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Abstract. Within the framework of a model for the piezoelectric structure with a coating 
made of a functionally graded material with a piecewise-continuous variation of properties, 
the problem of propagation of horizontally polarized shear surface waves was investigated. 
The influence of the polarization vector orientation and the nature of the coating 
inhomogeneity on the propagation of surface waves in an "acoustically homogeneous" 
structure was studied. 
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1. Introduction 
Traditionally, in acoustoelectronic devices (filters, delay lines, etc.) which use surface 
acoustic waves (SAWs), an increase in the operating frequency band in two ways. The first 
one is the use of a substrate with a higher sound velocity, and the second is a reduction in the 
geometric parameters of the planar structure [1]. These methods have their own natural 
limitations both in terms of wave propagation velocity in the substrate and in the technology 
of manufacturing the planar structure. An alternative way to increase the operating 
frequencies is to improve the design of acoustoelectronic devices by using thin films [2-6]. 
The peculiarity of wave propagation in thin-film structures provides a unique opportunity to 
double the operating frequency of the converter due to the formation in the film of a periodic 
domain structure, which effectively excites the second harmonic of the surface wave [7,8]. In 
the production of other types of acoustoelectronic devices, micro-electro-mechanical systems, 
sensory devices for various purposes, the multilayer piezoelectric structures are widely used 
to improve their characteristics [9-17]. This circumstance requires the development of 
effective methods, software tools and technologies that allow adequately predicting the 
dynamics of a layered inhomogeneous medium depending on its structure [18-29]. Actively 
used analytical and numerical-analytical methods [18-24] allow one to study various 
properties of the propagation and localization of wave fields in layered-inhomogeneous and 
functionally graded media [19-22], the features of wave field propagation in solids, taking 
into account the viscosity and porosity of the medium [18], the presence of friction [24] and 
surface stresses [25]. The method of boundary integral equations [25,26] demonstrates great 
efficiency in the study of fundamental properties of wave propagation in three-dimensional 
deformable bodies. In the study of specific materials, instruments and devices, methods of 
finite element modeling are effectively used [27]. They allow you to take into account the 
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complex structure of composites. For the analysis of simple piezoelectric structures, applied 
methods based on engineering approaches to the calculation of piezoelectric devices are 
used [28]. In [29], a generalized model of a prestressed ferroelectric structure with an 
inhomogeneous coating was proposed. On the example of a layered coating, the change in the 
surface wave field is studied depending on the nature of the initial mechanical influences on 
the various components of the structure. In [30], the piezoelectric structures with a coating 
whose properties vary in a piecewise-continuous manner are considered. The influence of the 
rigidity and the intensity of density change for the inner layer on the structure of the surface 
wave field and the SAW propagation velocity have been studied. In this paper, we consider a 
model of piezoelectric structure with an inhomogeneous coating in which the velocity of the 
bulk shear wave remains constant with depth – a so called model of an "acoustically 
homogeneous" medium with rigid or malleable interface inclusion inside the coating. The 
features of the SAW velocities transformation are shown depending on the change in the 
thickness of the inner malleable or rigid layer of coating. The influence of the orientation of 
the polarization vectors for the coating and the substrate on the features of SAW propagation 
is studied in a wide frequency range. 

 
2. Problem formulation 
A problem of propagation of SH-waves on the surface of a composite piezoactive medium in 
the direction of 1x  is considered. The medium is a homogeneous half-space 2 0x ≤ , 

1 3,x x ≤ ∞  with coating 20 x H< ≤  whose variation of properties is determined: 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 1 1 1 1 1 10 0 0

0 2 2 2 2, , ,ij ij c ij ij e ij ijf x c c f x e e f x f xρ eρ = ρ = = e = e , (1) 

where 0 0 0
0 , с , ,ij ij ijeρ e  are the density and the elastic moduli of the «base» material, respectively.  

It is assumed that the piezoelectric structure is made on the basis of the 6mm class 
piezoelectric with the axis of symmetry directed along 3x ; the polarization vectors of the half-
space and the coating base material either coincide ( ( )20

15 15e e= ), or are oppositely directed  
( ( )20

15 15e e= − ). Harmonic oscillations of the medium are induced by the action of a distant 
source; the mode of oscillations is steady-state; the dynamic process satisfies conditions  

( ) ( ) ( ) ( ) ( )0
1 2 3 1 2 30, / 0, ( , ), 0, 3, 4, 0,1, 2n n n n

k ku u x u u x x u k n= = ∂ ∂ = = = = = , (2) 
the superscript separates the vacuum ( 0n = ), the coating ( 1n = ) and the half-space ( 2n = ).  

The formulation of boundary problems, the dispersion relation and the results of the 
investigations are presented in dimensionless parameters [29,30]. The dimensionless 
frequency ( )2

2 /e Seh Vκ = ω  ( ( )2
SeV  is the velocity of the half-space shear wave with regard to the 

piezoelectric properties) is used. 
Within the framework of the accepted assumptions, the boundary problem on the 

oscillations of a composite electro-elastic medium with regard to (2) is determined by the 
equations [29]:  

( ) ( ) ( )n n n∇⋅ = ρΘ u ,   ( ) 0n∇⋅ =Δ ,   ( )0 0∆ϕ =  (3) 
with the boundary conditions:  
problem I (denoted by "open-case") is for the structure with an electrically free surface 

( )
2

1 0x H=⋅ =n Θ , (4) 
( )

2 2 2 2

0(1) (0) (1),x H x H x H x H= = = =⋅ = ⋅ ϕ = ϕn Δ n Δ , (5) 

2 2 2 2 2 2

(1) (2) (1) (2) (1) (2)
0 0 0 0 0 0, ,x x x x x x= = = = = == ⋅ = ⋅ ⋅ = ⋅e eu u n Θ n Θ n Δ n Δ , (6) 

2

(2) 0x →−∞ →
eu ,   

2

(0) 0x →∞ →
eu , (7) 
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problem II (denoted by "shorted case") is for the structure with a metalized surface. In 
problem II the condition  

2

(1) 0x H=ϕ =  (5а) 
is used instead of (5). 

In (3)–(7) we use the following notations: ( ){ }( ) ( ) ( )
3 4, nn n nu u= = ϕeu  is the augmented 

vector of displacements; ( )nϕ  is the function of the electrical potential; ( )nρ  is the material 
density of n-th component of the structure; ( )nΘ  and ( )nΔ  are the stress tensor and the 
induction vector, respectively; ∇  is Hamilton operator; 2 2 2 2

1 2/ /x x∆ = ∂ ∂ + ∂ ∂  is Laplace 
operator; n  is the vector of external normal to the surface.  

The components of the stress tensor ( )nΘ  and induction vector ( )nΔ  are: 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

, 4 , 4 , 44 ,, , , , , 1, 2,3n n n n n n n n n n
lk lksp s p lk p p l l sp s p l p pu D u k l s pΘ = θ + θ ϕ = θ + θ ϕ = , (8) 

where ( ) ( )n n
lksp lkspcθ = , ( ) ( )

4
n n

lk p plkeθ = , ( ) ( )
4
n n

l sp lspeθ = , ( ) ( )
44
n n

l p lpθ = −ε ; ( ) ( ) ( ), ,n n n
ij ij ijc e e  – components of tensors 

of elastic constants, piezoelectric modules and permittivity tensor. 
The boundary value problem (3) – (7), taking into account the notation (8), is 

represented in the form: 
( ) ( ) ( ) ( ) ( ) ( ) ( )

( )

( ) ( ) ( ) ( ) ( ) ( )

122 4
1 1 1 1 1 1 1 3
33 3, 34 4, 23 2 ,2 0 2

1 3
2 4

1 1 1 1 1 1
43 3, 44 4, 24 2 ,2

1 3

,

0,

k k kk k k kk k k
k k

k k kk k k kk k k
k k

uu u u
t

u u u

= =

= =

∂′ θ + θ + θ = ρ  ∂

′ θ + θ + θ = 

∑ ∑

∑ ∑
20 x H< ≤ , (9) 

( ) ( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( )

222
2 2 2 2 2 3
33 3, 34 4, 0 2

1
2

2 2 2 2
43 3, 44 4,

1

,

0,

k k kk k k kk
k

k k kk k k kk
k

uu u
t

u u

=

=

∂ θ + θ = ρ  ∂

 θ + θ = 

∑

∑
2 0x ≤ , (10) 

( )
2

0
4,

1
0kk

k
u

=

=∑ ,  2 0x > . (11) 

The surface of the medium is free of mechanical stress  

2
2

4
(1) (1) (1)
23 23 2 ,2

3
0k k x H

x H k
u =

= =

 Θ = θ = ∑ . (12) 

The electrical open conditions at the free surface may be presented as:  
 

2 2 2

2 2

4
(1) (1) (1) (0)
2 24 2 ,2 2

2

(1) (0)
4 4

,

.

k k
x H x Hk x H

x H x H

D u D

u u

= == =

= =

 = θ = 

=

∑
 (13) 

The electrical shorted conditions at the free surface are expressed as follows:  
( )

2

1
4 0x Hu = = .  (14) 

Along the interfaces between the layer and the substrate, the stresses, mechanical 
displacements, electrical potentials and electrical displacements are all continuous: 

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

1 2 1 2 1 2
0 0 23 0 23 0 2 0 2 0, ,e e

x x x x x xD D= = = = = == Θ = Θ =u u .  (15) 
Conditions at the infinity have the form:  

2

(2) 0x →−∞ →
eu ,   

2

(0) 0x →∞ →
eu . (16) 
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In Fourier transforms, the dispersion equation of problems I and II for a piezoelectric 
structure with a functionally graded coating can be represented in the same form as in [29] 
(further α  is the transformation parameter by coordinate 1x ):  

( ) ( ) ( )

( ) ( ) ( ) ( )

1 1

1 2
det 0

0 0

H 
  =
 
 

B G

A B
. (17) 

Matrices-elements of dispersion equation (17) are obtained by satisfying the boundary 
conditions (12)–(16) of system (9)–(11) solutions for homogeneous and inhomogeneous 
components of the structure. For a homogeneous piezoelectric half-space we use a traditional 
analytical representation of the solution by means of the expansion in terms of exponentials; 
matrix ( ) ( )2 0B  is determined by the properties of the half-space and by the conditions (15), 
(16). The general solution for inhomogeneous coating (9) [29] is given by means of the 
expansion in terms of ( ) ( )1

2,kpy xα  which are linearly independent solutions of Cauchy problem 
for equations  

( ) ( ) ( ) ( )
2, x′ = α1 1 1Y M Y , ( )

( )

( )

( )

( )

1 1
23 3

1 1
2 4

, ,
F

F

U

D U

   Θ 
= =             

1
1 1 1Σ

Σ u1
u

Y
Y = Y Y

Y
, (18) 

( )

( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

1 1 12 2 2
1331 2 1431

1 12 2
1431 1441(1)

2 1 11 1
2442 0 2432 0

1 11 1
2432 0 2332 0

0 0

0 0
,

0 0

0 0

x
g g

g g

− −

− −

 α θ −ρ κ α θ
 

α θ α θ 
α =  

−θ θ 
  θ −θ 

M , (19) 

( ) ( ) ( )( )21 1 1
0 2442 2332 2432g = θ θ − θ  

with initial conditions ( ) ( )1 ,0kp kpy α = δ . Here ( ) ( ) ( )
23 2, ,F n F n n

kD UΘ  are Fourier transforms of the 
components of the stress tensor, the induction vector and the augmented vector of 
displacements, respectively; kpδ  is Kronecker delta. The solution of system (18)–(19) is 
possible by using different numerical methods; in this paper we use the modification of 
Runge-Kutta method. 

Matrix ( ) ( )1 HB  is determined by the coating parameters and the conditions (12), (13) 

(open-case) or (12), (14) (shorted-case). Matrix ( ) ( )1 0A , with regard to the initial conditions 

of Cauchy problem, is the identity matrix ( ) ( )1 0 =A E . In open-case 

( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 1 1 1
11 12 13 14

1 1 1 1 1
21 22 23 24

1 1 1 1
41 42 43 44

y y y y

H y y y y

y y y y

 
 

= γ γ γ γ 
  γ γ γ γ 

B , ( ) ( )1 0

0 0 0

0 0
0 0 1

 
 

= −ε α 
 − 

G , ( ) ( )

2 2
11 12
2 2

2 21 22
2 2

31 32
2 2

41 42

0
0

0
0
0

l l
l l
f f
f f

 − −
 
− − =  − −

  − − 

B ,  

Heαγ = ,  ( ) ( )2 22 2 2 2
41 2432 2442 31 42 32/ , 1, 0f f f f= θ θ = = = , 

2 (2) 2* 2* (2) 2 (2) 2 2* (2) 2 (2) 2
1 2332 3 2342 4 2 2432 3 2442 4, ,pk k pk k k k k k kl l l f f l f f= σ = θ + θ = θ + θ . (20) 

Here the coefficients ( )2
kσ  satisfy the characteristic equation  

( ) ( )2det 0rσ =M ,  ( ) ( )
( ) ( ) ( )( ) ( ) ( )

( ) ( ) ( ) ( )

2 2 2 2 22 2 2 2 2
2332 1331 2 2342 13412

2 2 2 22 2 2 2
2432 1431 2442 1441

r r
r

r r
σ

 θ − α θ −r κ θ −α θ
 =
 θ −α θ θ −α θ 

M . (21) 
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The coefficients 2
pkf  are determined from the solution of a homogeneous system of 

linear equations with a matrix ( ) ( )( )2 2
kσ σM . In shorted-case the matrix ( ) ( )1 HB , ( ) ( )2 0B  and 

( )1G  have dimension 2 4× , 4 2×  and 2 2×  respectively 

( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

11 1 1
131 11 12 14

11 1 1
4341 42 44

yy y y
H

yy y y

 
=   
 

B ,  ( )1 0=G ,  ( ) ( )

2 2
11 12
2 2

2 21 22
2 2

31 32
2 2

41 42

0

l l
l l
f f
f f

 − −
 
− − =  − −

  − − 

B . (22) 

 
3. Numerical analysis 
The investigations were carried out for the piezoelectric structures made from the ferroelectric 
material with parameters [1]: 35680 /kg mρ = , 6097PV m s= , 2743SV m s= , 

2892SeV m s= , / 0.999947f
GB SeV V = , / 0.994944m

GB SeV V = . We assumed that the structure 

was an "acoustically homogeneous" medium, i.e., with regard to (1) ( ) ( ) ( ) ( )1 1
2 2sf x f x=   

( s c e= ρ = = = e ). The physical properties of the coating change in a piecewise-continuous 
manner: the coating is divided into M components with constant parameters: 

( ) ( ) ( )
[ ]2 1

11
2 ,h

k

k ks s x hf x f
+∈= 1,2,...k M= . Further, we considered the two types of coating.  

M =2 corresponds to a two-layer coating, where the internal layer simulates the compliant  
( ( ) ( )21 22 / 1f fγ = < ) or rigid ( 2 1γ > ) inclusion, its thickness is h2. The outer layer has half-
space properties ( ( ) ( )11 21 / 1f fγ = = ), its thickness is H-h2. 1M =  corresponds to the one-
layer soft ( ( ) ( )1 2/ 0.1f fγ = = ) or rigid ( 5γ = ) coating. 

In Figures 1а,b we showed the influence of the internal layer thickness h2 and its 
rigidity on the SAW velocities ( ( ) ( )1 2/F SeV V , where 2 /FV = κ ξ , ξ  is the solution of equation 
(17) with the notation (20), (21) for problem I or (22) for problem II) for the structure with a 
two-layer coating in shorted-case if ( )20

15 15e e= . Curves 1, 2, …, 10 (Fig. 1а) correspond to the 
increase of thickness 2h =  0.1, 0.3, 0.5, 0.7, 0.9, 0.96, 0.98, 0.99, 0.996, 0.999 if 2 0.1γ = , 
curves 1, 2,…, 7 (Fig. 1b) correspond to 2h =  0.2, 0.4, 0.6, 0.8, 0.9, 0.96, 0.99 for 2 5γ = . 
Number 0 denotes the SAW velocities for the structures with one-layer coating ( 0.1γ =  
corresponds to Fig. 1а, 5γ =  corresponds to Fig. 1b).  

Based on the graphs, thickness of the inclusion has a significant effect on the phase 
velocity of SAW. In the case 5γ =  (hard inclusion), the influence of the thickness of the inner 
layer is localized in the low-frequency range. At the low frequencies, there is a decrease in 
phase velocity, which is greater, when the greater the thickness of the inner layer. Having 
reached a minimum, the phase velocity begins to increase to a value enclosed in the interval 

(2),m
GB SeV V   . The greater this interval, the smaller the thickness of the inner layer.  

In the case of compliant inclusion, the range of influence of the thickness on the phase 
velocity substantially increases both in frequency and in amplitude. In this case, the behavior 
of the velocity in the asymptotics remains less than the velocity m

GBV  
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a        b 

Fig. 1. Influence of the thickness of the coating internal layer on SAW velocities.  
Problem II. ( )21 0

15 151,e eγ = = , а) 2 0.1γ = , b) 2 5γ =  
 

Further, we consider a two-layer coating in which the thickness of the inner layer is 
h2=0.5H. Figure 2а–d illustrates the influence of the polarization vector orientation for the 
coating and the substructure ( 0

15
)2(

15 ee = – Fig. 2а, b; 0
15

)2(
15 ee −=  – Fig. 2c, d) on the SAW 

velocities in case of a compliant (Fig. 2а, c) and a rigid (Fig. 2b, d) internal layer. Numbers 1, 
2,…,7 in Fig. 2а,c denote the curves for 2γ = 0.8, 0.6, 0.5, 0.4, 0.3, 0.2, 0.1; curves 1, 2,…, 5 
in Fig. 2c,d correspond to 2γ =  2, 3, 5, 8, 10; number 0 denotes Bleustein–Gulyaev waves 

(BGW) in problem II (shorted case, 0
15

)2(
15

12 ,1 ee −=== γγ ).   
 

 
a       b 

 
c       d 

Fig. 2. Influence of the polarization vector orientation for the coating and the substructure on 
SAW velocities. Problem II; M=2, h2=0.5; а, b) ( )20

15 15e e= ; c, d) ( )20
15 15e e= −  
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As follows from the graphs, the direction of polarization has a significant effect on the 
speed of the SAW. With coaxial polarization of the coating and substrate, the SAW phase 
velocity in the coating with compliant inclusion increases first, then decreases sharply. 
Having reached a minimum, the speed of the SAW begins to increase. In the limit at high 
frequencies, the velocity asymptotically approaches the velocity of the BGW from below. In a 
coating with a hard inclusion, the speed first decreases, then increases sharply. Having 
reached its maximum value, it begins to decrease. In the limit at high frequencies, it 
asymptotically approaches the BGW velocity from above. 

With opposite polarization of the coating and the substrate, the behavior of surfactants 
for different coatings is qualitatively identical. The main feature is the presence of a second 
mode, the frequency of occurrence of which depends on the value of the stiffness or ductility 
of the inclusion. The difference is only quantitative. 

Figures 3а,b show the frequency dependences of SAW velocities for a structure with a 
free surface (problem I) in case of a compliant (Fig. 3а ) and a rigid (Fig. 3b) internal layer of 
the coating. Numbers 1, 2,…,7 (Fig. 3.а) and 1,2,…,5 (Fig. 3.b) denote the curves 
corresponding to the values of 2γ  in Fig. 2; number 0 in Fig. 3 denotes BGW of problem I (

2 1 1γ = γ = , ( )20
15 15e e= − ). 

 

 
a       b 

Fig. 3. Influence of the rigidity of the coating internal layer on SAW velocities.  
Problem I; M =2, h2=0.5, ( )20

15 15e e= − ; a) 2 1γ < ; b) 2 1γ >  
 
As follows from the graphs, hard switching is characterized by a significant gradient at 

low frequencies. Compliant inclusion is distinguished by a more significant differentiation of 
the values of the SAW velocity at high frequencies. 

 
4. Conclusion 
A model is constructed that allows one to study the process of formation of wave fields in a 
piezoelectric structure with an inhomogeneous coating. The model is based on the reduction 
of a boundary value problem for a partial differential equation to a system of Cauchy 
problems with initial conditions. The solution of the latter is built numerically. As an 
example, the features of the SAW propagation on the surface of a structure with an 
inhomogeneous coating, in which the velocity of the shear bulk wave is constant in thickness, 
are studied. The cases of hard and compliant inclusions are considered, the features of the 
influence of the coating thickness, the direction of its polarization on the phase velocity of the 
SAW are investigated. The possibility of controlling the structure of the wave field on the 
surface of the medium by changing the physical properties and geometric parameters of the 
coating is shown. 
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