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ABSTRACT

In this paper, for the first time, the block element method provides an exact solution to the contact problem
of the action of a rigid wedge-shaped stamp with an acute angle on a layer of composite material having
arbitrary anisotropy. The research is based on the application of the block element method. In comparison
with strip stamps, it contains an additively additional term describing the concentration of contact stresses
at the angular point, that is, at the top of the stamp. The calculation of the indicator of the peculiarity of
the concentration of contact stresses at this point is close to the values performed by numerical methods
in a number of works. In the zone considered away from the top of the stamp, the exact solution turns into
a solution for the case of a semi-infinite stamp. The developed method is applicable to composites of
arbitrary anisotropies arising in linearly elastic materials and crystals of any cross sections that allow the
construction of the Green function, and hence the two-dimensional Wiener-Hopf integral equations. The
exact solution of two-dimensional Wiener-Hopf integral equations has made it possible, thanks to fractality,
homeomorphism of stamp carriers and solution functions, to construct exact solutions to contact problems
for wedge-shaped, sharply angled stamps.
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Introduction

Mixed tasks, including contact tasks, play an important role in a wide variety of practice
areas. They arise in the problems of strength and fracture [1], wave propagation in elastic
bodies [2], acoustics [3], non-destructive testing methods [4], the theory of scattering of
electromagnetic waves and the creation of an electronic element base [5], the theory of
waves in a liquid [6,7], geophysics [8], tribology [9,10]. Studies of anisotropic problems,
including for composites and contact problems, were carried out using both analytical
and numerical methods in [9-27]. It should be noted that the transition in spatial
problems to anisotropic media, and especially to composites, is associated with
significant difficulties due to the complexity of differential equations describing such
media. For the cases of layered media, the construction of Green's functions is carried out
using integral Fourier transforms. Difficulties arise when calculating the roots of a
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characteristic equation and when studying the properties of Green's functions, in particular,
determining all its features. In isotropic cases, this can be done, and in anisotropic cases,
for composites, it is almost impossible. To illustrate this, the form of the integral equation
of the contact problem is given below for an orthotropic layer of thickness.
It is assumed that the friction-free layer lies on a rigid base and a rigid friction-free stamp
acts on the layer [15]. The orthotropic layer is characterized by a state matrix of the form:

Ci Ciy Cs 0O 0 0O
Cyi Cyp Cps 0O 0 O
c_|lGn €2 G o0 00
0O 0 0 Cy, 0 0
0 0 0 0 Css O
0 0 0 0 0 Cg

The integral equation is represented in the form:
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The parameters, three of which are taken to describe the core, are the roots of a
complex equation [15]: byv® + b,v* + byv? + b = 0. Obviously, the relations turned out
to be extremely complex and the use of previously developed methods for solving them,
using detailed properties of the kernels of integral equations [12-17], becomes
practically impossible. However, the creation of new structural materials, including
anisotropic composites, leads to the need to apply solutions to contact problems in
engineering practice, and demands the greatest possible proximity of the approximate
solutions obtained to the exact ones, including in non-classical fields. For example, the
approximation of solutions by splines, boundary elements, and eigenfunctions loses some
important properties of contact stresses in approximate solutions. In some cases, they do
not describe the concentration of contact stresses at the stamp boundaries, especially at
the corner points. The tendency of the malleability of the medium is not always caught
when the size of the stamps is reduced. A special place is occupied by contact problems
in areas whose boundaries have angular sets. In [24], an exact solution of the contact
problem in the quarter plane is constructed for the isotropic case. This approach has
proved useful for constructing a solution to this contact problem for the anisotropic case.
The research is based on the block element method, in an application for integral
equations. He allowed the problems formulated above for anisotropic problems to be
bypassed and transferred to the problems of calculating contour integrals, which is
already quite simple to implement numerically, and something can be studied
asymptotically.



Contact problems with a stamp in the form of an acute-angled wedge acting on an anisotropic composite layer 3

Setting the task

The contact problems of the action of an absolutely rigid stamp on a multilayer medium in
the area of a quarter plane (Fig. 1) [24], and in an acute-angled wedge (Fig. 2), are considered.

R
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Fig. 1. The figure shows a part of the unlimited Fig. 2. The contact area of the sharp-angled
area of the first quadrant occupied by the stamp stamp, with the angle of the v

It is assumed that the multilayer medium is an anisotropic composite for which the
Green's function is constructed. With its help, the integral equation of the contact problem
is obtained. Methods for constructing Green's functions for anisotropic media are described
in sufficient detail in [12-17]. Their peculiarity is the complexity of the kernels of the
integral equations of contact problems, which leads to significant complications of the
methods of their solution. This is reflected in the complex nature of the stress-strain state
of the medium at the boundary and in the inner region. In [9-17], the construction of
Green's functions for a sufficiently large set of media of complex rheology, including
anisotropic composites, is considered. In [12-14], the behavior of a number of surface
characteristics for various layered media used in engineering practice was studied. In a
number of works, approximate methods for solving mixed problems for such materials have
been developed. At the same time, as practice shows, approximate methods do not always
catch all the features of solving contact problems. In this regard, the construction of exact
solutions allows us to develop approximate methods in such a way that they are consistent
with correctly reflecting all aspects of the behavior of the stress-strain state of the contact
problem. This is especially important in contact problems considered in non-classical fields,
when the stamp boundaries contain angular points. With this in mind, an integral equation
is considered, the properties of the core of which cover a wide range of types of anisotropic
composites. Fourier transforms of the kernels of integral equations are just analytical
functions that have a certain asymptotic behavior at infinity and do not have special points
on each of the real axes. The Wiener-Hopf integral equation, given in the first quadrant [24],
Fig. 1, is considered. It has the form:

Kq=[ J, k(x—&y—maqEndédy=f(ry), 0<x<®, 0<y<o
k(x,y) = 4anf1"1 frz K(a, pe @+ dadp,

Qap) =, J, a@me'@Fndsdn [,

Fla,p)=[, [, fE&mne@*Fnagdy.
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The functionK (a, ), which is generally complex-valued, is generated by solving an
anisotropic boundary value problem in a multilayer medium, is continuous and summable
on the axes for both arguments, with behavior at infinity of the form:

K(a,p) =0(a™?1), B =const, K(a,p) = 0(B™1Y), a = const, |al, |f] = . (2)

The solution of the integral equation

The contours I3, I; are taken in accordance with the implementation of the Mandelstam
principle [14]. The uniqueness theorems are valid for integral equation (1) [14]. The research
carried out in [24,25] made it possible by the method of factorization and block element to
construct an exact solution of the integral equation (1), which is given by the theorem: under
the conditions of uniqueness, the solution of the integral equation (1) for a function
summable on a semi-axis and having a continuous first derivative is given by the equation:

q00Y) = —5 [ 0 [0 Qe pe™ @ PN dadp. (3)
The de5|gnat|on is accepted here:
Qa, p) = ‘1F—-[ ral KZaF 3o + Kg{KZ3F } g +

_ _ (4)
K arpl Kia—p{ KZaF 3ra d-p + Kigual Kig_o L KZgF 1ip o]
The operators in curly brackets are described in detail in [14] and have the form:
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K_g(a,B) = exp( =3[, = =5-dn), B el

Here I1}, I1; are the complex areas above, plus, and below, minus, the contour I3,
and are the areas Hg, H[; above, plus, and below, minus, the contour I, respectively.

Proof. We show that the integral equation (1) is exactly satisfied by the functions (3)
and (4). We introduce the function (3) into the integral equation (1), represented as:

1 o (o) (o] (o) s _ _
Kq=—J Iy I I o K(aB)elee=0tB0mlq(¢, n)dedndadp = f(x, ).

After using the notation (1), we get the representation:

Kq=_5 " [T K(a,B)Q(a,Be @B dadB = f(x,y). Let's add from Eq. (4) to this

formula Q(a, ) and examine the integral on the left. As a result of a simple analysis of
the exclusion of terms that turn the integral to zero, we are convinced that the ratio is

obtained: Kq = #fj; |7 e i@ *BNE (@, B)dadB = f(x,y). This proves the theorem.

Investigation of the properties of the solution

1.In the solution presented by Eq. (4), the first term on the right forms a forced
component of the solution describing it in the zone farthest from the boundaries of the
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quarter plane. Therefore, it does not contain stress concentrations. Note that the
degenerate component is formed equally by each of the axes.
2. The second and third terms contain the boundary stress concentrations
characteristic of the one-dimensional Wiener-Hopf integral equations [14]. Similar to the
1 1

one-dimensional case [14], they give features of the form x 2 and y 2 on the rectilinear
boundaries of the stamp. To study estimates of the behavior of the solution g(x,y) near
the boundaries and at the corner point of the stamp, using an estimate of the behavior of
the function Q(«, B), the following method of estimating the Fourier integral is used.

Estimation of Fourier integrals with a small parameter calculated from continuous
functions with the property having the form:

[7 ute ™ S(uydu, m>>1, Sw)=0@w™?), u>>1 x-0. (6)

It is obtained by replacing the integration parameter u = tx~1. It gives the value:
[o (e De S (xt Dx1dt ~ x A [T tre 0(t™V)dt ~ 0(x?), ReA<1, x - 0.

3. The fourth and fifth terms describe stress concentration at the angular point of
the stamp. Below are several examples that reveal properties of solutions to the two-
dimensional Wiener-Hopf integral equation that were not previously known.

Example 1. This is the simplest example that shows that the obtained solution (3)
turns into an exact solution of the integral equation (1) for the case when Eq. (1)
decomposes into one-dimensional equations solved by the traditional one-dimensional
method of Wiener-Hopf equations [5]. This happens when there is a separation of variables
in the core of integral equation (1), that is k(x,y) = k;{(x)k,(y). It happens when the
Fourier transform has a kernel, called the symbol K («, ) of the integral equation, with the
property K(a, ) = K;(a)K,(B). Performing the calculations required by Eq. (4) on the
symbol, we find: K, 44 5(a, B) = Ki1aq4+p(@)K2(B) = Kl(a)K2+ﬁ+a(ﬁ) = 0. Thus, in Eq. (4),
the last two terms on the right disappear and solutions of one-dimensional integral
equations remain.

Example 2. Thanks to operators (5) according to Egs. (3) and (4), the solution of the
two-dimensional Wiener-Hopf equation can be constructed for fairly general anisotropic
contact problems in an integral form. The construction of the solution q(x, y) values must
be obtained by performing numerical inversion of the integral (3) for specific tasks. To
identify the properties of the solution of the two-dimensional Wiener-Hopf integral
equation, one can use the approach first introduced by W. Koiter for one-dimensional
Wiener-Hopf integral equations. In contact tasks, W. Koiter [14] introduced the
approximation of the complex kernel of the one-dimensional Wiener-Hopf integral
equation by a simpler function to simplify its solution. In the case under consideration,
we choose the approximation of the kernel by the function:

K(a,B) =~ (a? + B?B? + AZ)‘§ = M(a,B), AB>0. (7)

This approximation is anisotropic and satisfies condition (2). We investigate
the integral equation (1) with the symbol M («, §). We show the rule of forming the terms
of the integrand function Q(a, ). When factorizing by some parameter, the rest
are on the real axis, although, for accuracy, they should also tend to infinity. Factoring
the function M(a,) by parameter onto the upper half-plane, we obtain:

M, (@ B) = [a+i(BB2+A%)z]2=0(a2) A>0.
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Factorization of a function M, ,(a, ) by a parameter f onto an upper complex
half-plane can be performed precisely, in integral form, by normalizing M,,(a,f)
to 1 for |B] > . To do this, consider a function tending to unity at.

1
We have: G(a,B) = Vi(B?B? + c?)iM,q4(a, /) = 1, |B]| = ©, ¢ = const, from here:
R 1 InG(a,mn)
Myqrp(aB) = (B +ic) s expoo [ ==2Fdn, B €.
1 1
From here we get an estimate: M, ,,5(a,B) » C(BF +ic) *=0(B+), |B|— oo

1 1
They are evaluated in exactly the same way: M, g(a, B) = O(B 2), Mypgiq(a,B) = 0(a *).
Introducing these estimates in the form M ;(a, 8), M ,,(a, ) on Eq. (6), we obtain, as

a result of a simple analysis: g(x,y) = O(r_%), r=,x%+y2

The result obtained makes it possible to make a comparison with the previously
studied isotropic case using the considered example. Assuming B =1 in Eq. (7), we
proceed to the isotropic case considered in [17,24]. Figure 2 shows a graph of the
singularities at the top of the wedge for their various values 26, 0<6 <m,

approximately calculated in [17]. In Fig. 2, it is necessary to consider the case %= 0.25

corresponding to the case of a right angle. There is no friction between the stamp and
the base for € = 0. Asymptotic approximations of Bessel functions were used for the
estimation in [17]. It shows that the value of the contact stress concentration at the

angular point obtained in this work r_% is close to the value calculated by the
approximate method.

Example 3. The described approach is applicable to wedge-shaped stamp of angle
v having solutions in the range 0 < v < 90° . The possibility of solving this problem is
provided by the application of topological transformations. Topology Recently, it has
been increasingly penetrating into various areas of mechanics [28-35]. In this case, to
solve the problem of contact problems for sharp-angled stamps, it is necessary to
construct a homeomorphic mapping of the topological space generated by the carrier and
the function of the sharp-angled stamp and the topological space for the stamp with a
right angle. The result is a solution to the integral equation for an acute-angled wedge.
In the constructed solution, then, a return is made to the initial parameters describing the
coordinates of the acute-angled wedge. One of the tests of the correctness of the
constructed solution for an acute-angled die is the exact satisfaction of the integral
equation of the contact problem and the values of the contact stress concentration
indicators at the angular points of the acute-angled stamps of different angles of the
solution. The values of the contact stress concentration at the corner points of the die,
calculated by the above method for different angles of the wedge solution, are given in the
table. They are close to the values obtained earlier by the approximate method in [17].
The solutions for contact problems for sharp-angled stamps have the form (3), (4),
in which it is necessary to introduce the parameters of the inverse mapping of the
constructed homeomorphisms for stamps. Omitting the details, we present a table of the
features calculated by the described method at the angular point of the wedge-shaped
die for different solutions of the wedge angle v.

Omitting the details, we present a table of calculated features at the angular point
of the wedge-shaped die for different solutions of the wedge angle v. Calculated
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indicators of the contact stress characteristics at the angular point of a wedge-shaped die
for different solutions of the wedge angle are presented in Table 1. All values are close
to those calculated by the approximate method in [17]. The advantage of the obtained
result is the representation of contact stresses in the form of decomposition into
components that perform a certain role by specifying the values of the concentration of
contact stresses under the stamp. This opens up the possibility of controlling the degree
of impact of the stamp on the deformable base by selecting the appropriate properties of
the stamp sole f(x,y).

Table 1. Calculated indicators of the contact stress characteristics at the angular point of a wedge-shaped
die for different solutions of the wedge angle q(x,y) = 0(r %)

v| 0° 10° 20° 30° 40° 50° 60° 70° 80° 90°
Al 1 | 09608 | 0.9222 | 0.8850 | 0.8498 | 0.8178 | 0.7902 | 0.7687 0.7548 0.7500

Conclusions

In this paper, for the first time, an exact solution of the two-dimensional Wiener-Hopf
integral equation is constructed by the factorization method. It allows solving a wide range
of contact problems for anisotropic composite materials and obtaining accurate solutions
in an integral form. In addition, the method allows us to construct high-precision
approximate solutions of contact problems in two-dimensional nonclassical domains, more
accurate than those performed by one-dimensional ones [12-17]. This approach replaces,
when applied [12-17], the need to detail the symbol of the integral equation in the
anisotropic case by calculating contour integrals, which is easily implemented by standard
computer programs. The paper presents the most general properties of the solution of this
integral equation, which will undoubtedly be enriched in the study of specific problems.
The solution can be used both in seismology to identify new precursors of seismic growth
in mountainous areas with anisotropic properties of the environment [26], and in
engineering practice when designing products using structural materials.

CRediT authorship contribution statement

Vladimir A. Babeshko - writing - review & editing, writing - original draft; Olga V.
Evdokimova ~<: writing - original draft; Olga M. Babeshko :writing - original draft;
Vladimir S. Evdokimov ~C: writing - original draft.

Conflict of interest

The authors declare that they have no conflict of interest.

References

1. Freund LB. Dynamic Fracture Mechanics. Cambridge: Cambridge University Press; 1998.

2. Achenbach ID. Wave propagation in Elastic Solids. Amsterdam: North-Holland Pub. Co.; 1973.

3. Abrahams ID, Wickham GR. General Wiener-Hopf factorization matrix kernels with exponential phase
factors. Journal of Applied Mathematics. 1990;50(3): 819-838.

4. Norris AN, Achenbach JD. Elastic wave diffusion by a semi infinite crack in a transversely isotropic
material. Journal of Applied Mathematics and Mechanics. 1984;37(4): 565-580.


https://doi.org/10.1137/0150047
https://doi.org/10.1093/qjmam/37.4.565
https://orcid.org/0000-0002-6663-6357
https://www.scopus.com/authid/detail.uri?authorId=7006355365
https://www.scopus.com/authid/detail.uri?authorId=57201387701
https://orcid.org/0000-0003-1283-3870
https://www.scopus.com/authid/detail.uri?authorId=6602333282
https://www.scopus.com/authid/detail.uri?authorId=57212310668

8 V.A. Babeshko, O.V. Evdokimova, O.M. Babeshko, V.S. Evdokimova

5. Noble B. Wiener-Hopf method. Moscow: Publishing house of foreign literature; 1962. (In Russian)

6. Tkacheva LA. The planar problem of vibrations of a floating elastic plate under the action of periodic
external load. Applied mechanics and technical physics. 2004;45(3): 420-427. (In Russian)

7. Chakrabarti A, George AJ. Solution of a singular integral equation involving two intervals arising in the
theory of water waves. Applied Mathematics Letters. 1994;7(5): 43-47.

8. Davis AMJ. Continental shelf wave scattering by a semi-infinite coastline. Geophysics, Astrophysics, Fluid
Dynamics. 1987;39(1-2): 25-55.

9. Goryacheva 1G. Mechanics of frictional interaction. Moscow: Nauka; 2001. (In Russian)

10. Goryacheva IG, Meshcheryakova AR. Modeling of accumulation of contact fatigue damage and wear in
contact of imperfectly smooth surfaces. Physical Mesomechanics. 2022. 25(4): 44-53. (In Russian)

11. Bazhenov VG, Igumnov LA. Methods of boundary integral equations and boundary elements. Moscow:
Fizmatlit; 2008. (In Russian)

12. Kalinchuk WV, Belyankova TI. Dynamics of the surface of inhomogeneous media. Moscow: Fizmatlit; 2009. (In Russian)
13. Kalinchuk W, Belyankova TI. Dynamic contact problems for prestressed bodlies. Elektrostal: Physical education; 2002. (In Russian)
14. Vorovich I, Babeshko VA Dynamic mixed problems of elasticity theory for nonclassical domains. Moscow: Nauka; 1979. (In Russian)
15. Vatulyan AO. Contact problems with adhesion for an anisotropic layer. Journal of Applied Mathematics
and Mechanics. 1977;41(4): 727 -734. (In Russian)

16 Kolesnikov VI, Belyak OA. Mathematical models and experimental studies - the basis for the design of
heterogeneous antifriction materials. Moscow: Fizmatlit; 2021. (In Russian)

17. Babeshko VA, Glushkov EV, Zinchenko JF. Dynamics of inhomogeneous linear elastic media. Moscow: Nauka; 1989.
18. Christensen R. Introduction to the mechanics of composites. Moscow: Mir; 1982. (In Russian)

19. Kushch VI. Micromechanics of Composites: Multipole Expansion Approach. Waltham: Elsevier; 2013.

20. McLaughlin RA. Study of the differential scheme for composite materials. International Journal of
Engineering Science. 1977;15(4): 237 -244.

21. Garces G, Bruno G, Wanner A. Load transfer in short fibre reinforced metal matrix composites. Acta
Materialia. 2007;55(16): 5389-5400.

22. Babeshko VA, Evdokimova OV, Babeshko OM. On the problem of evaluating the behavior of multicomponent
materials in mixed boundary conditions in contact problems. Materials Physics and Mechanics. 2022;48(3): 379-385.
23. Babeshko VA, Evdokimova OV, Babeshko OM. On the influence of multiple surface defects on the
behavior of media of different rheology. Materials Physics and Mechanics. 2020;37(5): 558-563.

24. Babeshko VA, Evdokimova OV, Babeshko OM. The exact solution by a universal method of modeling a contact
problem in a quarter plane of a multilayer medium. Applied Mathematics and Mechanics. 2022;86(5): 628-637.
25. Babeshko VA, Evdokimova QV, Babeshko OM. Exact Solution to the Contact Problem in a Quarter-Plane of a
Multilayer Medium by the Universal Simulation Method. Mechanics of Solids. 2022;57: 2058-2065. (In Russian)
26. Babeshko VA, Evdokimova OV, Babeshko OM. On a mechanical approach to the prediction of
earthquakes during horizontal motion of litospheric plates. Acta Mechanica. 2018;229: 4727 -4739.

27. Zaalishvili VB, Melkov DA, Gabaraev AF, Merzlikin TI. Nonlinear vibrations of the soil column according to
instrumental and numerical data. Geology and Geophysics of the South of Russia. 2021;11(4): 70-82. (In Russian)
28. Awrejcewiez J, Krysko VA, Mitskievich SA, Zhigalov MV, Krysko AV. Nonlinear dynamics of heterogeneous shells. Part 1:
Statics and dynamics of heterogeneous variable stiffness shells. Intemational Journal of Non-Linear Mechanics. 2021;130: 103669.
29. Edore G. Arhore, Mehdi Yasaee, Iman Dayyani. Comparison of GA and topology optimization of adherend for
adhesively bonded metal composite joints. International Journal of Solids and Structures. 2021;226-227:11107.
30. Fernandez L, Novotny AA, Prakash R, Sokotowski J. Pollution Sources Reconstruction Based on the
Topological Derivative Method. Applied Mathematics & Optimization. 2021;84(5): 1493-1525.

31. GonsalvesJF, Moreira JBD, Salas RA, Mohammad MG, Wilfredo MR, Emilio CNS. Identification problem of acoustic media in the
frequency domain based on the topology optimization method. Structural and Multidisciplinary Optimization. 2020;62: 1041-1059.
32. Huang M, Lim X, Lei Y, Gu J. Structural damage identification based on modal frequency strain energy assurance
criterion and flexibility using enhanced Moth-Flame optimization. Structures. 2020;28(1-2): 1119-1136.

33. Pena M, Rapun ML. Application of the topological derivation to post-processing infrared time-harmonic
thermograms for defect detection. Journal of Mathematics in Industry. 2020;10: 4.

34, Xavier M, Van Goethem N, Novotny AA. Hydro-mechanical fracture modeling governed by the
topological derivatives. Computer Methods in Applied Mechanics and Engineering. 2020;365: 112974.

35. Babeshko VA, Evdokimova OV, Babeshko OM. Topological Structures of Boundary Value Problems in
Block Elements. Doklady Physics. 2016;61(10): 510-513.


https://doi.org/10.1023/B:JAMT.0000025025.38066.ab
https://doi.org/10.1016/0893-9659(94)90070-1
https://doi.org/10.1080/03091928708208804
https://doi.org/10.1080/03091928708208804
https://doi.org/10.1134/S1029959922060042
https://doi.org/10.1016/0021-8928(77)90125-3
https://doi.org/10.1016/0021-8928(77)90125-3
https://doi.org/10.1016/C2012-0-03565-X
https://doi.org/10.1016/0020-7225(77)90058-1
https://doi.org/10.1016/0020-7225(77)90058-1
https://doi.org/10.1016/j.actamat.2007.06.003
https://doi.org/10.1016/j.actamat.2007.06.003
https://doi.org/10.18720/MPM.48(3)2022_8
http://dx.doi.org/10.18720/MPM.4252019_9
https://doi.org/10.31857/S0032823522050046
https://doi.org/10.3103/S0025654422080039
https://doi.org/10.1007/s00707-018-2255-7
https://doi.org/10.46698/VNC.2021.77.59.006
https://doi.org/10.1016/jijnonlinmec.2021.103669
https://doi.org/10.1016/j.ijsolstr.2021.111078
https://doi.org/10.1007/s00245-020-09685-0
https://doi.org/10.1007/s00158-020-02638-9
https://doi.org/10.1016/j.istruc.2020.08.085
https://doi.org/10.1186/s13362-020-0072-9
https://doi.org/10.1016/j.cma.2020.112974
https://doi.org/10.1134/S1028335816100086

