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Abstract. The principal aim of this paper is to investigate the thermoelastic problems in a
nonhomogeneous thick annular disc in which sources are generated according to the linear
function of the temperature, with compounded effect due to partial heating and boundary
conditions of the radiation type. The solutions are based on theory of integral transformations
with boundary conditions of radiation type on the curved surfaces, with independent radiation
constants. The results are obtained in series form in terms of Bessel’s functions. Some
numerical results for the temperature change, the displacement, and the stress distributions are
shown in figures.

1. Introduction

As a result of the increased usage of industrial and construction materials the interest in the
thermal stress problems has grown considerably, typified by the annular fins of heat
exchangers and brake disc rotors, because of its elementary geometry. Therefore, a number of
theoretical studies concerning them have been reported so far. However, to simplify the
analyses, almost all the studies were conducted on the assumption that the upper and lower
surfaces of the discs or circular are insulated or heat is dissipated with uniform heat transfer
coefficients throughout the surfaces. For example, Noda et al. [1] has considered a circular
plate and discussed the transient thermoelastic-plastic bending problem, making use of the
strain increment theorem. Khobragade et al. [2] has studied the distributed heat supply of a
thin circular plate by using finite Hankel and Fourier transform with Dirichlet’s type of
boundary conditions. Varghese et al. [10] studied themoelastic response due to partially
distributed heat supply of a hollow cylinder structure by using transform technique.

Nasser [8, 9] investigated problems due to heat sources in generalized thermoelastic
body. Kulkarni et al. [3] determined quasi-static thermal stresses in a thick annular disc
subjected to arbitrary initial temperature on the upper face with lower face at zero
temperature. Most of the studies considered by various authors [3, 8, 9] have not considered
any thermoelastic problem for thick plates with boundary conditions of radiation type, in
which sources are generated according to the linear function of the temperatures, which will
also, satisfies the time-dependent heat conduction equation. The significance of
aforementioned transform [5, 6, 10] over the previous used or published integral transform
techniques [2, 3] can be seen while obtaining the temperature or displacement of any height,
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with third kind boundary conditions of radiation type on the outside and inside surfaces, with
independent radiation constant. From the previous literatures regarding thick disc as
considered, it was observed by the author that no analytical procedure has been established for
thick annular disc, considering internal heat sources generation within the body and
specifically impacted by partial heating.

2. Formulation of the problem
We consider a thick annular disc with thickness 24, internal radius a and external radius b,

occupying the space D={(x,y,z)eR®: a<(x®>+y?)2 <b, -h<z<h}, where r= (x*+y%)"?. Let
the disc in which internal sources are generated according to linear function of the
temperature are subjected to partial heating (Q,/A)exp(-awt)S(r—r,) over the upper surface

(z=h) and 3(r—r,) is the Dirac delta function.

2.1. Temperature distribution. The transient heat conduction equation with internal
heat generation is given as follows

09,100 0°0 O(r.z1,0) 100

o’ ror ol K Kot

(1)

where o(r,z6) is the internal source function, and x=1/pC, 4 being the thermal
conductivity of the material, p is the density, and C is the calorific capacity, assumed to be

constant.
Following [5], we consider the undergiven functions as the superposition of the simpler
function:

O(r, z,1,0) = ®(r, z, 1) +y () O(r, 2, 1) (2)

and

T (r,z,t)=0(r,z,t)exp [_I;W(C)dq}’
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©)
or for the sake of brevity, we consider
8(r—r,) 8(z - z,)

eXpP(—w?),
2nn p(-or)

x(r,z,t) =

as<rg<bh, —h<zyg<h, >0,

Substituting equations (2) and (3) in equation (1), yield

T 10T &*T y(r,zt) 1éT
+—+ T =——,
o? ror &t K K Ot

(4)

where « is the thermal diffusivity of the material of the disc (which is assumed to be
constant), subject to the initial and boundary conditions

T=T, att=0, (5)
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T+kla—T:0, at r=a, —-h<z<h, t>0

0

o7 (6)
T+k,—=0, at r=b, —h<z<h, t>0

or

oT
T+k3a—:(QO/k)exp(—cot)S(r—ro), at z=h, a<r<b, t>0

) oT (7)

T+k, a—=0, at z=-h, a<r<bh, t>0

z

where &(r-rp) is the Dirac Delta function having a<n <b; @>0 is a constant; Qg is the heat
flux with constant strength; 4 is the thermal conductivity coefficient of the material and 7; is

the reference temperature.

2.2. Thermal displacements and thermal stress. The Navier’s equations in the
absence of body forces for axisymmetric two-dimensional thermoelastic problem can be
expressed as [7]:

Vzur _u_r+ 1 @ 2(1+ U) _o,
r 1-2vor 1- 21) 87” (8)
v, — 1 @ 2(1+U)a PD_
F1-2v6z 1-2v ‘oz

where «, and «, are the displacement components in the radial and axial directions,
respectively and the dilatation e as

Ou, wu, Ou
o r 0z

r 4

e =

The displacement functions in the cylindrical coordinate system are represented by the
Goodier’s thermoelastic displacement potential ¢ and Love’s function L as [4]

L 063 ©)
Tor oroz’
2
6¢+2(1— V)V L—a—L (10)
0’z

in which Goodier’s thermoelastic potential must satisfy the equation
V2= (1+Ujat¢9, (11)
1%

and the Love’s function L must satisfy the equation
V2(V2L) =0, (12)

2 2
where v2_9"_, 1£+i.
o’ ror o8

The component of the stresses are represented by the use of the potential ¢ and Love’s
function L as
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Ye {[a?—v%}a(um-azf]}’ (13)
or 0z or
0 :20{(1 P _y ¢j ( sz—laLj}, (14)
ror ror
o = 2G{(62‘f—v2¢j+a(( )vZL—azLJ}’ (15)
la Oz oz?
and
o _zc{a m[ 0 Lj} (16)
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where G and v are the shear modulus and Poisson’s ratio respectively.
The boundary conditions on the traction free surface functions are

-0, (17)

= O

1z |p=q rz

r=b

Equations (1) to (17) constitute the mathematical formulation of the problem.

3. Solution of the problem

3.1. Solution of the heat conduction problem. In order to solve equation (4) under the
boundary condition (6), we firstly introduce the integral transform [6] of order n over the
variable r. Let n be the parameter of the transform, then the integral transform and its
inversion theorem are written as

g(n) =If rg(r) S,k ko, puyr)dr, g(r)=2(g,(n)/C,)S, (ki kg, 1, 1), (18)
n=1
where g, (») is the transform of ¢() with respect to nucleus s, (ky,kp, 1, 7) -

Applying the transform defined by equation (18) to the equations (3), (4), (5) and (7),
and taking into account equation (6), we obtain

e _
K —y,%f(n,z,t)+&nz’z't) +;?(n,z,t):M, (19)
0z ot
T=T,, (20)
or
T+k a_—(Qo/x)eXp( i) 1y Sy (ky, key 1, 75),
(21)
T +k, a—T:O,
0z
Z (n,z,0) = rg So (ky, kgt 19) 6 (2 — zg ) exp(-ar) (22)

where T is the transformed function of 7'. The eigenvalues y, are the positive roots of the
characteristic equation

Jolky, pra) Yo(ky, ub)—Jo(ky, pb) Yo(ky, ua)=0.
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The kernel function Sy (k;,%,, 1, ) can be defined as

SO(kl’kZUUn }") = JO(#nr)[YO(klvﬂna)+YO(ka:unb)]_YO(:unr)[JO(kl’:una)+J0(k21:unb)]
with

Jolky ur)=Jo(ur)+k pnJo(ur)
for i=12

Yy (kr) = Yy (ur) + k p ¥y (ur)
and
C, = [rlSo(ky. k. b1 dr

in which J,(ur) and Y,(ur) are Bessel functions of first and second kind of order p =0

respectively.
We introduce the another integral transform stated in [5] that responds to the boundary
conditions given in equation (7) as

_ h S
fmt)= [f(z.0P,(2)dz, [f(z,t)= Zlf(m’t) B (2) (23)
—h m= m

Applying the transform defined by equation (23) in equations (19), (20) and (22), and using
equation (21), we obtain

;{— (2T (nym, 1) +Pmk—(h)(g0 1)1y Sy (s ks 1) €XP(-0t)— a2 T (,m, t)} 7 (m) = W : (24)
3

=Ty, (25)

7 (n,m,t) = ry Sy (ky ey p1,1) Py, (20) €Xp(-aor) (26)

where 7° is the transformed function of 7. The symbol ( ) means a function in the

transformed domain, and the nucleus is given by the orthogonal functions in the interval
-h<z<h @S

P, (z)=0,,cos(a,,z)-W,,sin(a,,z)
where
Qm =a,, (k3 +k4)COS(amh),

W,, =2cos(a,,h)+ (k3 —k4)a,, sin(a,,h),

h .
f = [Pz = MO + 21+ ) gl

—h Am
The eigenvalues an, are the positive roots of the characteristic equation

[k, acos(ah) +sin(ah)][cos(ah) + k, asin(ah)] =k, a cos(ah) —sin(ah)][cos(ah) — k, asin(ah)] .
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Using Eq. (26), equation (24) yield

k(i +ad)T = Hl, a,), @)

where

O, P, (h)x

H(u,, a,)= {Pm (zo)+ } 7y Sy (ky Ky, 11, 1,)eXp(-wt) -

3

The general solution of equation (27) is a function

Mexp(—x(yf+a2)t)+c. (28)

T"(n,m,0)exp(ic (u} +aj) 1) =—— m
k(u, +a,)-o

Using (28) in equation (25) yield the value of C and Substituting the resulting value of C in
equation (28) yield

H(/'ln’am)
K (i +a2) -

n

H(Il'll‘l 1 aﬂl)

T (n,mt)=
VR Ul +dl) -0

exp(-wt) + {TO* - }exp(—x (12 +a’)t). (29)

Applying inversion theorems of the transform rules defined by equations (18) on the equation
(29), yield

T(nz1)= i%[mm exp(-n) +(Ty —@,,,)exp(=x (u; +ap)0]P,(2), (30)

m=1""m

and then accomplishing inversion theorems of the transform rules defined by equations (23)
on equation (30), the temperature T is obtained as:

T(rz1) :i_ Cl {z%[p exp(-ar) + (Ty — 0, exp(—x (12 +a2) D] P, (z)}

xSo(ky, kyy 12,7) (31)
where

80 — H(:un’am)
"k tag) -

Taking into account the first equation of equation (3), the temperature distribution is finally
represented by

ﬁ(r,z,t)=i ; {i : [0, €XP(=c00) + Ty = 2,,,,)exP(— (44, +ai)t)]Pm(Z)}

n=1 n m=l/1m
x SO (kl’k27/ul‘lr) exp[jéW(é/)dg:l ’ (32)
The function given in equation (32) represents the temperature at every instant and at all

points of thick annular disc of finite height when there are conditions of radiation type with
partial heating on the upper surface.
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3.2. Solution of the thermal stress problem. Referring to the fundamental equation (1)
and its solution (32) for the heat conduction problem, the solution for the displacement
function are represented by the Goodier’s thermoelastic displacement potential ¢ governed

by equation (11) are represented by

#(r,z,t) = (“”j i {i—llson,m exp(—wt)+(fo*—@n,m)eXp(—K(uf+a3,,)t)]Pm(z)}
n=1 n m—lﬂ* (/Jn m)

 Solku, k. ) ex0) [y ()d¢ | (33)

Similarly, the solution for Love’s function L are assumed so as to satisfy the governed
condition of equation (12) as

e {22t g

—[so,,m exp(-on) +(Ty —@,,,) exp(—x(u] +am)t)]}
n=1 m 11’ (lLlﬂ m)

 [sinh(u1,2)-+ 2008h(1,2)]So kK. ay) 69| [y ()6 | (34)
In this manner two displacement functions in the cylindrical coordinate system ¢ and L are

fully formulated. Now, in order to obtain the displacement components, we substitute the
values of thermoelastic displacement potential ¢ and Love’s function L in equations (9) and

(10), one obtains

" (1+uj i {iﬂ—l)[@nmeXp( ot)+(Ty =, ) exp(- K(ﬂnJram)t)]}

[P (2) = (ay +D 008N (a1, 2) ~ 1,800 1, 2) ] kKo 1) €50 [y () |, (35)

u, (“”j > L {i—ltgomexm o)+ (T — 9, ,)exp(- K(wam)t)]}
n=1 n m—lﬂ’m (/un m)

X [_am (Qm Sin(amz) + Wm COS(amz)) - 4U/un Sin(/‘nz) - /lr% (Sinh(/unz) + ZCOSh(,U”Z))]
 Solk ko, ) exp) [y ()d¢ |. (36)

Thus, making use of the two displacement components, the dilation is established as

[1+Uj i {i—l[p"me’(p( @)+ (Ty = ,,,)exp(—« (u; +a,, )t)]}
1 n m_lﬂ‘m (lun m)

x [=P,, (z)+ (1, +1) cosh(u,, z) + g1, zsinh(u, 2) — a2 P, (z)— (4v+1) 12 cosh(y, z)
483 0osh(a,2) + 28inn(, )1 So k. k. eV exp| [iw ()6 |. (37)

Then, the stress components can be evaluated by substituting the values of thermoelastic
displacement potential ¢ from equation (33) and Love’s function L from equation (34) in

equations (13), (14), (15), and (16), one obtains
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o, =2 (Huj i {Zﬂ—[@n,mexp(—aﬂﬂ(fo*—@n,m)exp(—ff(ﬂf+af,)t)]}

l m=1""m

x{=P,(2) (& +ap,) ™" Sg(ky by 11,7) + So (ky, by 11,7)] = (a2 + ) ™ [20 1, cOSh(p1,2)

x SO (kl'kZ’lunr) _[(lun +1) COSh(,UnZ) + Z/un Sinh(/unz)]S(;(kl'kZ’lunr)]}

<exp| [ ()¢ |, (38)

1- n=1 C m=1 A

%_zG[““ja,ii{i—[sonmexp( o) +(T; 0, ) exp(—k (12 +a )t)]}
) e Py (D[ (a? + a2) 7 Sk ey pyr) + So (kg 11,)] — (a2 + a2) *[20 142 c0sh(,2)

x So (kv ke, p1,r) = [(at, +D)cOS(u,2) + 2 p, Sinh(ue, 2)]r ™ S (ky, g, 7)1}

<exp| [ ()¢ |, (39)

o, —zc;[“”j z {iﬁ—[mmexp( o) +(Ty =0, ) eXP(—& (17 +a )r)]}
X {_Pm (Z)[(lulf +a§z)7l Sg(kl’kZ'lLlnr) + SO(kl'kZ’/'lnr)]+[(20+;un)/ur? COSh(;unZ)

+ ,Uj ZSinh(/unZ)]SO (kl'kZ'lunr)}

<exp| [ ()dc | (40)

o - 26(“ ”) D {i;mm exp(-at) + (Ty ) exp(—r (12 + ai)r)]}
n=1 n m=1 ﬁ'm (/un m)
x {am [Qm Sin(amz) + Wm COS(amz)] SO (kl, kZ ' :unr) +[201un Sinh(,unz)

+ w2lsinh(u, 2) + zcosh(u, 2)I1S5 (ky. ke 11,1}

<exp| [ ()¢ |. (41)
4. Special case and numerical calculations
Setting
w()=-¢, T, =0 (42)
= [w(¢)dc=-1*12, T, =0. (43)

Substituting the value of equation (43) in equations (32)-(41), we obtained the expressions for
the temperature and stresses respectively for our numerical discussion.



Analysis of thermoelastic disc with radiation conditions on the curved surfaces 183

The numerical computations have been carried out for Aluminum metal with parameter
a=2.65 cm, b=3.22 cm, h=2.00 cm; modulus of elasticity £ = 6.9 x 10° N/cm?; shear modulus
G = 2.7 x 10° N/cm? Poisson ratio v = 0.281; thermal expansion coefficient ¢, =
25.5x10° cm/(cm- °C); thermal diffusivity x = 0.86 cm?/sec; thermal conductivity A =
0.48 cal sec™/(cm °C) with u, =1.07171, 2.12479, 3.16511, 4.20764, 5.25165, 6.29656,

7.34205, 8.38792, 9.43405, 10.48039, 12.57346, 13.62014, 14.66689, 15.71369, 16.76055,
17.80744, 18.85436 which are the positive roots of the transcendental equation

Jo(kl,/.la) Yo(kz,lub)—.]o(kz,/.lb) Yo(kl,ya)=0 and am 2133975, 263999, 394298, 524845,

6.55578, 7.86414, 9.43329, 11.00298, 12.57286, 14.14295, 15.7131, 17.2835, 18.85398,
20.45789, 22.89799 which are the positive roots of the transcendental equation

[k, acos(ah)+sin(ah)] [cos(ah)+ k, asin(ah)] =[k, acos(ah) —sin(ah)] [cos(ah)—k, asin(ah)].

In the foregoing analysis are performed by setting the radiation coefficients constants,
k, =0.86(i =1,3) and k, =1(i = 2,4), SO as to obtain considerable mathematical simplicities.

In order to examine the influence of partial heating on the upper surface of thick disc,
we performed the numerical calculation for time 7z = 0.1, 0.3, 0.5, 0.7, 0.9 and numerical
variations in radial direction on the upper surface (z = 1) where partial heat supply is applied
are depicted in the following figures with the help of computer program.

The derived numerical results for the equations (32)-(41) has been illustrated
graphically (refer Figs. 1-5) for the thick disc with internal heat source, and partial heating on
its flat surface at z = 1.

Figure 1 shows the variation of temperature change along the radial of the thick annular
disc at the heated surface z = 1. It is evident that temperature function rise gradually increases
with time.
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Fig. 1. Temperature distribution.

As shown in Fig. 2 the variation of thermal stress in the radial direction at the midpoint
of the disc. From the figure, the location of points of minimum stress occurs at the end points
through-the-radial direction, while the thermal stress response are maximum at the interior
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and so that outer edges tends to expand more than the inner surface leading inner part being
under tensile stress.
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Fig. 2. Radial stress distribution.

Figure 3 shows the tangential stress distribution oy, following a decreasing trend along
the radial direction due to compressive stresses within concentric region.
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Fig. 3. Tangential stress distribution.

Figure 4 shows the variation of the axial stress distribution o., which is similar in
nature, but comparatively large in magnitude to radial stress component.

Figure 5 shows the variation of the shearing stress o;. along the radial direction of the
thick annular disc at the heated surface z = 1. This shear stress follows a sinusoidal nature
with high crest and troughs along the radial direction.
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Fig. 4. Axial stress distribution.
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Fig. 5. Shear stress distribution.

5. Conclusions

In this study, we have treated thermoelastic problem of a thick annular disc in which sources
are generated according to the linear function of the temperature. We successfully established
and obtained the temperature distribution, displacements and stress functions with additional
partial heating (Q,/A)exp(-wt)s(r—r,) available at the edge z =/ of the disc. Then, in order
to examine the validity of boundary value problem, we analyze, as a particular case with
mathematical model for w () =-¢ and numerical calculations were carried out. We may
conclude that the system of equations proposed in this study can be adapted to design of

useful structures or machines in engineering applications in the determination of thermoelastic
behaviour with radiation.
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