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Abstract. The aim of this paper is to discuss the modified Navier-Stokes equations and to
find the reason for appearing the second viscosity and cross flow through the sides of elemen-
tary volume at large gradients of the physical values. The modified laws of conservation were
obtained for the particles without structure in gas, liquid, and solid taking into account the
influence of angular momentum. The equilibrium conditions formulated as the conditions of
angular momentum equilibrium for continuous mechanics with boundary conditions were
suggested in previous works. The equilibrium conditions for forces are a special case of more
general conditions of angular momentum equilibrium and follow from them. We discuss also
the problems that can appear if the variation of angular momentum in an elementary volume
near a surface takes place.

1. Introduction

An experimental study on the behavior of fluid and gas with large gradients near a surface
shows that the liquid adjacent to a solid is not stationary; it can slip [1]. The non-slip condi-
tion remains a trustworthy boundary condition for large-scale Newtonian flows. However,
now it is well established that for small-case geometries a liquid adjacent to a solid can slip
significantly. Self-diffusion effects were observed at growing the nanotubes.

Usually equilibrium conditions are postulated as the equilibrium conditions for forces.
The second type of equilibrium is the conservation of angular momentum. If the conservation
law for angular momentum is fulfilled, a stress tensor is symmetric. Our previous papers were
devoted to the influence of angular momentum variation in an elementary volume for the
problems of gas, liquid and solid mechanics. Deducing the Boltzmann equation, one has a
truncation error which is proportional to the product of a free path for the particle velocity by
a time increment and by the gradients of the distribution function. By using an average free
path, we have the macroscopic equation for velocity of molecules whereas it is necessary to
use the velocity of a given molecule.

About twenty years ago it was shown that taking into account variation of the distribution
function during the time of the order of collision time leads to additional terms in the Boltz-
mann equation which are proportional to the mean time z between collisions of particles [2]
but do not change the collision integral. However in the case of large gradients, if to take into
account the Chapman-Enskog distribution function in the collision integral, then one will
have the function with macro parameters of the point » which interacts with another function
in the point r + dr having other macro parameters.

Another problem for solving this equation is asymptotic methods. It is essential that in
the case of selecting the local equilibrium distribution function f, as the basis for solution of
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the Boltzmann equation by the Chapman-Enskog method, one exploits the macroscopic pa-
rameters in f, obtained from the Euler equations [3]. Formally, in doing so, we have values

of density, linear momentum, and energy with the first order errors. This fact was noted by
Hilbert without further use and correction. So it is necessary to do iteration for all the values
(density, linear momentum, energy). It should be emphasized also that the stress tensor P
enters in the Euler equations as a pressure p and in the Navier-Stokes equations as a sym-

metric tensor, so the value p for the Navier-Stokes equations is not equal to the value p for

the macroscopic Euler equations. It is essentially for the value of viscosity that depends on
the off-diagonal components of the stress tensor.

In our opinion, the method for the solution of the problem cannot go out of the sphere
of physical problem. For example, solving the Boltzmann equation we cannot have a step of
numerical scheme of the order of average free path because for gas without structure this
length answers for relaxation of the molecule system to equilibrium. On contrary, the
equation is solved for macro parameters. Besides the range of numerical scheme, one needs
to take into consideration the range of the equation validity. The form of conservation laws
has essential meaning.

Some experimental facts tell us about importance of gradients of physical parameters.
Gas-surface interaction plays an essential role in processes connected with atmosphere re-
entry vehicles. It is necessary to know aerodynamic characteristics of the spacecraft for the
rarefied gas, transitional rarefied — flow regimes and continuous regimes. It is essential to
solve the conjugate problem at any height of the flow, but we have not the theory for all the
range of parameter changing. Usually for elementary volumes we take into account only
density flows for density, but in general case the density depends on a temperature and self-
diffusion [4]. If we deal with continuous medium, the external boundary for boundary layer
condition can be determined as the value of rotor velocity or as the value of normal velocity.
This is valid for the vertical velocity. For the longitudinal velocity, it is necessary to include
friction. For the rarefied gas the boundary conditions must include the value of gas flow
beside the classical boundary conditions.

In the previous papers we investigated numerically and analytically some problems of
non-homogeneous mechanics [5-9]. The classical and modified equations for density were
solved. The order of the new equations (for the density and for the linear momentum) is
higher than in the classical case. The aim of this paper is to discuss the modified Navier-
Stokes equations and to find the reason for appearing the second viscosity and cross flow
through the sides of elementary volume at large gradients of the physical values.

2. Flow through the sides of an elementary volume
Formerly [5] we have obtained the modified Navier-Stokes equations in the form
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Here ¢ is the time, p is the density, x, y,z are the Cartesian coordinates of a particle, u, are

the projections of its velocity, P, is the stress tensor, X, are the projections of a volume

y
force, g, is the heat flow, R is the gas constant, and T is a temperature.

For gas, the equations were obtained from the modified Boltzmann equation. As a result,
additional terms with third derivative in equation of motion and with the second derivative in
equation for the density were appeared. The fundamental difference between ours and classi-
cal equations for the description of continuum mechanics consists in considering the angular
momentum variation in an elementary volume, as usually it is disregarded. The elementary
volume of an open system exchanges with the surroundings by the components of physical
values in all directions. The variation of angular momentum leads to additional diffusion of
particles.

From the modified Boltzmann equation in addition to the usual conservation equations of
mass, momentum, energy we have also obtained the equation for angular momentum
or . or _. or 0 ( =
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In the classical Boltzmann equation angular momentum is not conserved. In classical me-
chanics, this law is obtained from equilibrium conditions for forces, and then the symmetric
pressure is needed for continuous mechanics.

For equilibrium conditions of angular momentum we need to take into consideration the
equation for angular momentum. The angular momentum A, does not contain new dimen-

sion constants. Adding the influence of the angular momentum in an elementary volume, we
do not change the assumption on the basis of which the classical laws of conservation were
obtained. For example, for density one takes into consideration only the flow of density
across the surface of an elementary volume. In general case we have two flows: self-diffusion
and thermodiffusion.
Let us denote the mass flows through the faces of an elementary cube as

0-p®,p o_pi.pdl o _p.pdl
dx dx ! dy dy dz dz

Here D, D, are the coefficients of self-diffusion and thermodiffusion, respectively;
0.,0,,0, are the flows of mass across the surfaces which are perpendicular to the coordi-

nates axes moving with the gas at velocity V. The flows of energy across the surfaces are

dp+kd—T ty:kdp+kd—T tz=kdp+kd—T

t =k
dx dx dy dy dz dz

The deduction of equations, with a more full physical idea but without an angular momen-
tum, was done [4] by Vallander in 1951. Self-diffusion, energy and linear momentum were
considered for an ideal gas on the supposition that the internal energy is equal to E=¢, T,
where ¢, is the thermal capacity under a constant volume.

Taking into account aforesaid, we have new system of equations for continuous mechan-
ics without influence of angular momentum but with cross flows
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Here u is the viscosity, A is the second viscosity, v is the velocity, and F is the volume
force.

In the general case, it is necessary to take into consideration the influence of an angular
momentum that in its turn changes an elementary volume and cross flows.

The protozoa kinetic theory gives these cross flows but the general mathematic theory
does not contain these effects. In addition to the cross flows, it is necessary to add molecule
mobility with the expression j. = pbm,F that ties together self-diffusion, molecular mobility
b, and molecular mass m,. In the case of variable force F = F(x,¢), it is necessary to take

into account, besides the force, a force momentum.
Boltzmann kinetic equation gives the microscopic picture of evolution of gas state

LavVf=[(rfi-1fpadv.
The functions £, f; of the integrand denote the functions f(v), f(v,), where v, v, are the
velocities of two molecules before a collision respectively; the same functions marked by
primes after the collision, o is the scattering cross section. In the general case, the functions
depend also on coordinates and time.

In our case we write down the integrand in the form

fh=Fh =f'ﬁ'+At{é%(nx,é')-ﬁ'(t,x,é'l)+

(s Lo, )}—fﬁ—

_At{gaf(txg) F(bx5)+E f(txg)f(t,x,g)}+
+0(Ax)
or in the shorthand form

of
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Here Ax corresponds to Ax', or Ax,, § is the phase velocity.
For future it is essential that the magnitudes, such as density of molecules, temperature,
and velocities, are the functions of only coordinates and time, but do not depend on &. So so-

lution of the Boltzmann equation by the Chapman-Enskog method is invariant with respect to
a choice of these functions
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Usually we assume that last term for local coordinates equals to zero; probably in our case it
is essential (mobility of molecules). For the calculation of derivatives, this value can be used
because all the others are values of higher order.

For example, consider a normal shock wave. We discuss this problem because for a
normal shock wave, the angular momentum does not work. Then the influence of cross flows
can be investigated in a pure form. The classical structure of normal shock waves can be
found in [13]
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To investigate the weak shock wave for Mach number M =1 is very difficult. The front of
shock wave is not stable for this regime. The cause of instability is not clear. In our opinion,
the reason consists in the following. The influence of self-diffusion (only of density) leads to
the equations
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Here even small perturbation can produce prevalence of convective flux or self-diffusion and
the shock front loses stability.

D
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Valuing the self-diffusion flow relative to the forward flow, we have
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Therefore the shock wave is not stable at M =/ and can disappear at small disturbance.

3. Influence of dispersion near a surface

Gas-surface interaction plays an essential role in processes connected with atmosphere re-
entry of vehicles. In this case to the modified Boltzmann and Navier-Stokes equations, one
needs to add boundary conditions. To solve the Boltzmann equation is more difficult than to
do the Navier-Stokes equations. So consider the Navier-Stokes equations. For the classical
case near the surface, the Knudsen layer is considered [10, 11]. This layer has the width of
order of a free path. In the previous works the equation was obtained for two-particle function
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near the surface in case of motion in a gas. Analysis showed that suggested equation can be
well for atoms that are moving in a normal direction. In the general case, it is necessary to

add the term X22%. The new term gives interaction of atoms with the surface, and thus we

2
have slip of molecules.

For the particles without structure, equilibrium sets in one collision. In our case the equation
for two-particle distribution function is

o 5 ox, o, | o, | m o o, o,

Integrating it with respect to ¢, we obtain the equation for one-particle distribution function

for gas molecules interacting with the surface. Suggested algorithm is easy than the classical
one.

4. Conclusion

We discuss the problems that can be appearing if to consider the angular momentum variation
in a unit volume near a surface and the influence of cross flows through the sides of a unit
volume for large gradients of physical values. A new algorithm including boundary condi-
tions is suggested. The mechanism of forming shock wave for Mach number equal to unity is
investigated as well as the reason for appearing the second viscosity and cross flow through
the sides of a unit volume at large gradients of physical values are found.
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