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ABSTRACT  
A model for face centered cubic binary interstitial alloys and advance the theory of elastic deformation and 
wave propagation within these alloys using the statistical moment method are presented. The theory 
extends to include the elastic properties and wave dynamics of pure metals as a subset. The numerical 
simulations for metals like Au and Cu, as well as the CuSi alloy are conducted. The results obtained for Au 
and Cu were validated against experimental data and existing calculations. For the CuSi alloy, numerical 
predictions offer insights that could be confirmed by future experiments. 
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Introduction 
Metals and alloys are traditional and popular materials in industry and practical life. There 
are substitutional alloys and interstitial alloys. In interstitial alloys, the interstitial atoms 
are usually non-metals such as Si, C, H, Li, etc., which are smaller in size than the main 
metal atom. Although the interstitial atom concentration is very small, only a few percent, 
it significantly affects the physical properties of the alloy. Transition metals and their 
interstitial alloys such as Cu, Au, CuSi, and AuSi are widely applied in superconducting 
wire fabrication technology [1,2]. 

Interstitial alloys are crucial in various aspects of human life and have long been a focus 
for both theoretical and experimental researchers. Investigating the deformation properties 
of these alloys in relation to temperature, pressure, and interstitial atom concentration is 
essential for predicting material strength, mechanical stability, diffusion, and other 
properties [3–5]. AuSi has many functional applications and unusual physical properties.  

There are numerous theoretical approaches to studying the elastic deformation of 
metals and alloys, including the ab initio method, molecular dynamics method, the tight-
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binding Hamiltonian method, the density functional theory, etc. In the first principles  
(or ab initio) method, the many-electron wavefunction is constructed from the one-
electron wavefunctions in a suitable effective potential. The calculations are based 
primarily on the laws of quantum mechanics and relevant physical constants such as the 
masses and charges of the nuclei and electrons. Ab initio has been widely used in the 
study of alloy deformations such as the study of the electronic and thermodynamic 
properties of B2-eSi interstitial alloy by ab initio calculations using ab initio plane waves 
(FPPW) combined with the quasi-harmonic Debye model (QHD) [6], the study of FeH 
interstitial alloy by ab initio combined with DFT (the density functional theory) and GGA 
(generalized gradient approximation) [7], and the study of FeCrSi alloy by ab initio 
combined with DFT and GGA [8]. Ab initio has been used in the study of deformation of 
metals such as the study of the effect of pressure on the elastic properties of crystalline 
Au by ab initio using local density approximation (LDA) [9] and the study of the elastic 
modulus of the BCC (body-centered cubic)-Fe [10]. Molecular dynamics (MD) is a method 
of modeling atoms as a system of classical particles obeying Newtonian mechanics. 
Newton's second law can be used to write the equation of motion for each atom. Some 
works using MD to study the deformation of metals and alloys include the 
thermomechanical properties of CuAu alloy [11], the effect of pressure on the elastic 
constants of Cu, Ag and Au [12], the thermomechanical properties of some FCC (face 
centered cubic) transition metals [13], using Morse potential to study the temperature 
dependence of Young's modulus for metals Ni, Cu, Ag, Au and Al by Zahroh et al. [14]. 
The tight-coupled Hamiltonian (TB) method [15–17] is simpler, less computationally 
intensive but can be applied to larger model systems than ab initio. Recent studies have 
used the TB Hamiltonian method to calculate the atomic volumes, elastic constants, bulk 
moduli, etc. of FCC and HCP (hexagonal close-packed) crystals [17] and to study the 
structural properties of FCC transition metals [16]. In the density functional theory (DFT), 
instead of using a multi-electron wave function as in the Hartree-Fock method, the 
electron density plays a central role [18] and the total energy of the system is a unique 
function of the electron density. DFT studies of metals and alloys can be mentioned as 
works by Olsson et al. [19], Psiachos et al. [7] and Lau et al. [20]. In addition to the 
methods mentioned above, to study the properties of materials, there are other methods 
such as the modified embedded atom method (MEAM) [21–23], the lattice Green's 
function method [24], the machine learning method (MLM) [25], harmonic theory [26] and 
quasiharmonic theory [27], etc. From the methods presented above, we see that most of 
the methods for studying the deformation of metal and alloy crystals are approximate 
methods, not mentioning the influence of pressure on the deformation processes of the 
object, not considering the dependence of the deformation quantities depending on the 
concentration of substitutional and interstitial atoms. The results of theoretical methods 
for studying deformation are mostly for metals and are limited for alloys. Some results 
obtained from theoretical methods are not really consistent with experiments. 

For example, the interaction of impurity atoms of light elements with vacancies and 
vacancy clusters in FCC metals was studied by MD of Poletaev et al. [28]. Among 
theoretical methods in studying mechanical and thermodynamic properties of metals and 
alloys, the statistical moment method (SMM) has significant contributions [29]. SMM is a 
contemporary approach in statistical physics used to examine the structure, 
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thermodynamic properties, elasticity, diffusion, phase transitions of metals, alloys, 
semiconductors, inert gases, oxides with BCC, FCC and HCP structures. SMM has been 
particularly applied to the thermodynamic study of cubic interstitial alloys [30–35]. 
Recently, the SMM has been successfully applied in the study of thermomechanical 
properties of multicomponent materials with complex structures such as HCP metals of 
Hoc et al. [36,37], ternary and binary interstitial alloys of Hoc et al. [34,38,39], perovskite-
structured alloys of Hoc et al. [40–42]. 

There are many studies on classical wave propagation in complex materials with 
periodic structure [43–46]. Some work has been extended to the study of sound waves 
and elastic waves in other periodic media. Most of the research on this problem is based 
on the calculations of the plane wave method [47–51]. The planar wave method has 
proved to be quite effective in studying many types of periodic complex structures but is less 
effective for disordered chaotic systems. Multiple-scattering theory (MST) method [52,53] is 
based on electronic band structure calculations. The equations of motion of the particles are 
builded in an elastic body [54]. Some works such as the work of Grechka et al. [55] refer to 
the propagation of sound waves in an anisotropic medium. Mozhaev [56] showed its 
applicability to two- and three-partial surface acoustic waves in crystals. Additionally, 
Nayfeh and Chimenti [57] extend the analysis to free wave propagation in a general 
anisotropic plate, presenting numerical results for special cases. 

In this paper, we examine the elastic deformation and wave propagation in 
FC binary interstitial alloys under pressure using the SMM. The next section will detail 
the theory and methodology and numerical results. 
 
Theory and Methodology 
Our model of FCC interstitial alloy AB assumes that the concentration of interstitial atoms 
B is very small compared to the concentration of main metal atoms A. In this model, 
atoms B are located at the body center, atoms A1 are at the face centers, and atoms A2 are 
at the vertices of the cubic unit cells [30–35]. 

To investigate the elastic properties of alloy AB using SMM, we first calculate the 
mean nearest neighbor distance between two atoms A in the alloy using the following 
equations [31,32,35]: 

𝑟1A(P,T) = 𝑟01A(P,0) + 𝑦(P,T),  𝑟01A(P,0) = (1 − 𝑐𝐵)𝑟01A(P,0)+c𝐵𝑟01A
′ (P,0),  

𝑦(P,T) = ∑ 𝑐𝑋𝑋 𝑦𝑋(P,T), 𝑟01A
′ (P,0) = √3𝑟01B(P,0),  

𝑟1B(P,T) = r01B(P,0) + y𝐴1
(P,T),  𝑟1A(P,T) = r01A(P,0) + y𝐴(P,T),  

𝑟1A1
(P,T) = r1B(P,T),  𝑟1A2

(P,T) = r01A2
(P,0) + y𝐵(P,T),  

𝑦𝑋(P,T) = √
2γ𝑋(P,0)𝜃2

3k𝑋
3 (P,0)

𝐴𝑋(P,T), 𝐴𝑋(P,T) = 𝑎1X(P,T) + ∑ (
𝛾𝑋(P,0)𝜃

𝑘𝑋
2 (P,0)

)
𝑖

𝑎iX(P,T)6
𝑖=2 ,  

𝑍𝑋 ≡ 𝑥𝑋cothx𝑋 ,  𝑥𝑋 =
ℏ

2𝜃
√
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𝑚𝑋
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6
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6
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2 +
1

2
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3 + 
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𝑎4X = 
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3
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2 + 
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3
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3
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1

2
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2 + 
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7.  

Here, 𝑟1A(P,T) ≡ 𝑎1A(P,T) and 𝑟01A(P,0) ≡ 𝑎01A(P,0) denote the mean nearest 
neighbor distances between two atoms A in the alloy under pressure P and temperature T, 
and under pressure P and temperature T = 0 K, respectively. The mean displacement of atom 
A from its equilibrium position in the alloy is indicated by 𝑦(P,T). The nearest neighbor 
distance between two atoms A in the pure metal is labeled 𝑟01A(P,0). The distance between 
two atoms A in the region containing the interstitial atom B is denoted by 𝑟01A

′ (P,0).  
The displacement of an atom X (where X can be A, A1, A2, B) within the alloy is represented 
by 𝑦𝑋(P,T). The nearest neighbor distances between two atoms A in the pure metal or 
between atom X and other atoms in the alloy are represented by 𝑟1X(P,T) and 𝑟01X(P,0). 

The value 𝑟01X(P,0) is derived either from the condition of minimum 𝑢0X or from the 
equation of state, as detailed in [30,32,33]: 

Pv0X = −  r01X (
1

6

𝜕𝑢0X

𝜕𝑟01X
+

ℏ𝜔0X

4𝑘𝑋

𝜕𝑘𝑋

𝜕𝑟01X
),  (2) 

where 𝑟01X ≡ 𝑟01X(P,0), 𝑣0X =
𝑟01X

3

√2
, 𝜔0X= √

𝑘𝑋(P,0)

𝑚𝑋
, 𝑐𝑋 =

𝑁𝑋

𝑁
, N = N𝐴+ N𝐴1

+ N𝐴2
+ 𝑁𝐵, 

Bθ = k T,𝑘𝐵 represents the Boltzmann constant, ℏ is the Planck constant. The symbol 𝑚𝑋 denotes 
the mass of atom X. The terms 𝑢0X, 𝑘𝑋, 𝛾1X, 𝛾2𝑋 and 𝛾𝑋 correspond to the cohesive energy 
and crystal parameters of atom X within the metal A or the alloy AB, as detailed in [30,32,33]: 

𝑢0X =
1

2
∑ 𝜑i0
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2
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2 , 𝛾𝑋= 4(𝛾1X+γ2X),   
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1

48
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𝜕𝑢iβ
4 )

eq

𝑛𝑖
𝑖=1 , 𝛾2X =

6

48
∑ (

𝜕4𝜑i0

𝜕𝑢𝑖𝛼
2 𝜕𝑢iβ

2 )
𝑒𝑞

𝑛𝑖
i =1
𝛼≠𝛽

,  

(3) 

where 𝑢iβ(β = x,y,z) represents the displacement of the ith particle from its equilibrium 
position in the direction 𝛽, 𝜑i0 indicates the interaction potential between the 0th particle 
and the ith particle, and (…)eq denotes the value of these parameters at equilibrium. The 
number of atoms in ni coordination sphere is indicated by ni, 𝛼, β = x, y, z, 𝛼 ≠ 𝛽. 

The Helmholtz free energy of the alloy AB is expressed as follows [29–33,35]: 
𝛹AB= NψAB= N(∑ 𝑐𝑋𝜓𝑋𝑋 − TS𝑐

AB), 

𝛹𝑋= Nψ𝑋= U0X+ Ψ0X+ 3N {
𝜃2

𝑘𝑋
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2
) (1 + Z𝑋)]},  

𝛹0X= 3Nθ[𝑥𝑋+ ln(1 −  e-2x𝑋)],  

(4) 

where 𝑐𝐴=1 −  15c𝐵, 𝑐𝐴1
= 6c𝐵, 𝑐𝐴2

= 8c𝐵 and 𝑆𝑐
AB is the configurational entropy of the 

alloy AB. 
Young modulus of the alloy AB is given by [31,33,34,36]: 

𝐸YAB= EYA

∑ 𝑐𝑋
𝜕2𝛹𝑋
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+
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𝜕𝑟1𝑋
) 𝑟01X, 

(5) 

where 𝐸YA is Young's modulus of the pure metal A and 𝜀 represents the strain of the alloy AB. 
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The bulk modulus KAB, shear modulus GAB, elastic constants C11AB, C12AB, C44AB, 
Poisson's ratio AB, longitudinal wave velocity 𝑉ℓAB and transverse wave velocity 𝑉tAB are 
calculated by Hoc et al. [30,32,33,35]: 
𝐾AB =

𝐸YAB

3(1−2νAB)
,              (6) 

𝐺AB =
𝐸YAB

2(1+νAB)
,               (7) 

𝐶11AB =
𝐸YAB(1−𝜈AB)

(1+νAB)(1−2νAB)
, 𝐶12AB =

𝐸YAB𝜈AB

(1+νAB)(1−2νAB)
, 𝐶44AB =

𝐸YAB

2(1+νAB)
,        (8) 

𝜈AB=c𝐴𝜈𝐴+c𝐵𝜈𝐵 ≈ 𝜈𝐴,             (9) 

𝑉lAB = √
2C44AB+C12AB

𝜌AB
, 𝑉tAB = √

𝐶44AB

𝜌AB
,          (10) 

where 𝜈𝐴 and 𝜈𝐵 respectively are the Poisson ratios of materials A and B, 𝜌AB =
𝑚AB

𝑉AB
≈ 𝜌𝐴,

𝑉AB = NvAB, 𝜌AB and 𝜌𝐴 denote the densities of materials A and AB, respectively while 𝑉AB 
represents the volume of alloy AB. 

When the concentration of interstitial atoms is zero, the characteristic quantities for 
elastic deformation and elastic wave propagation of the primary metal A can be 
ascertained. For Au, Cu, and CuSi, we utilize the Mie-Lennard-Jones (MLJ) potential as 
follows Magomedov [58,59]: 

𝜑(𝑟) = 
𝐷

𝑛−𝑚
[𝑚 (

𝑟0

𝑟
)

𝑛

−  n (
𝑟0

𝑟
)

𝑚

].          (11) 
The parameters D, r0, n, m, the Poisson's ratio 𝜈 and the density 𝜌 are listed in Table 1. 
 

Table 1. Potential parameters, Poisson ratio 𝜈 and density 𝜌 [58–60] 
Interaction m n D/kB, K r0, 10-10 m  , g/cm3 

Au-Au 5.5 10.5 4683 2.8751 0.39 19.283 
Cu-Cu 5.5 11 3401.1 2.5487 0.37 8.932 
Si-Si 6 12 32701.7 2.295 0.28 2.329 
 
The Cu-Si interaction is also described using the MLJ n-m potential: 

𝜑(𝑟) =
𝐷̄

𝑛̄ − m̄
[𝑚̄ (

𝑟0

𝑟
)

𝑛̄

−  n̄ (
𝑟0

𝑟
)

𝑚̄

],           (12) 

where  
𝐷̄Cu-Si= √𝐷Cu-Cu𝐷Si−Si, 𝑟̄0Cu-Si =

1

2
(𝑟0Cu-Cu + 𝑟0Si-Si),        (13) 

where 𝑛̄  and 𝑚̄ are empirically determined [61]. Therefore, 𝐷̄Cu-Si/k𝐵 = 10546.2 K, 
𝑟̄0Cu-Si =2.4218× 10−10 m, and we empirically choose 𝑛̄ = 1.29,  𝑚̄ = 9.92 by fitting the 
theoretical result with the experimental data of Santra et al. [2]. 

The numerical calculations for Au, Cu and CuSi are placed below. The calculated 
results for the elastic moduli EY and K, the volume ratio 𝑉/𝑉0 (where V is the volume at 
pressure P and V0 is the volume at P = 0), the elastic constant C44 and the longitudinal wave 
velocity 𝑉ℓ for metals Au and Cu are summarized in Table 2 and illustrated in Figs. 1–6. 
 
Table 2. G(P,T) for Cu from SMM calculations, other calculations and experiments 

P, GPa T, K 
G, GPa 
SMM 

G, GPa 
Expt. [62] 

G, GPa 
Calc. [62] 

𝛿SMM-Expt. [62], % 𝛿Calc. [31]-Expt. [62] , % 

12.1 346 5.94 6.28 5.95 5.7 5.5 
12.5 348 6.00 5.90 5.99 1.7 1.5 
23.2 418 7.50 7.55 7.14 0.7 5.7 
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Fig. 1. The temperature dependence of Young 

modulus EY for Cu at P = 0 
using SMM calculations, other calculations 

[13,63,64] and experiments [64–67]  
 

Fig. 2. The temperature dependence of Young 
modulus EY for Au at P = 0 using 

SMM calculations, other calculations [13,14,66] 
and experiments [65,68] 
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Fig. 3. The pressure dependence of volume ratio 
𝑉/𝑉0 for Au at T = 300K using SMM calculations 

and other calculations [21,69–71] 

Fig. 4. The pressure dependence of elastic 
constant C44 for Au at T = 300K using SMM 
calculations and experiments [3,9,72,73] 
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Fig. 5. The pressure dependence of elastic 

constant C44 for Au at T = 300K using SMM 
calculations and other calculations [21] 
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In Table 2, we compare the shear modulus G of Cu calculated by the SMM with other 
theoretical calculations and experimental data from Peng et al. [62]. The SMM 
calculations are in good agreement with both the theoretical and experimental results of 
Peng et al. [62] with an overall error of 5.7 %. Notably, at P = 23.2 GPa, the discrepancy 
between the SMM calculations and experimental results is only 0.7 %, whereas the error 
between Peng et al. calculations [62] and experiments is 5.7 %. 

Figure 1 shows the temperature dependence of Young's modulus EY for Cu at P = 0 
in the range from 0 to 1200 K. The SMM calculations are in good agreement with 
calculations of Căgin et al. [13], Li et al. [63], Zahroh et al. [14] and experiments of 
Lonzinskii [64], Chang and Himmel [65], Reed and Mikesell [66], Joshi and Bhatnagar [67]. 
Figure 2 illustrates the temperature dependence of Young's modulus EY for Au at P = 0 in 
the range from 0 to 1100 K. The SMM calculations are in good agreement with 
calculations of Căgin et al. [13], Li et al. [63], Zahroh et al. [14] as well as experiments of 
Chang and Himmel [65], Tikhonov and Kononenko [68]. Figure 3 shows the pressure 
dependence of volume ratio 𝑉/𝑉0 for Au at T = 300 K in the range from 0 to 1000 GPa. 
The SMM calculations are in excellent agreement with other calculations of Ciftci et al. [69], 
Yokoo et al. [70], Matsui [71] and Guler and Guler [21]. Figure 4 illustrates the pressure 
dependence of elastic constant C44 for Au at T = 300 K in the range from 0 to 100 GPa. 
SMM calculations are compared with experimental data from Biswas et al. [72], Hiki and 
Granato [73], Duffy et al. [3], Tsuchiya and Kawamura [9]. The SMM calculations align 
more closely with experimental data in the range from 0 to 30 GPa than in the range from 
30 to 100 GPa. Most SMM calculations are higher than the experimental values with the 
discrepancy increasing at higher pressures. This difference is likely due to the influence 
of defects such as vacancies on the metal's volume at high pressures, which is not 
accounted for in our model. Figure 5 presents the pressure dependence of the elastic 
constant C44 for Au at T = 300K in the range from 0 to 100 GPa calculated by SMM and 
other calculations of Guler and Guler [21]. The observations and comments for this figure 
are similar to those for Fig. 4. The pressure dependence of longitudinal wave velocity 𝑉ℓ 
for Au at T = 300K in the range from 0 to 7.5 GPa is shown in Fig. 6. Here there is a good 
agreement between SMM calculations and experiments of Hiki and Granato [73], Daniels 
and Smith [74], Mao Shuang et al. [75]. The agreement between SMM calculations and 
experiments in the range from 0 to 2 GPa is better than in the range from 2 to 7.5 GPa. 

The analysis above indicates that SMM calculations for metals Au and Cu are in very 
good agreement with experimental data and other calculations. In many cases, our SMM 
calculations are closer to the experimental values in comparison with other calculations. This 
provides a strong foundation for our subsequent calculations for the interstitial alloy CuSi. 

The SMM calculations for elastic deformation quantities of CuSi are shown in Figs. 7 
and 8. Figure 7 illustrates the silicon atom concentration dependence of Young's modulus 
EY for CuSi at T = 300 K and P = 0 in the range of silicon atom concentration from 0 to 5 %. 
These SMM calculations are compared with experimental data from Ledbetter and 
Naimon [76] and Santra et al. [2]. As silicon concentration increases, EY decreases, which 
is consistent with experiments of Santra et al. [2]. The closest alignment between our 
calculations and experimental data is at a silicon concentration of 4 %. Figure 8  
shows the temperature and pressure dependence of Young's modulus EY for CuSi at silicon  
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concentration 𝑐Si = 1 % in the temperature range from 0 to 1100 K and the pressure range 
from 30 to 70 GPa using SMM calculations. Our SMM calculations demonstrate that 
Young's modulus for CuSi decreases with increasing temperature and increases with 
increasing pressure. 

Young's modulus EY of CuSi exhibits a decline with increasing temperature T. For CuSi 
with a silicon concentration of 3 % and at P = 0, EY drops from 114.89 to 93.45 GPa  
as T rises from 0 to 1100 K. This is because the kinetic energy of the atoms increases with 
temperature, causing the lattice constants to expand, and consequently, EY, K, G, C11, C12, 
C44, 𝑉ℓ and 𝑉𝑡 all decrease. Conversely, EY increases with pressure P. For CuSi with 1 % silicon 
at T = 300 K, EY rises from 114.28  to 308.58 GPa as P increases from 0 to 70 GPa. This is 
due to the compressive force acting on the material, which reduces the lattice constant and 
results in increases in EY, K, G, C11, C12, C44, 𝑉ℓ and 𝑉𝑡. Additionally, EY decreases as the 
concentration of interstitial silicon atoms increases. Our SMM calculations align well with 
the experimental data from Santra et al. [2]. As explained by this group, when the crystal 
lattice of Cu is supplemented with Si, the lattice constants increase. 

Increases according to a linear law. As a result, the interactions between the 
particles in the crystal lattice weaken and EY, K, G, C11, C12, C44, 𝑉ℓ and 𝑉𝑡 decrease. This rule 
is also consistent with experiments of Smith and Burns [77], in which, when 𝑐Si increases 
from 0 to 4 %, C44 of CuSi decreases from 75.6 to 75.5 GPa. 
 
Conclusions 
The new contribution of the paper is the development of statistical moment method 
(SMM) in studying the elastic deformation properties and elastic wave velocity of 
interstitial alloy materials with face-centered cubic (FCC) structure. By applying SMM, the 
paper derives the analytical expression of Helmholtz free energy, the average nearest 
neighbor distance between two main metal atoms, characteristic elastic deformation and 
elastic wave quantities such as Young's modulus, bulk compressive modulus, shear 
modulus, elastic constants, longitudinal wave velocity and transverse wave velocity of 
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binary interstitial alloys with FCC structure. The elastic deformation and elastic wave 
quantities of the main metal in the interstitial alloy are a special case when the interstitial 
atom concentration is zero. The numerical calculation results of SMM using Mie-Lennard-
Jones (n-m) interaction potential, coordination sphere method, Maple and Origin 
softwares for Au, Cu metals are in good agreement with the experimental results and 
other calculation results. The numerical results for CuSi interstitial alloys are new and 
predictive, providing guidance for experiments. The studied temperature range is from  
0 to 1200 K, the studied pressure range is from 0 to 1000 GPa and the interstitial atomic 
concentration range is from 0 to 5 %. 
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