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ABSTRACT

A method of calculating plastic deformation during bending a rotating circular beam is presented. Rotating
blank loading is examined in the two cases: plastic deformation occurs over the thickness of the blank and
plastic deformation is absent in the blank. When the pipe being bent rotates, the symmetry with respect to
the force plane is broken. The nature of bending deformation of a rotating blank differs from that of a fixed
one. Since the beam axis is not a plane but a space curve, there is a lateral displacement and deviation of
the deflection from the force plane.
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Introduction

The methods used for bending circular blanks, such as bending by rotational pulling,
compression, pressure, and rolling, must provide the product of high quality. The commonly
used methods of bending beams on rollers ensure their bending in one plane. Bending
occurs due to compressive stresses above the neutral axis and due to tensile stresses below
it. The basic theory of plastic deformation of sheets and shells developed by A.A. Ilyushin,
N.N. Malinin, R. Hill, etc. does not apply to the bending of rotating circular blanks as their
bending belongs to the problems that are more complex. The lack of analytical solutions
to these problems hinders the creation of engineering methods to calculate the deformed
bending of rotating blanks, which negatively affects the quality of technological processes
of pipe bending production. In addition, there is no information on theoretical and
experimental research on the issue in the literature. Though S. Clifford, K. Pan, K.A. Stelson,
W.C. Whang as well as V.S. Yusupov, R.L. Shatalov [1-5] et al. published their findings on
displacement and deformation fields of plastic bending of a pipe under the action of
torque or transverse force, their solutions cannot serve as a theoretical basis for pipe
bending processes due to the simplified blank loading scheme.

PAO TMK (Pipe Metallurgical Co., 0JSC), Seversky Pipe Plant, Taganrog
Metallurgical Works, SMS Meer, Danieli, and Multistand Pipe Mill use the tools for
alignment and bending where circular blanks move non-rotating through a cage that
follows a closed trajectory. The problem of fixed pipe deformation has been well studied.
The rotation of a pipe being deformed during bending is not believed to affect its
deformation significantly.

The novelty of this research lies in the determination of the direction of maximum
deflection during the elastic-plastic bending of rotating circular beams. The purpose and
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objectives of the research are to develop methods of calculating deformations and
stresses during this process, with rotation during bending taken into account. The purpose
is achieved by solving differential equations for bending under concentrated loads. The
research also aims to determine the functional dependence of the deflection direction on
the bending moment value.

Object of research

This research examines the elastic-plastic deformation of circular beams that undergo
small deformations and rotations. It does not take into account the curvature of beam
sections, tangential stresses, or the effects of hardening as well as the Bauschinger effect.

The example of a thin-walled pipe in Fig.1 shows the difference in bending
deformation between fixed and rotating beams. A pipe with radius r and wall thickness
h is bent by force P in the middle of the [-long span. If force P is directed along
the z-axis (opposite to the axis), then the y-axis is the neutral one, and the bending
deformation in section A'A at angle ¢ to the y-axis is equal to € = w'' (x)rsing, where w"’
is the second derivative of deflection w(x) which coincides with the direction of z-axis,
i.e. with the direction of P.

Fig. 1. Bending deformation: (a) a fixed beam; (b) a rotating beam

The bending moment for the diagram shown in Fig. 1 (for 0< x < 0.50) is M,, = 0.5P,,
and the moment of the z-axis is zero (since there are no forces in the direction of the y-axis).
We used an approximate expression for curvature here, assuming that the first derivative
is lw'(x)| << 1 [6-8]. Plastic deformation begins in sections B and B' and as we approach
the section x =0.5] there are two zones of plastic deformation: those of compression ABC
and tension A'B'C’ where the stresses are ¢ = —ao,, and ¢ = +0,, (Where g, is the yield
point). In zones C'A and A'C, elastic deformation occurs, and it is equal to o = E - € (where
E is the elastic modulus).

Exploratory procedure

The resisting moment about the y-axis for fixed pipes in elastic-plastic deformation is
equalto M, = 0.5 P, =f02" or?hsinpdep, the moment about the z-axis is M, = 0. For some ¢,
characterizing the position of point A and A" ¢ = Ew''rsing = ta,,, and for |¢p| < ¢,
deformations are elastic, and it are plastic forp; < p <m—¢@ and T — ¢; < ¢ < 21 — ;.
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If the load acts in the xz-plane, Fig. 1(a), then for a fixed beam, the plastic zones
ABC and A'B'C' are symmetrical with respect to the z-axis. When the pipe rotates and is
under constant loads (the direction of rotation is shown in Fig. 1(b)), plastic deformations
are possible only along arcs AB and A'B’, and after reaching the maximum (at point B) and
the minimum (at point B') deformations, unloading occurs in sections BC and B'C'.

However, if plastic deformations occur only under load along AB and A'B, then the
bending moment is M, # 0, since the plastic zones are not symmetrical with respect to the
z-axis. This contradicts the statement of the problem, since external loads act only in the
xz-plane [9-11]. For a rotating pipe, the condition M, = 0 can be fulfilled only if bending
occurs not in the xz-plane, but in the xz'-plane, i.e. the deflection direction is parallel to
the Zz'-axis (Fig. 1(b)) and forms the angle a with the z-axis. Then the maximum
deformation is achieved at point C, the minimum one is at C' and unloading begins at
these points. The neutral axis is also rotated by an angle a with respect to the y-axis.

Denoting the variable angle by ¢, we define the bending stresses: ¢ =g,
for%—a <@ S§+a(inABC);a = 0, — Ew'"'r[1 —sin(p — a)] for%+a <@ S;n—a(inthe
zone C(CA);, o=-0, for %n —a<g@< %7‘[ +a (in the zone ABC();

0=—0,+Ew'r[1+sin(p — a)] for%n +a<@p<0,andfor0< ¢ < % — a (in the zone C'A).
For @=Z-a the stresses are oy =—0m+Ew'r [1 + sin (g - Za)] or
2;—;" = w" (1 + cos 2a). Therefore, we get:
W”l . 2 . a_rnl
—=1/cos*a,a =—-. (1)

The bending moment of the y-axis is M, (x) = foznO'((p) r?hsing dp. With the
calculations taken into account (1), we obtain a nonlinear bending equation:
M, (x) = mop,r*hf (),
fla) = T_2atsin2a (2)

mcosa
For a pipe of length [ loaded with concentrated force P (Fig. 1), the moment is

M, (x) = 0.5Px. Denotingm = Z PL__ we obtain in the zone of elastic-plastic deformation

Tomr2h’
(r = 22):
me—f(a) for x; <x < 0.5, (3)
and in the elastic zone:
w'(x) = 2OMX for 0< x < Xq. 4)
If m< 1.0, then the deformations are elastic and a = 0.

0.5
) , then substituting a by w"’ into

Since it follows from Eq. (1) that tga = (W;’l
Eq. (2) we obtain instead of Eq. (3), the following equation:

3 -ben

Where @ is a differentiable function of w". The greater is the load, the wider is the angle
between the directions of force and deflection. As the load approaches it maximum, this

angle tends to 90°. The value of w'(x) in a parametric form in t function is:

x=wx1<x<051
o ‘ (6)
W(x)—C1+—ft dt,

X =
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where (; and C; are the constants of integration.

The parameter t is then substituted into the function ¢ instead of the value % The
choice of the value t =1 as the lower limit in the integrals of Eq. (6) corresponds to the
boundary of the elastic-plastic and elastic zones (% = 1.0 when x = x1). In the elastic
zone, the solution of linear equation (4) under the condition w = 0 for x = 0 has the form:

%amx3 7
w(x) = C3x + 7 ,0 < x < xy. (7)
Based on the variability w(x) and w’(x) as well as w’ = 0 for x = 0.5/ we define the
constants ¢, = — % [ 22O g ¢, =~ . = ¢, — % where t, is the largest value
2m¥1 dt 12m? 4m

of parameter t for x = 0.5

According to the first of Egs. (6), we obtain ¢(t,) = m. Substituting constants into
Egs. (6) and integrating the double integral in parts, taking into account ¢(t,) = m, we
define the maximum deflection w,,, for x = 0.5(:

_al t do(t)
=0 [1 + 3f1mt<p(t) o dt],

() = \/f+% /t —%—%/Earctg\/t -1

By replacing variable t with v(t), where v is a parameter similar to o and equal to
1
cosSv

an is the maximum value of angle a when x = 0.5L
Having calculated the integral, we can define the maximum deflection as
al 1, 3(m—2am)®
12m? [4 473 Ccos Ay,

W

(8)

1
v = arctg(t — 1)z, we obtain w,,, = %Tlnz{l + %foam [(m — 2v)? + sin? v] sinv dv}, where

Wy, = + % (r — 2a,,) (tg Ay + %tg3 A — %tg2 Ay — gln cos a,,)], where
value an is defined from the following equation:

_ _ . 20,
flay,) =m—2a, + sin_— - =m, 9)

where the parameter a, is equal to the maximum angle between the directions of force
and deflection (in the middle of the beam length).

Curves a,(m) obtained by the numerical solution of Eq. (9) are shown in Fig. 2. With
increasing m, parameter a, increases and, when m approaches the limit value mo = 1.275,
parameter a, = 90°, i.e., the direction of deflection when plastic deformation spreads over
the entire section, deviates more and more from the direction of an external force and
approaches the direction that makes up a right angle with the force.

Figure 3 shows the change in the value VZ—T = w° (curve 1) and its projections on the

z-axis (curve 2) and the y-axis (curve 3). The component of deflection in the direction of
force P (along the z-axis) is not seen to increase with the onset of plastic deformation and
the force increase, but to decrease. At m =1.16, the parameter a, = 45° and the deflection
projections on the z- and y-axes are equal. In elastic deformation, when the stresses are
completely specified by deformations, rotation does not affect the beam bending.
However, in elastic-plastic deformation, when the stresses depend on the loading history,
the beam rotation significantly changes the bending process and leads to the lateral
displacement and deviation of the deflection from the force plane [5,9,12]. Since angle a
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Fig. 2. Curve a,(m) obtained Fig. 3. Graphs of the value ‘2—’1” = w° (curve 1)
by numerical solution of Eq. (9), (curve 1) and its projections on the z-axis (curve 2)

and the y-axis (curve 3)

depends on the bending moment and the x coordinate, the beam axis is not flat, but a
space curve.

Results and Discussion

The problem is considered for the case where the bending moment vector rotates around
the pipe axis, and the deflection direction rotates at the same speed, with a phase shift of
angle a.

To estimate the range of bending parameters, we can neglect tangential torsional
stresses 7. If we assume that for each revolution of the pipe, the work equal to 452 (%) JE
contributes to plastic deformation of a unit volume, and the entire volume of the pipe

with length ([ - 2x1) undergoes plastic deformation, then we obtain an upper bound

2 n
of the plastic work as follows 4 = 8%nrlh (1 - %) (sz - 1) = 4mrr?h. Therefore, we have
i=2—a(1 —i) (ﬂ— 1). Assuming the maximum value of mo=1.275, we find that
Om T m a
”l
~=0137a (“2-1) = 0.137atg? ay.

Assuming that the condition = < 0.05 must be met, then, if x=0.5( it is sufficient

0.5
that w”l <0362 —a, tga, < (“22) . For example, for o, =240 MPa, £=2-10° MPa,
% =10,a=12-10%tg a,,, < 5.5, a,, <79.5°, i.e., the formulas are applicable for large values of a,,

[11,13-16]. Note that the influence of tangential stresses on a pipe can be approximately
accounted for by substituting o; = (64 — 372)%° into the equations instead of o

For other loading schemes, Eq. (2) is solved for x, and Egs. (6) and (7), ¢(t») = m is true
if the corresponding ¢(t) function is defined. For example, for a cantilevered pipe of length

[, loaded with force P we have ¢(t) =2 [m -4t —% /1 —%—%arctg\/t - 1], m=—"_

no,r2h’

For a pipe supported on two points, loaded with a uniform distributed load of intensity p,

1
2 2
we have, form = plrzh:q)(t) =m+{m [m—\/?—% /1—%—%arctg\/t—1]} .

871o;
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Many problems that are important for practical applications lead to the equations
similar to Eq. (2), which, with a complex dependence on the variable w", are solved with
respect to the variable x in a form similar to Eq. (3). Equations (6) then determine the
solution for known values m and ¢(t), showing the advantage of the parametric method to
solve problems of elastic-plastic bending [17-22].

The deformation of a free pipe is discussed above. If the deflection plane is fixed
in the xz-plane, @ = 0 can be ensured by using rigid, smooth rulers that hold the beam
along its entire length to prevent lateral displacement. In this case,

mr2h(2m—2a,+sin 2a,)
M, (x) = Im? 17160';;15”1 2 M, (x) = 4n0mr2h(1 — ﬁ), a, = arccos(2a — 1).

The rulers apply pressure to the pipe, creating this value M,(x). As force P increases,
moment M, reaches its maximum at the angle of a; = 57°, mo = 1.075. After that, it decreases,
while the moment M, continues to increase. Therefore, the maximum load limit is not defined
by mo = 1.275, as it would be with a free beam, but by my = 1.075, which is 18 % less.

Let’s consider the bending of thick-walled circular beams with outer and inner radii
r and ri. There can be two cases (Fig. 4): in the first one, plastic deformation does not
penetrate the entire thickness of the beam and deformations are elastic for p < po,
Fig. 4(a). In this case, stresses are ¢ = Ew''psin(¢ — «). Bending occurs on the z'-axis, and
the neutral axis y' has zero deformation. Plastic zones ABC and A'B'C' are shown shaded

in Fig. 4. The equation of the line AC has the form p; = [w”l[1+zs(i11:((p—a)]]’ and the equation
2ar

of the line A'C' is p, = st For ¢ :§+ a (point C) and ¢ = 37”+ a (point (')
a

p1 =Pz =po=ur; u=

w!''’

Fig. 4. Bending schemes of thick-walled circular beams with external and internal radii r and r;:
(a) plastic deformation does not penetrate the entire thickness of the beam;
(b) plastic deformation penetrates the entire thickness of the beam

The scheme shown in Fig. 4(a), can be used for po 2 r; or u 2 2u;, u; = Or—sr Unloading

1

happens in zones BCA'C’ and B'C'CA. The bending moments about the y- and z-axes are equal

to My(x) = [ a(p,9) p?sinp dpdp; M,(x) = [[ a(p,p) p? cos ¢ dpdep, where integrals are

calculated over the entire contour of the section. According to the calculations, we obtain:
M, (x) = 0,3 [fy (W) sina + f,(u) cos a], (10)
M,(x) = 0,73[f3(w) sina + f,(u) cosal,
f@) = filw) =3 - 2u+2u3,

L) =—f3(u) = %+ﬁarcsin(2u -1 —4n—u£1¥+\/u(1 —u) (g—i—iu —ﬁuz).

u

(11)
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fi(w)

If M,(x) =0, thentga— AL

. (10), we obtain the bending
equation:

My _ 73 2

o3 [t ) + (). (12)

For a beam loaded with concentrated force P, Eqg. (6) can be applied by taking
function ¢(t) as

¢QTWJﬁ +g()

(13)
[n(1 16u‘{)]

and constant m =

shaft.
The linear equation (4) works in the elastic zone. The maximum deflection is defined by
Eqg. (8), into which function ¢(t) should be substituted according to Eq. (13). If u,,, = ti < 2uq,

Pl

————— In the special case, when u; =0 we have a solid circular
[romr3(1-16uf)]

then the scheme shown in Fig. 4(b), takes place, i.e. plastic deformation will spread along
the entire section of the beam. Plastic deformation occurs in shaded areas ABCD and
A'B'C'D', and unloading occurs in zones BCD'A' and B'C'DA. According to the calculations
similar to Egs. (10), we obtain:

My, (x) = 03[ fs (W) sina + fe(u) cos a,

M, (x) = 0,yr3[f;(w) sina + fg(u) cos al,

fs) = fg(u) = g— 2u + 8uu? — 3—2uf,

n (14)
fow) = —f;(u) = o —arcsm(Zu -1) - arcsm (— — 1) —2muf +
Uy
(2L _%,_8.2 M\ (g4t 36,3, 8
+/u u)(s 2u 1Y 15u)+ (2 ul)(4u 5u1+15uu1)

For u=u, from Egs. (11) and (14) we have fi(u1) = fs(u), fo(u1) = fe(us). In the special
case, if M,=0,thentga = fS(u) . In Egs. (8), instead of ¢(t) for O < u < 2u1, we substitute:

05
¢ﬁh4ﬁ@+ﬁ@]. (15)
When considering the bending of a beam in the elastic zone for O € x € x;, we have
Eqg. (4), then for x1 < x € x, there will be a zone of elastic-plastic deformation in which there

0 51(p(u—11)

is an elastic core in the beam section (Fig. 4(a)) and Eq. (11) x, = — - is valid.

For x, < x £ 0.5( there is a zone of elastic-plastic deformation where the plastic flow
spreads over the entire thickness (Fig. 4(b)) and Eq. (14) is valid. Solving the bending
equations we find the maximum deflection:

= [1 +3 [ f ()22 d‘”(t) dt +3 ;" " (0) 22 d“’i(t) dt] t, =— (16)

where value £, is defined by equatlon <p1(tm) m. The equatlons obtalned should be applied
if O < um<2us; in the case of 2u; € un € 1.0, the equation ¢(t,) = m and Eq. (8) are valid,
where ¢(t) is defined by Eq. (13).

Based on numerical calculations performed with these equations, values an»(m) and
w°(m) shown in Fig. 2 (curve 2) and Fig. 5 [16-21,23-30] were determined. Note that the

Wi =

dependencies wn(m) are satisfactorily defined by equation w,, = al[ ] where the

16(1-8uj)

limiting moment is my = — 3n(1-toul)
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Fig. 5. Graphs of values an(m), w°(m)

The experimental study was performed in bending copper and aluminum pipes with
radius 0.6 and 1.0 cm and thickness 0.1 and 0.2 cm. The installation was mounted on a
lathe. The pipes were rotated with a lathe chuck, and the force was applied by a clip with
gaskets that reduce the crumpling of the hollow blank through a lathe caliper with an
elastic dynamometer. Deflection angle a, was determined by the deflection components.

The experimental points are shown in Figs.2and 3. For 1.0<m<1.20, the
experimental data are in satisfactory agreement with the calculated ones; the discrepancies
do not exceed 20 % for both angle a, and deflection value. For m > 1.20, the discrepancy
between the calculated and experimental values increases.

In all cases when rotating pipes are bent and plastic deformation happens, lateral
displacement occurs. When bearing capacity is lost and deformation decreases, the
deflection of pipes occurs not in the direction of force action, as for fixed beams, but at
angle 90° to the force action line.

Conclusions

1. The elastic-plastic deformation of rotating circular blanks differs from that of fixed
pipes significantly. In this case, the direction of maximum deflection does not coincide
with the direction of the bending force.

2. Graphs and analytical dependences of deflection on load with respect to bending force
are given. It is shown that the deflection of a rotating blank (pipe) can exceed that of a
stationary one by 20-25 %. As the maximum load approaches, deflection occurs at an
angle of ~ 90° to the force direction.

3. At the stage of unloading, or deformation reduction, it is necessary to carry out
symmetrical tension-compression cycles, which ensures the quality of straightening.

4. The design of proper machine tools must take into account the movement of the blank.
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