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ABSTRACT

The methods for determining the cyclic strengths of metals under low-cycle and high-cycle fatigue are
different, since the mechanisms of failure and the extent of the presence or absence of plastic deformation
differ for each type of fatigue. The aim of this study is to develop united models for both low-cycle and
high-cycle fatigue life prediction. We propose that the relevant relaxation and damage processes are
considered and it on different types of metals is tested. In this paper, the cyclic deformation of materials is
considered using the proposed model with regard to two processes: stress relaxation and damage
accumulation kinetics. Proposed approach allows us to study the united fatigue curves of materials
regardless of the chosen type of fatigue (Low-cycle fatigue, high-cycle fatigue, giga-cycle fatigue). Fatigue
life curves under staircase strain loading and symmetrical sinusoidal strain/stress loading are predicted in
this study. A simple numerical scheme for the model is successfully applied to various materials under
various types of loading, since the relaxation-kinetic model is phenomenological in nature.
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Introduction

The appearance and propagation of fatigue cracks in materials often cause disasters, and
to prevent fatigue failure, it is necessary to evaluate fatigue life of materials. The Wohler
curve is a graphical representation illustrating the relationship between cyclic stress
amplitude and the number of cycles to failure (N) for a material that fails as a result of
mechanical cycling. This curve is critical to understanding the fatigue behaviours of
materials, especially metals. It helps engineers and materials scientists to develop
components and structures that can withstand cyclic loads over long periods of time. The
fatigue Llife curve usually includes three characteristic zones: low-cycle, high-cycle and
giga-cycle fatigue (Fig. 1). Past research shows that for low-cycle fatigue, the dominant
mechanism is associated with plastic deformation and the initiation of various defects,
including crack-like defects. The stresses are fairly high level in nature, and the
macroscopic fracture of the material occurs after a relatively small number of cycles. In this
case, fracture is often accompanied by both the accumulation of plastic deformation and
the growth of cracks. For high-cycle fatigue, the initiation and cumulative growth of
damage, including crack-like defects, become more significant. This process occurs at
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Fig. 1. The dependence of cyclic strength on the number of cycles before failure and its conditional sections
within the following zones: LCF is low-cycle fatigue; HCF is high-cycle fatigue; GCF is giga-cycle fatigue
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medium-Llevel stress amplitudes, with a moderate number of cycles occurring until the
macro-fracture of the material. Both plastic deformation and defect growth contribute to
failure. In ultra-high-cycle fatigue, visible damage and cracks are usually caused by internal
defects in the material and surface peculiarities. The stress level is of low amplitude, and
the rupture of the medium mainly occurs due to the sudden growth of small cracks after a
large number of cycles. Studies reviewing past work on low-cycle [1,2] and high-cycle [3-5]
fatigue highlighted the diversity of existing approaches and the lack of a unified approach
for calculating fatigue life.

For each section of the curves of low-cycle, high-cycle and giga-cycle fatigue, various
models have been formulated, including empirical models [6-10], residual stress
relaxation models [11-14] and kinetic equations [15-18]. The latter are usually associated
with predicting the crack propagation process related to the intermediate stage of fatigue
failure between crack initiation, which is invisible to the observer, and final fracture due to
the rapid acceleration of crack growth. As noted in [11,12,19], in addition to the processes
of fatigue failure, there are relaxation processes associated with the accumulation of plastic
deformation in the material. In this case, models are usually formulated separately, and
these models take into account the initiation and growth of cracks and other models
associated with the relaxation processes of plastic deformation. This study proposes
combining the stress relaxation process and the evolution of damage accumulation to
predict the complete Wohler fatigue curve.

A relaxation model of cyclic deformation has been formulated previously [20,21],
explicitly taking into account the ongoing relaxation processes in the material by
introducing a characteristic relaxation time and a stress relaxation function. In previous
studies, the proposed model was verified to predict the effects of low-cycle deformation. It
was shown that this model is particularly capable of simultaneously predicting the effects
of the stabilisation of plastic deformation and the full deformation response of the material
across the entire cyclic loading regime. In conventional approaches [1-5], the effect of the
deformation amplitude on the deformation response of the material is taken into account
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by the linear movement of the hysteresis curve, in contrast to the proposed model, where
the deformation response is obtained automatically.

In this paper, based on the relaxation model of cyclic deformation, a fatigue life
model of relaxation and damage (FLMRD) is formulated to predict the effects of cyclic
deformation for a wide range of cycle numbers, ranging from low-cycle to giga-cycle
fatigue. To verify the Wohler curve, the model is supplemented with the Kachanov-
Rabotnov damage equation [15,17], which improves the performance of the original model
beyond the stabilising cycle. Theoretical fatigue dependencies for steels are plotted using
experimental data derived from the literature as an example.

Fatigue life model of relaxation and damage

Experiments on low-cycle and high-cycle fatigue show the different dependences of the
ultimate stress (cyclic strength oo) on the cycle number before failure: the so-called
fatigue life curve. Existing models used in engineering practice for determining the
fatigue life curve are often empirical in nature [9,10]. In this paper, we propose a fatigue
life model combining relaxation and damage (FLMRD) that can automatically and
simultaneously calculate the short-term and long-term strengths of the material.

To predict the cumulative plastic deformation in a material, we propose using a
relaxation model modified for a cyclic process [20,21] with an additional fracture condition.
The purpose of the combined FLMRD model in the proposed work is to explicitly take into
account the relaxation processes of the force field during cyclic deformation, as well as
consider the process of damage accumulation. The combined model assumes that there are
three possible cases of cyclic deformation of the material. In the first case, the material
undergoes elastic-plastic deformation and there is no stabilisation of plastic deformation,
since there is a consistent accumulation of plastic deformation cycle after cycle until the
deformation of the material occurs. In the second case—low-cycle fatigue up to ~ 5-10* cycles—
the material undergoes elastic—plastic deformation until plastic deformation is stabilised
occurs and the material collapses, accumulating critical damage in the material cycle after
cycle. In the third case, giga-cycle fatigue, first, the material deforms almost elastically, and
then deforms after achieving a stabilisation effect, as in the second case. In the proposed
combined model, elastoplastic deformation is predicted using a relaxation model for cyclic
deformation [20,21], and the damage accumulation process is predicted using the Kachanov-
Rabotnov-type equation [15,17]. The transition point between the two models is taken to be a
non-zero initial condition for the damage parameter wy, calculated using the relaxation model
of cyclic deformation when the material reaches the stabilising cycle of plastic deformation
Nsa. Thus, in the first case, the calculation is carried out using only the relaxation model for
cyclic deformation [20,21], whereas in the second and third cases, it is carried out using both
models. Let us consider in more detail the calculation scheme before (N < N«w) and after
(N > N«a) the beginning of the stabilising cycle of plastic deformation.

Relaxation model of plasticity

In the relaxation model of plastic deformation [22,23], the specimen is deformed to
£(t) = (t) H(t), where H(t) is the Heaviside function, and ¢(t) is the strain-time function.
The dimensionless function of relaxation 0 < y(t) € 1 is introduced:
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where 1 is the incubation time, a is the sensitivity factor of the material to the load
amplitude, 2(t) = E€(t) is the stress-time function, o, is the static yield stress, and t is time.

The equality p(t) in Eq. (1) is related to inelastic strain accumulation prior to
macroscopic yield at t, determined from the condition of equality to one integral

condition in Eq. (1). A decrease in the relaxation function in the range O <y(f) <1
corresponds to the transition of the material to the plastic deformation stage. During
plastic deformation t 2 t,, the condition is met for y(t):
a
(M) ds =1 @
Equality (2) is retained due to fixing state at the initial yield t = t. The calculation
scheme for t. is given in [11], and subsequent relaxation of elastic stresses are

accumulated in the material (O < p(t) < 1). We determine the true stresses in the deformed
specimen at t 2 ¢, in the following form:
Ee(t), t<t,,

a(t) = {Eg(t)y(t)l-ﬂ, t>t.. ©)
where E is Young’'s modulus, and B is the dimensionless scalar parameter (0 € < 1),
which describes the degree of material hardening. For B =0, no hardening occurs.
Young's modulus is determined from static experiments. We propose that Young's
modulus is an invariant to loading history. A whole series of monotonic and monotonous
deformation dependencies is predicted [22,23].

Relaxation model of cyclic deformation (N < Nias)

To predict the cumulative plastic deformation in a material, we propose using a
relaxation model of plastic deformation [22,23], modified for a cyclic process [20,21].
The main essence of the proposed relaxation model of cyclic deformation (CRM) is to
explicitly take into account the relaxation process in the material.

The equation of the true stresses of the material using the model in [20,21] for
the j-th cycle up to N < Ny is presented in the following form:

( © a(sj(t)), t <t
AN,

N<Ngtap;W<W; E(g} (t) —_ g]unl)H(gj (t) —_ g]"u-nl)' t 2 t}ynl.
where oj(ej(t)) is the stress time dependence, ej(t) is the current strain time

(4)

dependence, tj*" is the unloading time, ;" is the strain at t;*", N is the number of

stabilising cycles in the material, and t- is the fracture time. The stress-strain
relationship in true coordinates o(gi(t)) at each j cycle is determined using the
relaxation plasticity model [20,21].

Eei(t), t<t!

] ) )

o (g(®) = { g ; (5)
E[Vj(t)] g(t), t =ty,

with the stress relaxation function on the j-th cycle:
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As noted in [22,23], the cyclic yield strength is less than the static yield strength;
therefore, in the calculation scheme, we consider a; to be the static yield strength for
samples subjected to cyclic loads.

The yield condition at the j-th cycle is determined by the following yield criterion [24]:
1 t 2(s) ¢
Iy (2= =
. t§_1<0§> ds = 1. (7)

At the (j+1)-th cycle, the static yield strength is determined by the following
condition:

JJ{H + 03{ =2 |0j (ej(t}‘"l))|, (8)
where oy°=oy. We assume that the time and cycle number are related by the ratio

(
y;(t) = !I
\

t = N/v, where v is the loading frequency [16].

Using the relaxation model of cyclic deformation (CRM) (4)-(7), with explicit
consideration of the ongoing relaxation processes, makes it possible to predict the
cumulative plastic strain and volumetric strain energy density in the current cycle.
When the plastic deformation is stabilised, the model allows us to evaluate the cyclic
strength of the material as the maximum stress of the material on the hysteresis loop,
and the corresponding cycle number is Nip.

To calculate the fracture moment when a material reaches cyclic strength gy, we
propose to use the condition of equality in the following energy criterion (fracture
criterion):

w(t) <Ww., 9)
where W is the volumetric strain energy density, and W is the strain energy density
under quasi-static loads. The parameter W is defined as the area of the subgraph of
the resulting deformation response of the material, calculated using the relaxation
model of cyclic deformation (Egs. (4)-(7)):

W; = [ o;(g;)de;. (10)

At each cycling step, the change in the cumulative damage parameter is
calculated through the cumulative volumetric deformation energy density W, at
the j-th cycle of the material:

Zj= Wy
wj = "T (11)

Kinetic damage equation (N > Ni:)

In order to determine the number of the cycle before the fracture of the material (N-) with
a steady-stabilising cycle of plastic deformation (N > Na), it is necessary to use the
generalised damage equation [17] of the Kachanov-Rabotnov type [15] with the damage

parameter 0 € w < 1, defined as follows:
dw _ A(og)® P
aNn = v (1-0)®

(12)
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g, is the given time stress function, a, b and A are constants. At the beginning of the
stabilisation mode Ny, damage wo accumulates in the material. The damage parameter
wo is determined by wo = Wsa/W,, being the ratio of the volumetric strain energy density
Wit cumulating in a stable cycle Nsq» to the volumetric strain energy density under quasi-
static loads W« The volumetric strain energy density per cycle is defined as the area of

the subgraph of the deformation diagram calculated using the relaxation model for cyclic
deformation. We assume that o, = const is a constant value, determined, using the
relaxation model of plasticity in the stabilising cycle, to be the maximum stress of the
material on the hysteresis loop.

To solve Eq. (12), a non-zero initial condition wo is assumed, as was the case in the
article of [25]:
OlN=Ngp = Dos (13)
where w = 1 at the moment of fracture N = N* and the damage parameter is equal to 1.

Separating the variables, we integrate Eq. (6) over time from Ny to N. as follows:

_ 1 (4, 1 \I(a+1)r(1-b)
N. = Nstap (d0) + Acyg (1 a)oz) r(a-p+2) ’ (14)
where I(x) is the gamma function, defined at x > 0 as:
r(x) = fooo s*le~Sds. (15)

Then, using Egs. (4)-(15), it is possible to costruct the dependence of the critical
stress before failure op on the cycle number N+ (or the fatigue S-N dependence).

General purpose of the FLMRD model

The main benefit of using the FLMRD model is its simultaneous consideration of two
competing processes of plastic deformation and fracture. Its explicit representation of the
relaxation function (6) makes it possible to predict the process of plastic deformation. A
non-zero initial condition for the damage parameter allows us to estimate the history of
the accumulated level of damage (12) in the material when there is no influence of plastic
deformation.

Figure 2(a) shows a united fatigue curve for a hypothetical material in logarithmic
coordinates under the staircase loading method. By drawing two tangent lines to the
inclined portion of the fatigue curve, as shown in Fig. 1, it is possible to identify the stages
of low-cycle fatigue (up to 2-10* cycles), high-cycle fatigue (from 2-10* to 3-107 cycles)
and ultra-high-cycle fatigue (after 3-107 cycles). These three stages are plotted using the
FLMRD model with a fixed set of parameters. Figure 2(b) plots the dependence of the
cycle number at which new plastic deformations do not accumulate, Ny, On the number
of cycles before failure, N, for a hypothetical material, for which the united fatigue curve
is shown in Fig. 2(a).

Each cyclic strength oo corresponds to a cycle number Ngq. As shown in Fig. 2(a),
with a decrease in the cyclic strength, the cycle number Nyq decreases, but the number
of cycles before failure N- increases. At N ~ 4-107 cycles, the material deforms elastically,
since Nga=1. At N<4-107, the material undergoes elastic-plastic deformation. The
application of the evolutionary damage equation (7) allows us to "shift" the results on
cyclic strength and Ny obtained from the relaxation plasticity model (1)-(6) to the right
and obtain the final united fatigue curve. In other words, using a combination of methods
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Fig. 2. (a) Dependence of the cyclic strength, normalised to the static strength of the hypothetical material, on the

number of cycles for the hypothetical material. (b) The dependence of the cycle number at which new plastic
deformations do not accumulate, Ny, on the number of cycles before failure N for a hypothetical material

and obtain the final united fatigue curve. In other words, using a combination of methods
to explicitly take into account relaxation processes and the process of damage
accumulation, it becomes possible to construct united fatigue curve, including a
continuous inclined section of a united fatigue curve that is important for engineering
practice.

Prediction of cyclic strength of metals before ~10° cycle

In this section, the proposed model is used to predict the cyclic strength under low-cycle
and high-cycle fatigue. Let us assess the performance of the proposed combined model
with experimental data on soft loading for the two-phase steel DP500 [26], where
a§=350 MPa and o+ =570 MPa, and X65 steel [27], where a§’=420 MPa and o* =620 MPa.

The cyclic deformation in [26] was carried out based on the sinusoidal tensile load at a
frequency of 10 Hz under the following conditions: the minimum stress was 0 and the
average stress was half the maximum stress. Previously, based on the same experimental
data, it was predicted that plastic deformation would be stabilised [20]. The evaluated
parameters of the model were obtained as a=1, 1=0.67 ms, $ =0.067,a=1and b=1
for DP500 steeland a=1,t=1ms, £ =0.05,a=1 and b =1 for X65 steel (Table 1). For
the selected set of parameters of the combined model, we can calculate the dependence
of the fracture time on the stabilisation time by integrating Eq. (12):

N, = tgq (N, +A%,O<wo — 1 — lnw,). (16)

Figure 3 and 4 show the theoretical fatigue relationship for DP600 dual-phase steel
and X65 steel, which is in good agreement with the experimental data. Figure 3 and 4
show that the combined model can predict the complete dependence of the ultimate
stress before failure based on the number of cycles, both for low-cycle and high-cycle
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Fig. 3. A prediction of the united fatigue curve of  Fig. 4. A prediction of the united fatigue curve of
DP500 steel based on the relaxation model of X65 steel based on the relaxation model of
irreversible deformation during cyclic irreversible deformation during cyclic deformation
deformation, and experimental data [26] and experimental data [27]

Table 1. The parameters of DP500 and X65 steel for the calculation of the fatigue curve

a T B w A a b oy o*
- Ms - J 1/(MPa-s) - - MPa MPa
DP500 1 0.67 0.067 2.495 0.01 1 1 350 570
steel
X65 1 1 0.05 2.494 0.01 1 1 420 620
steel

deformation. It is commonly believed that the boundary between low-cycle and high-
cycle fatigue occurs at ~ 5-10* cycles. Within the framework of the combined model,
there is no need for a clear division of cases into low-cycle and high-cycle fatigue, since
a united fatigue dependence is predicted for the material.

Let us consider the possibility of predicting the number of cycles before failure
depending on the deformation amplitude using 34CrNiMo6 [28-31]. The loading mode
used in [28-31] is strain control at the symmetrical cycle. The best agreement with
experimental data is achieved using the following parameters: E =209 GPa, a =1,
B =0.23, o) = 600 MPa, o;= 1180 MPa, A =14, W,= 440, a=1.2 and b = 1.68 (Table 2).
The proposed model successfully predicts the number of cycles until fatigue failure at
a given strain amplitude in the low-cycle and high-cycle fatigue ranges (Fig. 5). Note
that the predicted united fatigue curve is based on experimental data covering a range
of cycles to failure.

Table 2. The parameters of 34CrNiMo6 steel for the calculation of the fatigue curve

a T B w A a b ay o*
- Ms - J 1/(MPa-s) - - MPa MPa
34CrNiMo6 1 0.23 0.067 440 14 1.2 1.68 600 1180
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Fig. 5. A prediction of the fatigue curve (Wohler diagram) of 34CrNiMo6 based on the relaxation model of
irreversible deformation during cyclic deformation, and experimental data [28-31]

Prediction of united fatigue life curve based on FLMRD model

In this section, we consider the action of the FLMRD model with fatigue life curves,
introduced in the "Fatigue life model of relaxation and damage” section. Examples of the
low-cycle, high-cycle and giga-cycle fatigue life prediction for A2017-T4 aluminium alloy,
7075-T651 aluminium alloy, Ti-6Al-4V titanium alloy are shown in Figs. 6-9.
Experimental data for A2017-T4 aluminium alloy [32], 7075 aluminium alloy [33,34],
Ti-6Al-4V [35,36] and 300M steel [34] have been received in symmetrical
compression/tension cyclic mode (R = -1). Parameters a, r and 8 were obtained based on
the assessment of deformation responses under both quasi-static and cyclic loading,
presented in the corresponding experimental works [32-36]. The remaining parameters
of the KDE model were selected based on the united fatigue life curves of the
materials [32-36]. The best agreement with experimental data is achieved using the
parameters, presented in Table 3. Significant differences in the parameters of the KDE
model W-and A are observed. The theoretical curves in Figs. 6-9 match both sections of
the experimental curve well for short-term and long-term strengths within the framework
of the FLMRD model, without focusing on the type of cyclic strength with a greater or
lesser amount of plastic deformation. The theoretical unite fatigue curve is plotted up to
108 for aluminium alloys and up to 10° cycles for Ti-6Al-4V titanium alloy. Calculation of
the deformation energy from the deformation response made it possible to set the initial
condition for the kinetic equation of the model and simultaneously calculate both the
short-term and long-term strength of metals. The presented kinetic-relaxation model can
be applied to other materials and cyclic loading modes.
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Table 3. The parameters of materials for the fatigue life prediction based on FLMRD model

Loading type | a T E B w A a b oy o*
- | ms GPa - J (MPa-s)t - - MPa MPa
A2017 1 0.5 72 0.13 23 0.1 1.2 2.2 107 440
Ti-6Al-4V 1 0.3 127 | 0.15 190 150 1.4 2 170 1100
AA7075 1 0.5 72 0.15 18 0.3 1.25 2 131 632
M300 steel 1 0.7 210 | 0.15 190 40 14 2 680 1600
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Fig. 6. A prediction of the fatigue life curve of
A2017-T4 aluminium alloy based on FLMRD
model and experimental data [32]
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Fig. 8. A prediction of the fatigue curve (Wohler
diagram) of Ti-6AL-4V titanium alloy based on the
relaxation model of irreversible deformation during
cyclic deformation, and experimental data [35,36]
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Fig. 7. A prediction of the fatigue life curve of
7075-T651 aluminium alloy based on FLMRD
model and experimental data [33,34]
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Fig. 9. A prediction of the fatigue curve (Wohler

diagram) of 300M steel based on the relaxation

model of irreversible deformation during cyclic
deformation, and experimental data [34]

An analysis of two fatigue dependencies was carried out: the short-term and long-term
strengths of steels and the amplitude of deformations, both depending on the number of

cycles before failure.

A predictive FLMRD model was established to estimate the united fatigue curve.
The united theoretical fatigue curves of steel 45, DP 500 steel, X65 steel, 34CrNiMo6
steel, A2017-T4 aluminium alloy, 7075 aluminium alloy, Ti-6Al-4V and 300M steel show
that the developed FLMRD model can serve as a convenient tool for modelling short-

term and long-term strengths.

The FLMRD model can be used for the calculation of the number of cycles before
fracture, cyclic strength, irreversible energy deformation (current, at the moment of the
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completion of plastic deformation and at the moment of final brittle failure), accumulated
irreversible deformation and the amount of cumulative damage.

The necessity of simultaneous consideration of the damage accumulation process
under cyclic loads and the relaxation processes of plastic deformation is highlighted, and
this can be carried out by considering the characteristic relaxation times of a given
material.
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