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Abstract. The aim of the present paper is to study the wave propagation in anisotropic
thermoviscoelastic medium in the context Green-Naghdi theories of type-11 and type-III. It is
found that there exist two quasi-longitudinal waves (gP, qT) and two transverse waves (qS1,
gS2). The governing equations for homogeneous transversely isotropic thermoviscoelastic are
reduced as a special case from the considered model. Different characteristics of waves like
phase velocity, attenuation coefficient are computed from the obtained results. Viscous effect
is shown graphically on different resulting quantities for Green-Naghdi theories of type-I1 and
type-111. From the present investigation, some particular cases of interest are also deduced.

1. Introduction

The generalized theory of thermoelasticity is one of the modified versions of classical
uncoupled and coupled theory of thermoelasticity. It have been developed in order to remove
the paradox of physical impossible phenomena of infinite velocity of thermal signals in the
classical coupled thermoelasticity. Hetnarski and Ignaczak [1] examined five generalizations
of the coupled theory of thermoelasticity.

The first generalization is due to Lord and Shulman [2] who formulated the generalized
thermoelasticity theory involving one thermal relaxation time. This theory is referred to as
L-S theory or extended thermoelasticity theory in the Maxwell-Cattaneo law replaces the
Fourier Law of heat conduction by introducing a single parameter that acts as a relaxation
time, who obtained a wave-type equation by postulating a new law of heat conduction instead
of classical Fourier’s law. Green and Lindsay [3] developed a temperature rate- dependent
thermoelasticity that includes two thermal relaxation times and does not violate the classical
Fourier’s law of heat conduction, when the body under consideration has a center of
symmetry. One can refer to Hetnarski and Ignaczak [4] for a review and presentation of
generalized theories of thermoelasticity.

Chadwick [5] and Chadwick [6] discussed propagation of plane harmonic waves in
transversely isotropic and homogeneous anisotropic heat conduction solids respectively.
Banerjee and Pao [7] studied the thermoelastic waves in anisotropic solids. Four characteristic
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wave velocities are found, three being analogous to those of isothermal elastic waves. The
fourth wave, which is predominately a temperature disturbance, corresponds to the heat pulses
known as second sound. Sharma [8] and Sharma et al. [9-10] investigated the thermoelastic
waves in transversely isotropic material and cubic crystal and orthorhombic material
respectively. Sharma et al. [11-12] studied the wave propagation in anisotropic solids in
generalized theory of thermoelasticity. Sharma [13] discussed the existence of longitudinal
and transverse in anisotropic thermoelastic media.

The third generalization of the coupled theory of thermoelasticity is developed by
Hetnarski and Ignaczak [14] and is known as low-temperature thermoelasticity. This model is
characterized by a system of non linear field equations. Low-temperature non linear models of
heat conduction that predict wave like thermal signals and which are supposed to hold at low
temperatures have also been proposed and studied in some works by Kosinski [15], Kosinski
and Cimmelli [16].

The fourth generalization to the coupled theory of thermoelasticity introduced by Green
and Naghdi and this theory is concerned with the thermoelasticity theory without energy
dissipation, referred to as G-N theory of type Il in which the classical Fourier law is replaced
by a heat flux rate-temperature gradient relation. The heat transport equation does not involve
a temperature rate term and as such this model admits undamped thermoelastic waves in
thermoelastic material. The fourth generalization of the thermoelasticity theory involves a
heat conduction law, which includes the conventional law and one that involves the thermal
displacement gradient among the constitutive variables. This model is referred to as the G-N
model 111 [17, 18], which involves dissipation in general and admits thermoelastic waves.

The fifth generalization of the coupled theory of thermoelasticity is developed by
Tzau [19] and Chandrasekhariah [20] and is referred to dual phase- lag thermoelasticity.
Tzou [19] considered microstructural effects into the delayed response in time in the
macroscopic formulation by taking into account that the increase of the lattice temperature is
delayed due to phonon-electron interactions on the macroscopic level. A macroscopic lagging
response between the temperature gradient and the heat flux seems to a possible outcome due
to such progressive interactions. Tzou [19] introduced two phase lags to both the heat flux
vector and the temperature gradient and considered constitutive equations to describe the
lagging behavior in the heat conduction in solids. Raychoudhuri [21] has recently introduced
the three-phase-lag heat conduction equation in which the Fourier law of heat conduction is
replaced by an approximation to a modification of the Fourier law with the introduction of
three different phase-lags for the heat flux vector, the temperature gradient and the thermal
displacement gradient.

Simonetti [22] investigated Lamb wave propagation in elastic plates coated with
viscoelastic materials. Sharma [23] discussed the problem of Rayleigh-Lamb wave
propagation in visco-thermoelastic plate. Baksi et al. [24] discussed the two-dimensional
visco-elastic problems in generalized thermoelastic medium with heat source. Sharma et al.
[25] investigated the Lamb wave’s propagation in viscothermoelastic plate under fluid
loadings. Kumar and Partap [26] discussed the vibration analysis of wave micropolar
thermoviscoelasic plate. Kumar and Devi [27] investigated the plane wave propagation in
anisotropic thermoelastic medium in the context of Green-Naghdi theory type-11 and type-III.
Kumar and Chawla [28] discussed the plane wave propagation in anisotropic thermoelastic
with three-phase-lag and two-phase-lag model.

Keeping in view of these applications, we studied the propagation of waves in the
context of Green-Naghdi theory type-Il, for anisotropic thermoviscoelastic medium. As a
special case, the basic equations for homogeneous transversely isotropic thermoviscoelasticity
with Green-Naghdi theory type-Il and type-Ill are reduced. Viscous effect is shown



graphically on different characteristics of waves like phase velocities and attenuation
coefficients. From the present investigation, some special cases of interest are also deduced.

2. Fundamental equations
The basic equations for homogeneous anisotropic thermoelastic solid, without body forces
and heat sources are given as

Constitutive relations

Oii = Cija€u —,BijT , Bi = CijaQu» (1)
ST, = pC'T + S,Toey, e; = (U, +u;;)/2. (2)
Equations of motion in the absence of body force

gij,j = Pl . 3)
The energy equation (without extrinsic heat supply) is

pS‘TO =—0;;- 4)

The Fourier law (in the Green-Naghdi theory type-1l and type-11l) is given by
Chandrasekharaiah (Chandrasekharaiah, 1998 [20]) as

di = —(KyTj +Kjo ). (5)

In the above equations symbol (*,”) followed by a suffix denotes differentiation with respect
to spatial coordinate and a superposed dot (*“.”) denotes the derivative with respect to time
respectively.

3 Formulation of the problem
We consider a homogeneous, thermally conducting, anisotropic viscoelastic solid in the
undeformed state at the uniform temperature T,.

In order to account for the material damping behavior, the material coefficient c;, are

assumed to be function of the time operator D = % i.e.

Cija = Cija»

Eijkl = Cij (D). (6)

Assumed that the viscoelastic nature of the material is described by the Voigt model of linear
viscoelasticity (Kaliski [25]), we write

0
Cija = Ciju 1+ Ta) (7)

The general system of equations for anistropic thermoviscoelastic material are obtained by
using equations (1), (2) and (5), in equations (3) and (4), and with the aid of equation (7), the
equation of motion and heat conduction are:



equations of motion
Ijk|ek|j Bu j

where Eij = Cija Oty »
equation of heat conduction

KT+ KT =[ (0CT+ B, Togy) |,

ij i ij !

for Green-Naghdi theory of type-1l K;; =0.

4. Solution of the problem

For plane harmonic waves, we assume the solution of equations (8)-(9) of the form

(Ug,Up, Uz, T) = (Ug,UpUs, T )expli(&n; — at)],

(8)

©)

(10)

where @ is the circular frequency and ¢ is the complex wave number. U,,U,,U; give the

polarization of propagating wave and T~ is the amplitude of temperature distribution in the
medium. The vector n = (cos ¢sin 6,sin ¢sin®,cosO) Is unit wave normal vector, defines the phase
direction of the propagating wave represents the propagation along the general direction of
(@,9) in Cartesian coordinate system (X;,X5,X3),where & is the polar angle with x5 —axis

and ¢ is azimuth with X, -axis.
Substituting equation (10) in equations (8)-(9), we obtain

[Cum N &2 _P(D26ik]uk —i§[3 nT =0,

iE31 0 ToU iy +[(in)(i &) (K —i0Kj) - pC 0’TT =0

where J; is the Kronecker delta.

To facilitate the solution, following dimensionless quantities are introduced:

C WX " U T .
xi =A%y, =t T=—, t'=ot,
Vq V]_ TO
where
_ )
V2 Clinn «  pCvy
1 = 1 - K
P 11

The Christoffel’s tensor notation may be expressed as follows

[_)ik - 'JkI Wt pi= Bu i K= Kljnlnj' K" = KIJnInJ
Using equations (13) and (14) in equations (11)-(12), we obtain
[(Dix //?Vlz)fz ~ 0?5y Uy +iETof /p\/lz)T* =0,

—iEo®VEB U, +[E2(K™ —iaK) —0®pC VAT =0.

(11)

(12)

(13)

(14)

(15)

(16)



The non-trivial solution of the system of equations (15)-(16) is ensured by the determinant
equation

(21¢? - poo®) 2,5 a5¢” ica,

aé? (ags® - po’) a&? icag a7
age? ago&” a &2 - po’ i5ag)

i;fa)z i§w2a13 i§w2a14 —a15§2 + alea)z

where a, i=12,3,4..16are given in Appendix A. The equation (17) yields to the
following polynomial characteristics equation in & as

AES + AES + AGE + ALER + A =0, (19)

where the coefficient A i=1,2,3,4,5 are given in Appendix A.

On solving equation (18), we obtain eight roots of & that is +&,+¢&,, £&,and +¢&,

corresponding to these roots, there exists four waves corresponding to descending order of
their velocities namely a quasi P-wave (qP) and two quasi-transverse waves (qS1, qS2) and a
quasi-thermal wave (qT).

The expressions of phase velocities, attenuation coefficients of these types of waves are
given in Appendix A.

Transversely isotropic media. Applying the transformation:

! !

xl’ =X, COS@+ X, Sin @, X, =—XSin@+X,CoS, X; =X, (19)

where ¢ is the angle of rotation in the x, -x, plane, in the equations (8)-(9) and with the aid

of equation (10) and (13), the basic equations for homogeneous transversely isotropic
thermoviscoelastic for Green-Naghdi theories of type-11 and 111, we obtain

(£2A1 —b30?)Up +byE?mnyU, +bsE?nngU s +idbgT ™ =0, (20)
E2mnyUs +(E2A5 —bigo? U, +byyE%nongUs +idngby, T =0, (21)
E2mngUy +E%n,n3U, + (£2A5 —bs@? U5 +idnghgT ™ =0, (22)

by & @2Uy +ibyy Ny @®U, + iy, 83 fr®Us + [(E2A 4byy +1N3by3) + by T =0, (23)

where vf =c,/p, b;1,2,3...21, 22, 23 are given in Appendix B.

Solving equations (20)-(23) for non trivial solution of the system, we obtain the characteristic
equation as

B,E* +B,E° +BE* +B,E° +B, =0, (24)

where the coefficients B, (i =1,2,3,4,5) are given in Appendix B.

The equation (24) has complete information about phase velocities and attenuation
coefficients in transversely isotropic thermoviscoelastic medium.



5. Special cases
Now we will study the propagation of plane harmonic waves in different principal planes as
follows:

(i) For propagation in the x;x3—plane i.e. n=(n;,0,n3); n12+n32 =1the characteristic
equation (24) reduces to

£20y ~bygo® =0, (25)
B8+ Epe? + B2 +E4 =0 (26)

where A =b, n12 + bgng and the coefficients E;; i =1,2,3,4 are given in Appendix C.

(if) For propagation in the x,x3—plane i.e. n=(0,n,,n3); n§+n32 =1the characteristic
equation (24) reduces to

E2A —byw® =0, (27)
6 4 2 _

E116" +Epnd” +E3d”™ +E4 =0, (28)

where Aj; =b;nZ +b,n? and the coefficients E;;; i =1,2,3,4are given in Appendix D.

(i) For propagation in the XX, —plane i.e. n=(n;,n,,0);n? +n3 =1 the characteristic
equation (24) reduces to

£2A111 —bis0® =0, (29)
6 4 2 _

E11167 + Epppd ™ + Eg33d™ + Egqq =0, (30)

where Ajqq = b13(n12 +n3) and the coefficients E... 1=12,3,4 are given in Appendix E.

(iv) For #=90" and propagation in the x;x; —plane i.e. n=(ny,0,0) the characteristic
equation (24) reduces to

E2Ajp11 —byoo® =0, (31)
ngzzzz - blO(’OZ =0, (32)
Euna4 + Ezzzz&2 + E3333 =0, (33)

where the coefficients E,;, i=1,2,3 are given in Appendix F.
Equations (25), (27), (29), (31), and (32) correspond to purely transverse wave mode that

decouple from the rest of the motion and are not affected by the thermal parameters.

6. Particular cases
1. If we take 7 — 0, in equation (24) we obtain the corresponding results for

thermoviscoelastic medium in the context of Green-Naghdi theory type-I1 and type-I11 and the
obtained results are similar as obtained by Kumar and Devi [27].



2. 1f we take Cy=Cp=0Cy, C,=Cy Cy=0Cs, Py=P, =P K =K;=K,
K; =K, =K" in equation (24), we obtain the corresponding results for cubic crystal
thermoviscoelastic materials.

3. Ifwetake T, =T, =A+20, T, =C,y=A, Cyu =0, B, =P, K =K, =K,
K{ =K;=K" in equation (24), then the corresponding results are reduced for isotropic
thermoviscoelastic materials.

7. Numerical results and discussion

In order to illustrate theoretical results derived in the proceeding sections, we now present
some numerical results. Following (Sharma MD [13]), we take the physical data of Dolomite
rock is considered as anlsotroplc thermoelastic medium (|n two-suffixed notations) are given

¢,, =106.8x10"” N-m? ¢, =27.1x10” N-m? C; =9.68x10"” N-m?,
¢, =-0.03x10"” N-m?, ¢, =0.12x10” N-m?, Cis =99.0x10% N-m°
C,; =18.22x10% N-m?, C,, =1.49x10% N-m?, C,s =0.13x10” N-m?,
C,e =—0.58x10"” N-m?, Cys = —54.57x10” N-m?, Cyy = 2.44x10% N-m?,
Cys = —1.69%x10” N-m?, Cyp = —0.75x10” N-m?, Cu =25.97x10% N-m
Cos =1.44x10% N-m?, Cu = 0.43x10"” N-m?, Css = 26.05x10% N-m

Ce =37.82x10% N-m?, with the assumption of thermoelastic parameters as
C" =1x10*Nm?/K, T,=300K, B, =30x10°Nm=/K, K,=10x10°W m™deg™

The symmetric matrices {1, 0.1, 0.2; 0.1, 1.1, 0.15; 0.2, 0.15, 0.9}
and {01, 0.02, 0.03; 0.02, 0.04, 0.05; 0.03, 0.05, 0.06} are multiplied by B, and K, to define
the general anisotropy tensors {B;} and {K;}, respectively, in which 6= 75° has been fixed.

Following Dhaliwal and Singh [29], we take the physical data of cobalt for transversely
isotropic thermoelastic material as

¢, =C,, =3.071x10" N-m?, ¢, =c, =1.650x10" N-m?, ¢, =c, =1.027x10" N-m?,
Ca = Cg =1.510x10" N-m?, Cy = 3.581x10" N-m?, p=8.836x10° Kg m*?,
C =4.27x10°J Kg™'K™, T,=298K, K, =.690x10°W mdeg™,
K, =.690x10°W m™deg™, B, =7.04x10°N m~deg™, B, =6.90x10°N m~?deg™,
K, =¢,C"/4, K;=t,C"/4 with non dimensional parameters o =0.2.

Figures 1(a)-1(d) and 2(a)-2(d) exhibit the variations of phase velocities (V.,1, 2, 3, 4)
and attenuation coefficient (Q,, 1, 2, 3, 4) w.r.t. @ for the anisotropic case and Figs. 3, 4 depict
the variations of phase velocities (V;,1, 2, 3,4) and attenuation coefficient (Q.,1, 2,3,4) w.r.t.

6 for the transversely isotropic case. In all the figures GN-II corresponds to Green Naghdi
type-11 and GN-I1I corresponds to Green-Naghdi type-111. VGN-II and VGN-III correspond to
viscous effect on GN-11 and GN-III.

Figure 1(a) shows that the values of phase velocity for GN-II and GN-III increases for

smaller values of @ and for higher values of & the values of phase velocity decreases,
whereas for the case of with viscous effect, the values of phase velocity increase for all values
of . It is noticed that due to viscosity effect the values of V; remain more. Figure 1(b)
exhibits the variation of phase velocity V, w.r.t. 8 and it indicates that the values of phase

velocity increase for initial values of & whereas for higher values of & the values of V,



decrease. It is evident that the values of V, in case of with viscous effect remain more in
comparison to without viscous effect. Figure 1(c) depicts the variation of phase velocity Vj
w.r.t. 6 and it indicates that the behavior and variation of V5 is similar as V, whereas the
magnitude values of V5 are different. Figure 1(d) shows variation of phase velocity Vv, w.r.t.
6 and it indicates that the values of Vv, increase for smaller values of & whereas for higher
values of 4 the values of V, decreases.
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Fig. 1. Variation of phase velocity (a) Vi, (b) V2, (c) Vzand (d) V4 w.r.t. angle 6,.

Figure 2(a) exhibits the variation of attenuation coefficient (Q;) w.r.t. @ and it indicates
that the values of Q; increase for smaller values of 8 whereas for higher values of 4, the
values of Q; increase monotonically. It is noticed that due to viscosity effect the values of Q;
remain smaller. Figure 2(b) shows that the values of Q, increase for smaller values of &
whereas for higher values of @, the values of Q, decrease. It is noticed that due to viscosity
effect, the values of Q, remain smaller for initial values of &. Figure 2(c) depicts the



variation of Q3 w.r.t. & and it indicates that the behavior and variation of Q3 is similar as Q,
whereas the magnitude values of Q; are different. Figure 2(d) shows the variation of
attenuation coefficient Q, w.r.t. , and it indicates that the values of Q, increases for smaller
values of @ although for higher values of & the values of Q, decrease.
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Fig. 2. Variation of attenuation coefficient (a) Q1, (b) Q2, (c) Qs and (d) Q4 w.r.t. angle 6.

Figure 3(a) depicts the variation of phase velocity V; w.r.t. angle & and it indicates that
the values of V, increase for smaller values of @ although for higher values of &, the values

of V, become dispersionless. It is noticed that the values of V; due to viscosity effect remain
more in comparison with without viscous effect. Figure 3(b) depicts the variation of phase
velocity V, w.r.t. angle @. The values of V, increase for smaller values of & whereas for



higher values of @, the values of V, decrease. Figure 3(c) depicts the variation of phase
velocity V; w.r.t. angle @. It is evident that the behavior and variation of V; is similar as V,

although the magnitude values of V; are different.
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Figure 4(a) exhibits the variation attenuation coefficient Q, w.r.t. angle & and it
indicates that the values of Q, increase for smaller values of @ although for higher values of

6, the values of Q, increases monotonically. It is noticed that the values of Q, in case of
without viscous effect remain more in comparison with viscous effect. Figure 4(b) exhibits
the variation attenuation coefficient Q; w.r.t. angle @. It is noticed that the values of Q,
increases for all values of @ and for comparison, it is evident that the values of Q, due to
viscosity effect remain smaller in comparison with without viscous effect. Figure 4(c) depicts



the variation attenuation coefficient Q; w.r.t. angle 6. It is evident that the behavior and
variation of Q; is similar as Q, although the magnitude values of Q; are different.
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Fig. 4. Variation of attenuation coefficient (a) Q1, (b) Q, and (c) Qs w.r.t. angle 6.

8. Conclusions
The propagation of plane wave in anisotropic thermoviscoelastic medium in the context of the
theory Green-Naghdi theory type-Il1 and (GN-I1) and Green-Naghdi theory type-111 (GN-III)
have been investigated. The governing equations for homogeneous transversely isotropic GN-
Il and GN-I1II are reduced as a special case and obtained that three coupled quasi waves and
one quasi-transverse wave which is decoupled from rest of the motion. From the obtained
results the different characteristics of waves like phase velocity, attenuation coefficient are
computed numerically and presented graphically.

From the numerical results, we conclude that in anisotropic case, the values of phase
velocities V,,V,,V,, and V, in case of VGN (type-11) and VGN (type-11l) remain more in

comparison with GN-II and GN-I11 whereas the values of attenuation coefficients Q,, Q,, Q;,
and Q, remain more in case of GN-III in comparison with VGN (type-I11). It is noticed that



in case of transversely isotropic the values of phase velocities and attenuation coefficients are
similar with the case of anisotropic although the magnitude values are different.

Nomenclature
Cijen (= Cumij = Cijem = Cijmi) - €lastic parameter,
U - displacement vector,
By - thermoelastic coupling tensor,
p - density at constant strain,
density at tant st
C” - specific heat at constant strain,

0

T, - reference temperature assumed to be such that <<1,

g; - the heat flux vector,

S - entropy per unit mass,
T (X, X,, X;,t) - temperature distribution from the reference temperatureT,,

o; (= o) - component of stress tensor,

e; - component of strain tensor,

K;; (= K;) - coefficient of thermal conductivity,

K;(= K}) - thermal coefficients which are characteristics of GREEN-NAGHADI-II theory,

@ — circular frequency,
& — complex wave number,

U;,U,,U; - the polarization of propagating wave,

T - amplitude of temperature distribution in the medium,
n = (cos¢sin @, sin ¢sin O, cosB) - unit wave normal vector,

@ - polar angle with x5 —axis,

¢ - azimuth with X; -axis,

@ - angle of rotation in the x;, —-x, plane.

Appendix A
(i) Phase velocity
The phase velocity are given by

V=—"=20_ i=1234, (A.1)
Re(&)

where V;,V,,V3,V, are the velocities of gP1, gS1, qS2 and qP2 waves respectively.

(i) Attenuation coefficient
The attenuation coefficient is defined as

Qi =Img(&), i=1,2,3, 4, (A.2)
where Q,,1=1234 are the attenuation coefficient of gP1, gS1, qS2 and gP2 waves

respectively.

1 - — _ _ _
(al,az,a13,a4,a5,a6,a7,as,ag,alo,all,alz)=p7(D11,D12,D13,[31T0,D21,DZZ,D23,[32T0,D31,D32,D33,[33T0),
1



1 K —ioo,K . GC
B, (B, B3, V12 p i~

Al =—8, Az = (al +as + all)a16 + (315 + aSalS) +a, 1+ a12)1

(alS 114,85, a16) =

Aq =2, (8585 + (835 +81,8,6 +2,8,) +848;3) —8 (a5 + 83,855+ 8,8y, 83,855+ 87 (80855 8580
8g(a,08y, +8;38y;) +8,85815 — 8,8 +85(8485 +8y,) +8,858;, —8,85 +8,(853y, —ay,),

A4: a,a, (a15 a3, +3,8; )"’ ay,8;5 —a; (aloale tTa;a, )_as (a10a14_ ;38 )+ a5 (anae_ ;8 )_
2,85 (8,5 +2;,815 —a1,8y,) +8,8; (A6 +8;,) + 8,85 (898, +1) +8585(38;5 —8;5855) —

8,89 (85855 +8;, +235) + 8585 (—8gAy3 +819) +8,85(8;081, —814813) — 8,86 (85081, — ;1) +

a,8; (a9a13 - alO)’ As =885 (a7a10 - alae) 8,85 (anas - a7a9) +a,8; (_aloals + aeag)-

Appendix B

1 _ o
(bl,bz,b3,b4,b5,b6):El—(CSG,CM,pr,ClZ+C16,C13+C44,B1T0),

1

1 o
(b, bg, by, by, by, by,) = ———(C5. Ty oo PV BTy B2 o),

66 2

1 _ _
(b13’ b14v b157 ble) = T(CM’ Ca3» pr , BSTO)’

1t G
(by;, b, by, 0,0, 0,,) = (K5, 0K, 0,K;,pCc?, BVE), by, = (—1+ioby), b, = (b, +iob,,),

B, = b,b,,b,cb,0, B, = (=by,A, +b,A, )b b, +b,b (—byyA, + by b, — b, b, niR) -

b,,b,s (b,b,,n2 +b b, n?), B, =—A, (bh,,A, + by (—b,A, +bb,, —b,,b,.n2B)+b,,b,b,.n2)+
b,A, (—b,,A+ b by, — b, b NI} b, (Ab, b, + b, b,n,n+ (by,b,+b,,B)b,n5n2—b,, b, N3A,)-
n’n2b,,(b,b,s —bgb,,) —bb,nZni(b,, +b,b,,) +bb,,n? (b (N5 —A,)+b, (NN B-A,)),

B, = —AA,(=byA, + b, b, —b, 0, n3R) + b, b, AA, — by, b,naNZA, +byn2nZA, (b, b, +b,B) —
b0, N3A A, —b,(A,A b, +n3n2b,b,,) +n2nini(-b,b,,b,B+b,b, b, +b,b, b, b, +
b,b,,b,,B+b.b,,)— nZn2 (b, (byAs+ b, b, bbb, ) bb,, A nZnZ (=b.b,,A,+b.b,b,,~
bbb, A, —b.b,BnZn2n, + bbb, BninZn, +b.b, n7A,(Bnin, —A,),

B. =—A,(A,A b, +n2nib,b,,)—n’ninlb,, (b,b, +b.)+b,n’n’A,(b,, —b,b, ) +n?nlb.b,,A,,

2 2 2 2 2 2 2 2 2 2 2 2
A, =n; +b,n;+b,n;, A, =b,n; +bgn; +bgnz, Ay =b,(n; +n3)+b,ns, A, =n; +n;+n; =1



Appendix C

E, =b},(AJA; —b.n?n?), E, = o*{(~b,b, + Ab,, + b, b, n2B)A; —b.b),A; -
bonZnZ(b,,+ byh,, NN+ bb, N2 (—=niB +A%)},

E, = 0"{~b, 0, A+ by (Dbl ALb,,—beb,.n2B)~ bb,.b..n2,

E, =b,bb,,0°, A =n?+b,n2, A, =b,n’+b,nZ b, =Ab,, +nib,,.

Appendix D

sk kK

E,= b:; (A?A? - bllngng)’ E, = @2{(_b15b::1 + A:kbzo + blebzlngﬁ)A;* —0ybyA; -
byn3n3 (byg +bygh,,) +by,b,n, (_na[3 +A7)}

Eyy = 0'{-bisbyA; —big(bighy, —Ayby —bigh,ngB) - b,bybgn3,
Eu= bloblsbzome’ A? = bsng + bzng’ A; = b13nl2 + b14n§1 b;4 = Azkbzz + n§b23.

Appendix E

dokk | Hkk

E,, =by (A7A) —b,n?n?), E,,, = o*{(-bb5 + A b, +b b, n2B)A" —b,by A" —
bonZnZ(b,, +bygb,,nn.) +bbnZ(—nZB+ A7)},

E,.y = 0 b0 Ay — b, (AS b, + A by, +bgb,, b, n?),

Eu = Dbybsb,00°, AT =nZ+b,ni, AT =nZ+b,nZ b, =A; b, +b,,.

Appendix F

* 2 Fkkk HKkkk _ 2 dkkk
A1111:b7n17 b24 :A3 bzz"‘bzsv E1111—n1’b24 )

*

Agpas = nlz’ E2222 = o’ (n12 (bzo + b6b21) - bsb::*)’ E3333 = _bsbzo(’JA-
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