclusions. 
3

0 0 1( )с r r=  when 0 1/ 10k k = , 0 0 1 0 1l r l r= =  and different thermal resistance coefficients 

1/sR lk . 
 

 
Fig. 2. Effective thermal conductivity of a composite with spherical inclusions. Accounting 

for thermal resistance in the model of the gradient stationary thermal conductivity 
 

We see that the gradient thermal conductivity ( sR =0) allows one to simulate the effects 
of a significant increase in the effective thermal conductivity even in the case of small volume 
contents of inclusions. Estimates show that the effect of "amplification" essentially depends 
on the size of the inclusions, i.e. there is a scale effect in thermal conductivity. On the other 
hand, negative values of the parameter sR  that we introduced here as surface properties 
parameter make it possible to simulate a significant decrease in the effective thermal 
conductivity, which is explained by the influence of the temperature damage of the contact 
boundary of the phases. 

In conclusion, we note that this paper demonstrated the possibility of using the methods 
of continuum mechanics to simulate coupled thermodynamic processes, including the 
stationary and dynamical, reversible and irreversible processes. Variational approaches of 
mechanics lead to the possibility of expanding models of thermoelasticity and thermal 
conductivity by taking into account connectivity, attracting non-local models, models of 
dissipation chanels and models of surface interactions. 
 
Acknowledgements. The authors are deeply grateful to Professor Holm Altenbach for 
professional and useful discussions of our research. This work was carried out with support 
from the Russian Government Foundation of Institute of Applied Mechanics of RAS, Project -
AAAA-A-19-119012290177-0 and particularly supported by the Russian Foundation for 
Basic Research grants 18-01-00553-A and 18-29-10085-MK (in the part of variational 
models of the irreversible processes). 

Variational models of coupled gradient thermoelasticity and thermal conductivity 579

https://kias.rfbr.ru/index.php


References 
[1] Lepri S, Livi R, Politi A. Thermal conduction in classical lowdimensional lattices. Phys. 
Rep. 2003;377(1): 1-80. 
[2] Dhar A. Heat transport in low-dimensional systems. Adv. Phys. 2008;57(5): 457-537. 
[3] Zhang G, Li BW. Impacts of doping on thermal and thermoelectric properties of 
nanomaterials. NanoScale. 2010;2: 1058-1068. 
[4] Gusev A, Lurie S. Wave-relaxation duality of heat propagation in Fermi-Pasta-Ulam 
chains. Modern Physics Letters B. 2013;26(22): 125-145. 
[5] Gendelman OV, Savin AV. Nonstationary heat conduction in one-dimensional chains with 
conserved momentum. Phys. Rev. E. 2010;81(2): 0201103(R). 
[6] Biot MA. Thermoelasticity and Irreversible Thermo-Dynamics. Appl. Phys. 1956;27(3): 
240-253. 
[7] Maxwell JC. A dynamical theory of the electromagnetic field. Philosophical Transactions 
of the Royal Society of London. 1865;155: 459-512. 
[8] Vernotte MP. Les paradoxes de la théorie continue de l'équation de la chaleur. C R de 
l'Académie des Sci. 1958;246(3): 3154-3155. 
[9] Cattaneo C, Hebd CR. Sur une forme de l'équation de la chaleur éliminant le paradoxe 
d'une propagation instantanée. C R Acad Sci. 1958;24: 431-432. 
[10] Lord HW, Shulman YA. Generalized dynamical theory of thermoelasticity. Mech. Phys. 
Solids. 1967;15(5): 299-309. 
[11] Bahar LY, Hetnarski RB. State space approach to thermoelasticity. J. Therm. Stresses. 
1978;1(1): 135-145. 
[12] Sherief HH, Helmy K. A Two dimensional generalized thermoelasticity problem for a 
half-space. Journal of the Thermal Stresses. 1999;22(9): 897-910. 
[13] Sherief HH. State space formulation for generalized thermoelasticity with one relaxation 
time including heat sources. Journal of the Thermal Stresses. 1993;16: 163-180. 
[14] Iesan D. Classical and Generalized Models of Elastic Rods. New York: Chapman & Hall 
CRC Press; 2009. 
[15] Mahan GD. Nonlocal theory of thermal conductivity. Phys. Rev. B. 1988;38(3): 1963-
1969. 
[16] Ieşan D. On the theory of mixtures of thermoelastic solids. Journal of the Thermal 
Stresses. 1991;14(4): 389-408. 
[17] Williams DN. The elastic energy-momentum tensor in special relativity. Annals of 
Physics. 1989;196(2): 345-360. 
[18] Belov PA, Lurie SA. Ideal nonsymmetric 4D-medium as a model of invertible dynamic 
thermoelasticity. Mech. Solids. 2012;47(5): 580-590. 
[19] Lurie SA, Belov PA. Theory of space–time dissipative elasticity and scale effects. 
Nanoscale Syst.:Math. Model. Theory. 2013;2(1): 166-178. 
[20] Lurie SA, Belov PA. On the nature of the relaxation time, the Maxwell–Cattaneo and 
Fourier law in the thermodynamics of a continuous medium, and the scale effects in thermal 
conductivity. Continuum Mechanics and Thermodynamics. 2018: 1-20. 
[21] Lomakin EV, Lurie SA, Belov PA, Rabinskiy LN. On the generalized heat conduction 
laws in the reversible thermodynamics of a continuous medium. Doklady Physics. 
2018;6(12): 503-507. 
[22] Stewart DA, Norris PM. Size effects on the thermal conductivity of thin metallic wires: 
microscale implications. Microscale Thermophysical Engineering. 2000;4(2): 89-101. 
[23] Molaro JL, Byrne S, Langer SA. Grain-scale thermoelastic stresses and spatiotemporal 
temperature gradients on airless bodies, implications for rock breakdown. Geophysical 
Research: Planets. 2015;120(2): 255-277. 

580 S.A. Lurie, Р.A. Belov, D.B. Volkov-Bogorodskii

https://en.wikipedia.org/wiki/James_Clerk_Maxwell
https://en.wikipedia.org/wiki/A_Dynamical_Theory_of_the_Electromagnetic_Field
https://www.researchgate.net/scientific-contributions/2033922514_David_N_Williams
https://istina.msu.ru/workers/4958265/
https://istina.msu.ru/workers/82084340/
https://istina.msu.ru/workers/128148664/
https://istina.msu.ru/workers/237755/
https://istina.msu.ru/journals/60791/


[24] Zenkour AM. Nonlocal thermoelasticity theory for thermal-shock nanobeams with 
temperature-dependent thermal conductivity. Journal of the Thermal Stresses. 2015;38(9): 
1049-1067. 
[25] Kavner A, Panero WR. Temperature gradients and evaluation of thermoelastic properties 
in the synchrotron-based laser-heated diamond cell. Physics of the Earth and Planetary 
Interiors. 2004;143-144: 527-539. 
[26] Forest S, Cardona JM, Sievert R. Thermoelasticity of second-grade media. In: 
Maugin GA, Drouot R, Sidoroff F. (eds.) Continuum Thermomechanics, the Art and Science 
of Modelling Material Behaviour. Dordrecht: Springer; 2000. p.163-176. 
[27] Challamel N, Grazide C, Picandet V, Perrot V, Zhang Y. A nonlocal Fourier's law and its 
application to the heat conduction of one-dimensional and two-dimensional thermal lattices. 
Comptes Rendus Mécanique. 2016;344(6): 388-401. 
[28] Forest S, Aifantis EC. Some links between recent gradient thermo – elasto – plasticity 
theories and the thermomechanics ofgeneralized continua. Solids Struct. 2010;47(25-26): 
3367-3376. 
[29] Kapitza PL. The Study of Heat Transfer in Helium II. J. Phys. (USSR). 1941;4: 181. 
[30] Gurtin ME, Murdoch AI. A  continuum theory of elastic material surfaces. Arch.Ration. 
Mech.Anal. 1975;57(4): 291-323. 
[30] Rawat V, Sands T. Growth of TiN/GaN metal/semiconductor multilayers by reactive 
pulsed laser deposition. Applied Physics. 2006;100(6); 064901. 
[31] Lurie S, Belov P, Rabinskiy L. Model of Media with Conserved Dislocation. Special 
Cases: Cosserat Model, Aero-Kuvshinskii Media Model, Porous Media Model. In: 
Dell'Isola F, Eremeyev V, Porubov A. (eds.) Advances in Mechanics of Microstructured 
Media and Structures. Advanced Structured Materials. Advanced Structured Materials book 
series (STRUCTMAT, volume 87). Cham, Springer: 2018. p.215-249. 
[32] Lurie S, Belov P. On the nature of the relaxation time, the Maxwell–Cattaneo and 
Fourier law in the thermodynamics of a continuous medium, and the scale effects in thermal 
conductivity. Continuum Mech. Thermodyn. 2018: 1-20.  
[33] Belov P, Lurie S. On Variation Models of the Irreversible Processes in Mechanics of 
Solids and Generalized Hydrodynamics. Lobachevskii Journal of Mathematics. 2019;40(7): 
896-910. 
[34] Lurie S, Volkov-Bogorodskiy D, Moiseev E, Kholomeeva A. Radial multipliers in 
solutions of the Helmholtz equations. Integral Transforms and Special Functions. 2019;30(4); 
254-263. 
 

Variational models of coupled gradient thermoelasticity and thermal conductivity 581

http://www.sciencedirect.com/science/journal/16310721
http://www.sciencedirect.com/science/journal/16310721/344/6
https://link.springer.com/bookseries/8611



