MATERIALS PHYSICS AND MECHANICS RESEARCH ARTICLE

Submitted: October 9, 2024 Revised: April 17, 2025 Accepted: June 25, 2025

Temperature-dependent phase leg and non-local thermoelastic
damping and frequency shift in thermoelastic plates

R. Kumar "', P. Singhal **

Kurukshetra University, Kurukshetra, India

*poojaacad009@gmail.com

ABSTRACT

Thermoelastic damping and frequency shift are critical factors influencing the performance and stability of
micro- and nano-scale resonators, such as those employed in MEMS and NEMS devices. Traditional
thermoelastic models often overlook important scale-dependent behaviors, thermal relaxation effects, and
material property variations with temperature, leading to inaccuracies at small scales. To address these
limitations, the present study investigates thermoelastic damping and frequency shift in a Kirchhoff plate
resonator by incorporating non-local elasticity theory, the dual-phase lag heat conduction model, and
temperature-dependent material properties. In order to investigate thermoelastic damping and frequency
shift of Kirchhoff plate resonator, the current work takes into account the influence of non-local, dual phase
leg, and temperature dependent properties on thermoelastic theory. The governing equations, comprise
equations of motion and heat conduction equation which include a temperature-dependent property,
a dual-phase leg model along with non-local parameters are formulated with the assistance of Kirchhoff-
Love plate theory. Under the simply supported boundary conditions, thermoelastic damping and frequency
shift are analysed. The derived amounts are graphically displayed with different thickness and length
values. The current work additionally deduces a specific example of interest. Results are graphically
presented to illustrate key trends, and a specific numerical example is discussed to demonstrate the
applicability of the model. This study enhances the accuracy of thermoelastic analysis in micro-scale
resonator design by integrating advanced theoretical considerations often neglected in conventional
models.
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Introduction

It is well known that in many cases, non-uniform beams may achieve a better distribution
of strength and weight than uniform beams and sometimes, it satisfies special
architectural and functional requirements. Therefore, the static and dynamic analysis of
beams with variable thickness has been the subject of numerous investigations because
of its relevance to aeronautical, civil, and mechanical engineering. Most studies are
available on variable thickness beams based on either the Euler beam or the Timoshenko
beam theory.

In many advanced materials and microscale systems, the interaction between an
external electric field and charge carriers is governed by the mutual competition between
two dynamic processes: the electromagnetic field propagation and the carrier transport
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dynamics (e.g., drift, diffusion, or thermal motion). The electric field tends to polarize the
medium and accelerate charge carriers, while the carriers themselves, influenced by
temperature gradients and scattering mechanisms, redistribute and modulate the local field.
This interplay creates a feedback loop that can significantly influence heat conduction,
damping behavior, and the dynamic response of thermoelastic systems. At micro- and nano-
scales, where quantum and non-local effects become significant, the delayed response of
heat carriers and non-uniform charge distribution due to size confinement can lead to non-
intuitive behavior, such as enhanced damping or frequency shifts.

Thermoelastic damping (TD) is a form of structural damping that arises from the
interaction between thermal and mechanical fields. In a bending thermoelastic structure, the
inner side of the bend experiences compression while the outer side experiences tension.
This interaction between the thermal and mechanical fields creates a thermal gradient,
which results in irreversible heat generation within the structure. This heat generation
subsequently leads to entropy production and ultimately causes energy dissipation.

The mechanism and magnitude of linear thermoelastic damping (TD) in a flexural
vibrating thin beam have been extensively investigated. TD is commonly assessed using
the inverse of the quality factor (Q) [1,2] established the theoretical basis for TD and
formulated an expression to calculate the quality factor for a thin beam oscillating in its
flexural mode. Thermoelastic damping in micro-beam resonators was discussed by [3].

Conventional continuum theories are often unsuitable for accurately describing the
behavior of nanostructures with extremely small characteristic sizes but nonlocal
continuum theories effectively describe material properties from microscopic scales up
to the size of the lattice parameter, thus providing a satisfactory explanation for certain
atomic-scale phenomena. In [4], it was developed non local theory of elasticity. In [5], it
was introduced theory of nonlocal thermoelasticity in which stress at a point x in a
continuous body is not solely determined by the strain at that point, but also by the strains
at all surrounding points. In study [6], it was expected to be helpful for the theoretical
modeling of thermoelasticity at the nano-scale and may be beneficial for the design of
nano-sized and multi-layered devices.

Currently, most investigations into thermoelastic damping (TD) assume that
material properties are temperature-independent. However, for many materials,
properties such as the modulus of elasticity, thermal conductivity, and specific heat
actually vary with temperature. To thoroughly examine the interaction between thermal
and mechanical fields, it is essential to consider the impact of temperature-dependent
material properties, even within a narrow temperature range.

The elasticity solution for the clamped- simply supported beams with variable
thickness was presented in [7]. In [8], it was investigated the thermoelastic damping of
vibrations in arbitrary direction in coupled thermoelastic plate. In [9], it was studied the
transverse vibration in piezothermoelastic beam resonator, based on Euler-Bernoulli
theory for clamped and free end conditions. In [10], it was developed a size- dependent
Bernoulli-Euler beam formulation on the basis of new model of couple stress theory and
prepared the mathematical formulation for clamped (C-C), simply supported (5-S) and
cantilever (C-F) boundary conditions.

The influence of heat sources and relaxation time on temperature distribution in
tissues was studied in [11]. In [12], it was studied the exact solution of thermoelastic
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damping and frequency shift s in a nano-beam resonator. In [13], it was explored the
damping characteristics in microscale modified couple stress thermoelastic circular
Kirchhoff plate resonators. In [14], it was introduced effect of temperature dependent
material properties on thermoelastic damping in thin beams. Some results in Moore-
Gibson-Thompson thermoelasticity of dipolar bodies are examined in [15]. In [16], it was
studied the thermoelastic damping in nonlocal nanobeams considering dual-phase-lagging
effect. The response of nanobeams with TDP Using State-Space Method via modified
couple stress theory was described in [17]. In [18], it was discussed the thermoelastic
damping and frequency shift in Kirchhoff plate resonators based on modified couple stress
theory with dual-phase-lag model. Study [19] focused frequency shifts and thermoelastic
damping in different types of nano-/Micro-scale beams with sandiness and voids under
three thermoelasticity theories. A combined model for power generation planning with
reserve dispatch and weather uncertainties including penetration of renewable sources was
presented in [20]. In [21], it was proposed a model for a micro-grid architecture
incorporating the role of aggregators and renewable sources on the prosumer side, working
together to optimize configurations and operations. The frequency shifts and thermoelastic
damping in distinct micro/nano-scale piezothermoelastic fiber-reinforced composite
beams under examined some three heat conduction models were presented in [22]. In [23],
it was explored functionally graded nonlocal thermoelastic nanobeam with
memory-dependent derivatives. In [24], it were discussed the effects of two temperature
and laser pulse on modified couple stress thermoelastic diffusion beam. In [25], it were
provided analytical modeling and numerical analysis of thermoelastic damping in ultrathin
elastic films due to surface effects. In [26], it was analysed the magneto-thermoelastic
vibrations of rotating Euler-Bernoulli nanobeams using the nonlocal elasticity model. A
buckling analysis of thermoelastic micro/nano-beams considering the size-dependent
effect and non-uniform temperature distribution was provided in [27]. In [28], it was
discussed the vibration of piezo-magneto-thermoelastic nanobeam submerged in fluid
with variable nonlocal parameter. In [29], it was computed phase velocities, attenuation
coefficients, specific loss, penetration depth and construct the fundamental solution of the
system of differential equations in the theory of an electro-microstretch viscoelastic solids
in case of steady oscillations in terms of elementary functions. The propagation of Lamb
waves in a homogeneous isotropic thermoelastic micropolar solid with two temperatures
bordered with layers or half-spaces of inviscid liquid subjected to stress free boundary
conditions was studied in [30]. In [31], it was constructed fundamental solution for the
system of differential equations for steady oscillations in terms of elementary functions. A
novel technique is used to study the magnetic field influence in the free surface of an
elastic semiconductor medium for a one- dimensional (1D) deformation during the
hyperbolic two-temperature theory to study the coupled between the plasma, thermo-
elastic waves was proposed in [32]. Study [33] examined the interaction between the
magnetic field and the excited semiconductor medium during the microtemperature
process. In [34], it was studied the effect of Hall current of elastic semiconductor medium,
when the medium is exposed to very strong magnetic field. In [35], it was presented the
graphical comparison by showing that the exact and numerical solutions nearly coincide
with each other. The electro-magnetic-thermal-microstretch elastic mathematical-physical
model of semiconductor medium was investigated in [36]. In [37], it was formulated a novel
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model of a microelongated semiconductor material. Thermal and elastic interactions in
isotropic microplate resonators with elastic and viscous properties, exhibiting Kelvin-Voigt
behavior, under a uniform magnetic field were investigated in [38]. In [39], it was examined
the modeling of the transient thermodynamic reaction of a Kirchhoff-Love thermoelastic
thin circular plate that is simply supported and set on an elastic base of Winkler type. In
[40], it was found that the initial stress and the fractional parameter significantly influences
the varieties of field amounts. A model that is highly effective in properly depicting the
unusual thermal conductivity phenomena often found in nanoscale devices was proposed
in [41]. In [42], it was examined the thermoelastic behavior of functionally graded (FG)
materials using a partially modified thermoelastic heat transfer model.

Basic equations

Following [6,43] the governing equation in generalized thermoelastic dual-phase-lag
model without body forces and heat sources are:
Constitutive relations:
tij = Aexdj + 2ue;; — BT6;;. (1)
Equations of motion:

— - 62_)
A+ V(. 0) + uV2.u - BVT = p(1— Efvz)a—:. )
Equation of heat conduction:

O\ p2pr _ (1 _ 2 g 0° dexk
K(1+TTat)VT_(1 §2Ve + qat+zat2)(p"’at+ﬁTO )’ (3)
where

1
€ = E(ui,j + u]',i). (4)

Additionally, in Egs. (1)-(4), the constants Lame are A and u . Kronecker’s delta is
8;j, the components of stress tensor is t;;, and the components of strain tensor is e;;,
B = (31 + 2u) a;, the coefficients of linear thermal expansion are a, respectively, the
temperature change is denoted by T, the displacement vector is u, the density is p ,the
Laplacian operator is A,and the del operator is V. The coefficient of the thermal
conductivity is K, the non-local parameters are represented by &;, &,, the specific heat at
constant strain is represented by C,, and the reference temperature is T, is assumed to
be such that T /T, « 1. The phase lags of the temperature gradient and the heat flux are
denoted by 77 and 7, respectively.

To explore the impact of temperature dependent property, the following
assumptions are taken as: 1 = Aof (t); u = puof (t), k = kof (t); B=Lof (t), E = Eof (t),
where f(t) = 1(1 — a*T,), a* is the empirical material constant and f(t) = 1 for the
temperature independent material.

Formulation of the problem

Let us examine a non-local thermoelastic Kirchhoff plate with temperature dependent
properties and dual phase leg resonators that have uniform thickness h. The center of the
plate is where the Cartesian coordinate system (x, y, and z) originates. When the plate is
in equilibrium, it is not under any stress or strain and maintains a constant temperature
of T, throughout. The temperature T (x, y, z, t), the displacement components u (x, y, z, t),
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v(xy, z t),and w (x, y, z, t) are defined. The displacement components, as per Kirchhoff's-
Love Plate theory, are provided by:

R —l _
U=—z_—V=—2 ay,w(x,y, z,t) =w(x,y,t). (5)
Following [44], the strain and stress components are taken as:
0%w
fx = 2 2%, ©)
62
&y = 2550 )
_ 9w __ Eof(O)z 2%w
Yxy = _Z.UOf(t)Zaxay = (1+v) 0x3y’ (8)
Eof ()
bex = 2L (0 + vEyy — (1 + D)y T), 9)
Eof ()
tyy = (10va) (eyy + vey, — (1 + v)aTT), (10)
where E, and v, is Young’s modulus and the Poisson ratio respectively, which are given by:
Eq = po (30 + 2140) /(Ao + o), (11)
vy = Ao/2(Ao + o). (12)
Following [44,45], the bending and torsion moments are defined as follows:
h/
= f_hfz tyy Z d2, (13)
hy
M, = f_hiz tyyzdz, (14)
hy
M,y = f_hiz tyyzdz = My,. (15)
Equations (13)-(15) recast with the aid of Egs. (5)-(10), as
My, = —D* (2% + vy Z¥ 4+ apMp(1 +v) 16
x = 5.z T Vo 3y2 arMr v) ) (16)
2 2
My = —D* <ZTV; + vO a_‘,: + aTMT(l + v)), (17)
M,, = axay = (D*(1 = v, ), (18)
where D* = E,f(t)h3/12 (1 — v,?) is the flexural rigidity of the plate.
The equations for shear force resultants are:
M, . OMy M, M,
Qx = E + a_yy’ Qy y axy. (19)
The equation of motlon (force equilibrium z in the direction) is given as:
00x aQy _ 2\ 9w _
> T 50 ph(1 — &2V )atz 0. (20)

Usmg Eqs. (16)-(18) in Egs. (19), (20), then the equation of motion for micro plate
with symmetry about y-axes is taken aS'

* Eof(t)a’T a*Mr _ 2 _

D*— (1 opd 972 + ph(1— &2V )atz =0. (21)
The thermal moment is given by:

My = Bof ()d |- h2 T zdz. (22)
The heat conduction equation is:

oT a3

kof (t) (1 + 17 )VZT (1 — &V + 1, 5 + atZ) (pce vl Toﬁof(t)zvz\gt), (23)

where
a2 92

0x2 = 0z?%



99 R. Kumar, P. Singhal

For further simplification, the following non-dimensional quantities are taken as:
(x',z',u',w") = (x,z,u,w)/L, (t(’pt’T, t’) = (Tq,TT, t)v/L, T'=T/T,,
M7 = My /dBToh? vo® = E/p, &1 = & /L, &5 = & /L, Q1=110Q".

Equations (21) and (23) taking into account Eq. (24) reduce to the form:
64

2 _
6x4 +a 1 ax .2 +a2 (1_€1V ) 6t2 0) (25)
O\ (92T L 2T\ _ (1 _ g2y2 0, 7507 or _ 0w _
a3 (1 tr 6t) (6x2 + 622) (1 &V Tae T3 atz) (a4 at ZaxZat) =0, (26)
here EarToh?L phv? L2 ko
w 1= (1-v)D* ' 2=  p* a3 = LvBo’

Following [46], the solution of Egs. (25) and (26) for time harmonic vibrations are
taken as:
w(x,t) = W(x)e'®t, T(x,zt) = 0(x,z)e'“t. (27)
where w denotes the frequency of the plate.

Substituting the values of T from Eq. (27) in Eq. (22):

My = ,Bdf @(x z) zdz. (28)
Making use of Eq. (28) in Egs. (25) and (26) yield:
ot a2 — wla, (1 - EVAHW =0, (29)
. . 2 22w
as;(1 + triw) (— + a?) iw (1 — &V 4 14iw — %Té) (a4(5) -z ) (30)

Thermal field on the thickness direction

The thermal gradient of the plate is very small as compared to that along its thickness
direction:

00 20 9[22
(I fox| <[%®/a,|) 52 [252] = 0. (31)
With these considerations Eqg. (30) take the form:
+ R, =0, (32)
where
2 — Ay THiw _ lwTy . . . w?
R, = —a3+iZn; , R, = a4+i(j‘r’£'Tt = a3Tr + &304, 75 = (1 + Tgiw — 71’5). (33)

In this case, it is assumed that there is no heat across the upper and lower surfaces

of the plate, then:
20

Pl =0, z= +— (34)
Using conditions of Eq. (34), the general solution of Eq. (30) is written as:
_ Ry _ sin(Ry2) a*w
0(x,2) = R{? (Z R cos (th/2)> ox?’ (33)
Inserting the value of ® from Eq. (35) in Eq. (28) yield:
_ h/z R; sin(R,2) 2w
My = pd f_h/z Ri? (Z Ry coS(th/z) Ox? zdz. (36)
The above equation takes the form:
—BdR,h3 a%w
My = R+ FRO1 S, (37)

where f(R;)is a complex function expressed as below:

f(RY) = o (B — tan ™), (38)
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From Eq. (37)

0°M __ BdRzh

axze = 12R22 (1 +fR (39)
Equation (39) with the a|d of Eq. (28) yield:

a*w dRyh3 2% 92

dx4 1512R 2 (1 +f(R1)) 9x 4 a)zaz <1 - Ef (ﬁ +ﬁ)> W = 0 (40)
Slmpllfylng Eqg. (40) with the aid of Eq. (31):

* da?

Dy 5+ wlay 20 — wPa, W =0, (41)

where

D= (1+e(l+f(R);e = -7 (42)

For the isothermal state of Nano beam Eq. (41) takes the following form:
4 4
va‘lf + wyla, &2 C;xvf —wola, W =0, (43)
where w, refers to the nonlocal isothermal frequency.
Solution of Eq. (43) yields:
(x) = C;SinA,x + C,CosA x + C3SinhA,x + C,CoshA,x, (44)
where C;, C,, C3, C, are constants.
Substitution Eq. (44) in Eq. (43) yields:
® 2 _ /114 _ AZ4
0 (1+4,%ED)a, (1-12%ED)ay”

Boundary conditions

It is taken into consideration that a micro plate whose ends are either clamped-clamped
(CC), simply supported (SS), clamped-clamped (CC) and clamped free (CF) in which case
the following boundary conditions for the two sets [44]:

Case (i) For Clamped-Clamped (CQ): W = 0,2—‘;\/ =0,x=0,L. (46)

Case (ii) For Simply Supported (SS): W = 0, ‘?:xvr =0, x=0,L. (47)

Case (iii) For Clamped Supported (CS): W = 0, ‘;—ZV =0, ZZVZV =0, x=0,L. (48)
w acw

Case (iv) For Clamped Free (CF): W = 0, Z—‘f: = T = o = =0, x=L (49
Substituting Eq. (44) in the boundary conditions Egs. (46)-(49), the following set of
frequency equations are obtained:

CC: Case (i). 2 CosAyL CoshA,L + (— - —) SinA,L SinhA,L — 2 = 0. (50)
SS: Case (ii). Sin(1,L) = 0. (51)
CS: Case (if). X, SinA,L CoshA,L — A, SinhA,L CosA;L = 0. (52)
CF: Case (iv). 2CosA,LCoshA,L + (— - —) SinA,LSinhA,L + ( 1+ ) = 0. (53)

Take note that Eq. (45) describes the relationship between A1 and A, These
transcendental equations can be solved, and the nonlocal isothermal frequency w, of
each boundary condition can be found by substituting the solutions into Eq. (45).

Making use of Eqg. (44) in boundary condition Eq. (47) yield:

Sin(A44L) = 0. (54)

From above equation 4, = nL—” ne I.
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Comparing Eq. (41) and Eq. (43) gives the following relation between w and w,:
W = wo\/ 1+e(1+ (f(Rl))). (55)

Given that the relaxation strength value is often small (¢ « 1), the right-hand side
of Eq. (55) can be expanded to the first order as shown below:

w=wo|(1+5A+f(wy)]. (56)
flwo) = 755 (5~ tan 1), (57)

From Eq. (32), since the quantity R,%in Eq. (33) is complex in nature, the following
equations can be obtained by applying Euler's theorem:

—ie ’ * 3 LUR*-KL;"
Ri=Ryez2,Ry= %,9=tan"1[— R R - ], (58)

Kw?2pceTqLlu+wR*Ly"

where s, = \/(KZ + w2R**)(w*p2c,2T212v2 + Ll*z), R* = Kty + &2 pc,Lv,

3
L= (%pceLvr?I — wpce), L, = K% + w?R*.
Replace w with w, in Eq. (58):

R, =2p, (Cos g—iSin g) (59)
and
(K2+wo2R**) (wo*p2Cce?T2L2V2 +1 *2) 3 ¥ gy
1= \/J : 2(1(2:w ZR*Z)q —,0 = tan”? [_ K(:)Ozpcefql;UR KL*l ] (60)
0 02pCeTqlu+woR*Ly
The frequency w is complex in nature and hence:
Wy, = W™ +iw™, wp™ = Re(wy), w;™ = Img(w,), (61)
30 . 30 ..
n € 6Cosf 6\/7C0$7 Sing; +tan=-Sinh(s162)
CrT T o [1 i {(1 * (P12 (p1h)3 Cosg1+Cosh(g162) ’ (62)
n _ € 6sing fﬂ/ECOS? Singltan?—Sinh(glgz) 63
R IO P OE Cosg1+Cosh(5162) (63)

where, ¢; = \2p,hCos g, ¢, = tan g.
The thermoelastic damping and frequency shift in a thermoelastic circular plate are
understood as follows [47]:

-1 _ Img (wy)
Q - 2 Re (wn) ’ (64)
= %ﬂj“"o _ (65)

Numerical results and Discussion

Equations (64) and (65) were utilized to calculate the thermoelastic damping Q! and
frequency shift w, of the initial two vibration modes, both in the absence and presence
of pair stress. MATLAB software has been utilized to perform numerical computations on
magnesium material. For simply supported plates with different thickness and length
values, the computed simulated results are shown graphically in Figs.1-16 and in
Tables 1-10 below.

Following [24]: p = 1.74-10% C, =1.0400, A =2.696-10%, u=1.639-10%, K=1.70-10?,
=293 a,=17810" 1, =0.04, 7, =0.02, o =10.
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The damping values are presented in Table 1 for different lengths and with varying
values of the non-local parameter &:. The table includes lengths up to 45.2, with & varying
from 0 to 0.8, while & is fixed at 0.04. An increase in the damping value is observed within
the range of 2.32-10° to 1.90-102 as the length changes from 5.2 to 25.2 for & = 0.4.
Similarly, damping increases with the increase in & for the same length. For instance, the
damping value is 1.82-10* for a length of 20.2 and & = 0; this increases to 1.95-10 for
& = 0.8 for the same length.

Table 1. Damping for different lengths keeping fixed & = 0.04

£ L 0.2 5.2 10.2 15.2 20.2 25.2 30.2 35.2 40.2 45.2
1
0 4.32 6.52 1.32 1.40 1.82 1.85 2.93 4.56 8.87 3.45
102 10 -107 -10° -10* -10°3 -10°3 1073 -10°2 -102
0.4 7.66 2.32 8.52 3.11 8.61 1.90 3.53 5.99 9.15 1.28
) 102 10 -10* 103 1073 -1072 -1072 1072 -1072 10
06 5.82 8.26 1.78 5.95 1.45 3.08 5.76 9.33 1.37 191
) 1020 10 1073 103 -1072 -1072 -1072 1072 10! 10
0.8 245 1.83 2.59 8.24 1.95 4.44 8.27 1.36 2.08 3.04
) 10 -10* 1073 103 -1072 -1072 -1072 10 10! 10

Table 2 illustrates the variation of frequency shift for different lengths with various
values of &, while maintaining &, fixed at 0.04. At a length of 5.2, the frequency shift is
1.47, which increases to 8.11-10° at a length of 40.2 for & = 0.4. Similarly, the frequency
shift increases from 3.21-10? to 1.66-107% as & varies from 0 to 0.8 for a length of 10.2.
It is evident that the value of frequency shift increases with the increase in length and
the non-local parameter é&;.

Table 2. Frequency shift for different lengths keeping fixed & = 0.04

£ L 0.2 5.2 10.2 15.2 20.2 25.2 30.2 35.2 40.2 45.2
1

1.78 3.21 1.20 3.33 6.89 1.19 1.61

0 108 115 10 >>7 34.9 -102 102 -102 -10° 102

1.86 3.30 9.02 1.87 3.33 5.38 8.11 1.16

04 108 147 60.2 -102 -102 -10° -10% -10% -10° -10*

06 4.19 299 1.13 5.35 141 2.89 5.07 8.08 1.21 1.73

) 108 ) -10? -10? -10° -10° -10° -10° -10* -10*

0.8 7.45 5 80 1.66 7.32 1.89 3.77 6.47 1.02 1.50 212

) 108 ) -10? -10? -10° -10° -10° -10* -10* -10*

Table 3. Damping for different lengths keeping fixed & = 0.5
L
&

0.2 5.2 10.2 15.2 20.2 25.2 | 30.2 35.2 40.2 | 45.2

0 | 9.09-10% | 9.67-10* | 3.64-10? | 0.153 | 0.367 | 0.327 | 0.321 | 0.0329 | 0.348 | 0.383
0.4 | 7.30-10%® | 8.14-10° | 6.45-10? | 0.281 | 0.666 | 0.398 | 0.358 | 0.353 | 0.366 | 0.399
0.6 | 1.62:10Y | 1.32:10?% | 7.39-10%2 | 0.324 | 0.763 | 0.413 | 0.365 | 0.358 | 0.370 | 0.402
0.8 | 2.81.10"Y | 1.54.10% | 7.78-10? | 0.341 0.8 0.419 | 0.368 | 0.359 | 0.371 | 0.403
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Table 3 illustrates the variation of damping for different lengths with different values
of &, while keeping & fixed at 0.5. At a length of 10.2, the damping value
is 7.39-10, which increases to 4.02-10? at a length of 45.2 for & = 0.6. Similarly, damping
increases from 3.21-101 to 3.68-10" as &, varies from 0 to 0.8 for a length of 30.2. This analysis
highlights the trend where the damping value increases with the increase in length.

Table 4 displays the variation of frequency shift for different lengths with different
values of &, while maintaining & fixed at 0.5. At a length of 10.2, the frequency shift is
1.70-10?%, which increases to 1.33-10° at a length of 45.2 for & =0.0. Similarly, the
frequency shift increases from 7.49-10% to 5.32-10° as &; varies from 0 to 0.8 for a length
of 15.2. It is evident that the value of frequency shift increases with the increase in length
and the non-local parameter &,.

Table 5 presents damping values for different thicknesses while fixing &, at 0.04. Four
values of & are considered: 0, 0.2, 0.6 and 0.8, with thickness ranging from 0.2 to 1. The table
reveals a trend where damping decreases as thickness increases and increases with &.

Table 4. Frequency shift for different lengths keeping fixed & = 0.5

£ L 0.2 5.2 10.2 15.2 20.2 25.2 30.2 35.2 40.2 45.2
2
0 1.88 5 86 1.70 7.49 1.77 6.98 1.89 4.11 7.77 1.33
-107 ) -10? -10? -10° -10° -10* -10* -10* -10°
0.4 4.18 303 3.86 1.62 3.87 2.27 6.73 1.52 293 5.07
) -107 ) -10? -10° -10° -10* -10* -10° -10° -10°
06 4.25 551 7.56 3.15 7.59 4.92 1.48 3.37 6.53 1.13
) -107 ) -10? -10° -10° -10* -10° -10° -10° -10¢
0.8 4.13 797 1.27 5.32 1.29 8.63 261 5.97 1.16 2.00
) 107 ) -10° -10° -10* -10* -10° -10° -10¢ -10¢

Table 5. Damping for different thickness keeping fixed &, = 0.04

¢ "I 02 | 025 | 03 | 035 | 04 | 045 | 05 | 055 | 06
1
276 | 131 | 735 | 451
0 112 | o714 | o032 | 0273 | ot | TO | 5| T | o
291 | 478 | 546 | 445 | 338 | 258
02 | o768 | 0267 | 033 | T | U5 | 20 | G | 100 | 1o
06 | 181 | 113 | 0719 | 0477 | 0333 | 0255 | 0212 | 0176 | 0138
08 | 295 | 193 | 128 | 0876 | 0631 | 0495 | 0422 | 0366 | 0302
¢ "| 0es | 07 | 075 | 08 | o8 | 09 | 095 1
1
0 300 | 402 | 188 [ 122 83 632 | 763 | 478
10°% | 107 | 10* | 10® | 10* | 10* | 10* | -10*
02 20 155 122 | 979 80 666 | 563 | 484
' 10° | 10® | 10* | 10* | 10* | 10* | 10* | -10*
748 54 395 | 291 | 217 | 164 | 126
06 | M | 402 | 402 | 402 | 102 | 107 | 102 | 10
976 | 729 | 551 | 421 | 325
08 | 023% | 0177 | 0132 | 5 | 15 | Too | 4or | o0
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For instance, damping decreases from 2.93 to 1.12 as & decreases from 0.8 to O for
a thickness of 0.2. Conversely, damping decreases from 3.38-10 to 1.12-107 with the
increase in thickness from 0.5 to 0.75 at & = 0.2. This observation underscores the inverse
relationship between damping and thickness, and the direct relationship between
damping and the non-local parameter &;.

Table 6 presents various frequency shift values for different thicknesses and &, with
a fixed value of & =0.04. At a thickness of 0.25, the frequency shift is 1.75-10% which
decreases to 1.73-10° at a thickness of 0.95 for & = 0.0. Similarly, the frequency shift
increases from 2.0-10* to 5.42-10* as &; varies from O to 0.8 for a thickness of 0.35. It is
evident that the frequency shift decreases with an increase in thickness and increases
with an increased value of the non-local parameter ..

Table 6. Frequency Shift for different Thickness keeping fixed &, = 0.04

& h 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6
0 2.29 31 1.83 20 6.93 6.31 5.16 4.19 343
-10° -10* -10* -10* -10° -10° -10° -10° -10°
0.2 445 175 517 249 381 44 4.23 3.88 35
) -10* -10* -10° -10% -10° -10% -10° -10° -10°
06 197 1.06 6.66 4.65 349 273 221 181 152
) -10° -10° -10* -10* -10* -10* -10* -10* -10*
0.8 2.26 123 7.76 542 408 3.24 265 222 1.89
) -10° -10° -10* -10* -10* -10* -10* -10* -10*
& h 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
0 284 2.89 198 1.68 144 1.25. 1.08. 943
-10° -10% -10? -10% -10? -10% -10? -102
0.2 314 283 255 23 208 19 173 158
) -10° -10% -10? -10% -10? -10% -10? -10°
06 13 112 9.76 8.61 7.66 6.86 6.18 5.6
) -10* -10* -10° -10° -10° -10° -10° -10°
0.8 1.63 142 125 11 9.83 8.83 7.98 7.24
) -10* -10* -10* -10* -10° -10° -10° -10°

Table 7. Damping for different thickness keeping fixed & = 0.5

h
0 0.2 0.25 0.3 0.35 04 | 045 0.5 0.55 0.6
647 | 398 | 258 | 176 | 122
0 | 118 | 0323 | 0155 | 0102 | 0% | oo | 102 | 400 | 402
02 ] 23 157 115 | 092 | 0806 | 0754 | 0727 | 0705 | 0677
06 [ 237 163 12 | 0977 | 0877 | 0848 | 0.854 | 0876 | 0.902
08 [ 237 163 121 | 0981 | 0881 | 0853 | 0862 | 0.887 | 0918
¢ " oes 0.7 0.75 0.8 0.85 0.9 0.95 1
2
o | 861 | 623 | 459 | 344 [ 261 | 201 | 157 | 124
10% | 10® | 10® | 10* | 10® | 10* | 10® | -10°

0.2 | 0.642 0.599 0.549 0.496 0.442 0.389 0.339 0.294
0.6 | 0.928 0.951 0.969 0.983 0.991 0.994 0.99 0.981
0.8 | 0.949 0.981 101 1.03 105 1.07 1.08 1.09
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Table 7 presents various values of damping for different thicknesses and &,, with a
fixed value of & = 0.5. The damping value increases from 9.77-10* to 9.94-10! with an
increase in thickness from 0.35 to 0.9 for & = 0.6. Conversely, damping decreases from
3.23-10* to 1.63 with an increase in & from 0 to 0.8 for a thickness of 0.25.

The Table 8 lists various frequency shift values for different thicknesses and &, with
a fixed value of & =0.5. At a thickness of 0.3, the frequency shift is 9878118.5, which
decreases to 71532.1 at a thickness of 0.85 for & = 0.8. Similarly, the frequency shift
increases from 36698.3 to 432373 as & varies from 0 to 0.8 for a thickness of 0.6. It is
evident that the frequency shift decreases with an increase in thickness and increases
with an increased value of the non-local parameter ¢&,.

Table 8. Frequency shift for different thickness keeping fixed & = 0.5
: 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6
2

0 | 2883508 | 1290230 | 644145 | 348412 | 200973 | 122490 | 78422.1 | 525294 | 36698.3
0.2 11(1)7 5049251 | 2490816 | 1324891 | 747222 | 442257 | 272814 | 174542 | 115398
0.6 2187 11(1)7 5568845 | 2952666 | 1658042 | 975718 | 597432 | 378641 | 247411
0.8 137 . 12 67 9878118 | 5231594 | 2933246 | 1722637 | 1051994 | 664500 | 432373
: 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

2

0 26665.5 | 20093.3 | 15650.9 12556 10335.5 | 8696.03 | 7451.61 | 6481.94
0.2 | 78627.7 | 550944 | 39635.2 | 29236.6 | 22088.3 | 17074.3 | 13490.3 | 10881.9
0.6 | 166154 | 114399 | 80591.2 | 579974 | 425821 31864 242814 | 188304
0.8 | 288861 | 197622 | 138150 | 98504.1 | 715321 | 528398 | 39664.4 | 30232.6

Table 9. Damping and frequency shifts for different lengths keeping fixed &, = 0.04
fz =0.04

L 0.2 5.2 | 10.2 | 15.2 | 20.2 | 25.2 | 30.2 | 35.2 | 40.2 | 45.2
432 |652 | 132|140 | 182 | 185|293 | 456 | 887 | 345 Dampin
o |_-10% | 10°| 107 | .10° | 10| 10% | 10% | 10% | 10° | -10? ping
1.78 119 | 1.61 .
10° 1.13 | 0321 | 5.57 | 349 | 120 | 333 | 689 10° | 108 Frequency shift
7.66 | 232 | 852|311 | 861|190 | 353 | 599 | 9.15 0128 Dampin
0.4 107 | 10° | 10¢ | -10% | 10% | 102 | 107 | 10? | 107 | © ping
) 1.86 1.87 | 3.33 | 538 | 811 | 1.16 .
. 10° 147 | 60.2 | 330 | 902 105 | 108 | 10% | 10% | .10 Frequency shift
1
582 | 826|178 | 595 | 1.45 | 3.08 | 5.76 | 9.33 -
06 | 107 | 10° | -10° | 10° | 107 | 107 | 102 | 107 01371 0.191 | Damping
) 419 141|289 | 507 | 808 | 1.21 | 1.73 .
10°® 3.29 | 113 | 535 10° | 108 | 108 | 108 | 10¢ | -10* Frequency shift
245 | 1.83 | 259 | 824 | 1.95 | 444 | 8.27 -
08 10 | 104 | 10% | 10% | 102 | 102 | 102 0.136 | 0.208 | 0.304 Damping
) 7.45 1.89 | 3.77 | 6.47 | 1.02 1.5 2.12 .
10°® 58 | 166 | 732 10° | 105 | 10° | 10* | 10¢ | -10* Frequency shift
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Table 10. Damping and frequency shifts for different thickness keeping fixed & = 0.5
f1 =0.5
h 0.2 | 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65
647 | 398 | 258 | 1.76 | 1.22 | 8.61 .
. 1.18 | 0.323 | 0.155 | 0.102 107 10| 102 | 102 | 107 | 102 Damping
288 129| 644 348 2 1.22 7.8 5.25 3.67 267 Frequency shift
10°| -10°| 108 | 105 | 105 | 105 | 0% | .10¢| .10t | 100 |TOQUENY
230 | 1.57 | 1.15 | 092 | 0.806 | 0.754 | 0.727 | 0.705 | 0.677 | 0.642 Damping
02| 11| 505 25| 13| 747| 44| 273| 174| 115| 786 Freauency shift
6 207 | 106 | 100 | 100 | 105 | 105 | 10 | 108 | 08 | g | TTEAUENSY
237 | 163 | 1.20 | 0977 | 0.877 | 0.848 | 0.854 | 0.876 | 0.902 | 0.928 Damping
0.6 2.6 11 5,571 295| 166 9.76 | 5.97 3.8 2471 1.66 Er ncv shift
107| 107 | 106 | 106 | 106 | 105 | 108 | 105 | 105 | 108 | TrEQUENYS
237 | 1.63 | 1.21 | 0.981 [ 0.881 | 0.853 | 0.862 | 0.887 | 0.918 | 0.949 Damping
0.8 | 45 2 9.87| 5.2 29 | 172 105| 664| 432| 29| o o
107 107 | -10¢ -10¢ -10¢ -10¢ 10° 10° 10° 10° 9 Y

& =0.04 and in Figs. 3, 4, & = 0.5.

Case (I): Figs. 1-4 demonstrate the variations of damping and frequency shift with
respect to length for non-local parameters. Here we take h = 0.2, a® = 0.025. In Figs. 1, 2,

Figure 1 shows the variation of damping with different Lengths. In this figure, the
non-local parameter & varies for four different values i.e. 0.0, 0.4, 0.6 and 0.8. It can be
observed that the value of damping increases from 0.00085 to 0.035338 for & =0.4 as
length increases from 10.2 to 30.2. Also, it can be observed that the value of damping
increases from 0.00595 to 0.00824 for 15.2 length as &; increases from 0.6 to 0.8.
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Fig. 1. Damping V/S length for & = 0.04

45
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Figure 2 depicts the graph showing the relationship between frequency shift and
length, with the length varying from O to 45.2. The graph indicates that the damping
value increases from 1.47081457 at a length of 5.2 to 1865.83847 when the length
extends to 25.2 for & = 0.4. This analysis reveals that an increase in length results in a
higher damping quality factor.
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o

"0 5 10 15 25 30 35 40 45

20
LENGTH (L)
Fig. 2. Frequency shift V/S lengths for & = 0.04

Figure 3 depicts the graph illustrating the relationship between damping and
length, with the value of & fixed at 0.5. In this graph, & is set at four different values: O,
0.4, 0.6, and 0.8. It is evident that the damping value increases with an increase in length,
and damping also increases with the increase in the value of &,.

DAMPING V/S LENGTH

0.5

=
=
T

0.3

DAMPING (@)

30 35 40 45

10 15

20 25
LENGTH (L)
Fig. 3. Damping V/S length for & = 0.5

Figure 4 presents the relationship between frequency shift and length, with the length
varying from 0 to 45. The graph clearly shows that the frequency shift value increases from
1274.7908 at a length of 10.2 to 2004762.9366 when the length extends to 45.2 for & = 0.8.
This analysis indicates that an increase in length results in a higher frequency shift.
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Fig. 4. Frequency shift V/S lengths for & = 0.5
Case (ll): Figures 5-8 demonstrate the variations of damping and frequency shift

with respect to thickness for non-local parameters. Here we take L =100, a* = 0.025.
In Figs. 5, 6, & =0.04, and in Figs. 7, 8, & = 0.5.

DAMPING V/S THICKNESS

DAMPING (@)

Fig. 5. Damping V/S thickness for & = 0.04
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©-5,=0.2 T
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Fig. 6. Frequency shift V/S thickness for & = 0.04
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Fig. 7. Damping V/S thickness for & = 0.5
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Fig. 8. Frequency shift V/S thickness for & = 0.5

Figure 6 shows the graph of frequency shift versus thickness. In this graph, the
thickness varies from 0.0 to 1. It can be easily observed that the value of frequency shift
is 5168.949742 at a thickness of 0.3 and decreases to 2545.67 at a thickness of 0.75 for
& =0.2. The frequency shift increases from 4194.238 to 22205.95 as & varies from O to
0.8 for a thickness of 0.55. By analysing this graph, it is found that an increase in thickness
results in a decrease in the damping quality factor, but the frequency shift increases as
the non-local parameter &; increases.

Figure 7 illustrates the relationship between damping and thickness, with the value
of &1 fixed at 0.5. In this graph, &, is set at four different values: 0, 0.2, 0.6 and 0.8. It can
be observed that the damping value increases with an increase in thickness, while the
damping decreases as the non-local parameter & increases.

Figure 8 shows the graph of frequency shift versus thickness. By analysing this
graph, it is found that an increase in thickness results in a decrease in the frequency shift,
but the frequency shift increases with the increased value of the non-local parameter &,.

Case (I11): Figures 9-12 explain the variations of damping and frequency shift with
respect to length and thickness for non-local parameters with varying empirical material
constant a* = 0,0.001, 0.004, 0.008, & = 0.5, & = 0.04.

In Figs. 9 and 10, h=0.2,and in Figs. 11 and 12, L = 100. Figures 9 and 10 illustrate
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the TDP effect. It can be easily analysed from these graphs that the damping quality factor
and frequency shift increases with increasing length. It is also observed that with the
increase in empirical material constant (a*), the damping and frequency shift decreases.
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Fig. 9. Damping V/S length with TDP effect
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Fig. 12. Frequency shift V/S thickness with TDP effect

Figures 11 and 12 show the TDP effect. It can be analysed from these graphs that
the damping and frequency shift value reduces with increasing thickness. It is also
observed that with the increase in empirical material constant (a*), the damping and
frequency shift decreases.

Case (1V): Figures 13-16 demonstrate the LS and DPL models in the variations of
damping and frequency shift for & =0.05, & =0.04, 7,=0,7,=0.05 a"=0.025.
In Figs. 13 and 14, h=0.2, and in Figs. 15 and 16, L = 100.
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Fig. 113. Comparison of LS and DPL for damping V/S length
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Fig. 124. Comparison of LS and DPL for frequency shift V/S length
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The comparison of damping and frequency shift versus length are shown in Figs. 13
and 14. It can be seen that the damping factor and frequency shift for LS is less than for
DPL. For both the LS and DPL models, the damping quality factor and frequency shift
rises with increase in length.

In Figs. 15 and 16, the comparison of damping and frequency shift versus thickness
are shown. In the instance of DPL theory, the damping factor and frequency shift has been
observed to be higher than in LS models. The damping factor and frequency shift
decreases with increase in thickness for both the LS and DPL models.
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Fig. 135. Comparison of LS and DPL for damping V/S thickness
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Fig. 146. Comparison of LS and DPL for frequency shift V/S thickness

Conclusions

Traditional models assume classical (local) elasticity, where stress at a point depends
only on strain at that same point. The suggested model includes non-local elasticity,
which accounts for size-dependent effects-essential for modelling materials at small
scales, where classical theories become inaccurate. The advancement is to capture scale
effects relevant to micro/nano-structures, improving the precision of stress and strain
predictions. The present study investigates thermoelastic damping (TD) and frequency
shift (FS) in Kirchhoff plates, considering thermoelastic theory under the influence of non-
local parameters, dual-phase lag, and temperature-dependent properties. TD and FS are
analysed under simply supported boundary conditions. The results are tabulated and
displayed graphically with varying values of length and thickness to explore the impacts
of non-local parameters, temperature dependent parameters and the comparison
between LS and DPL models. It is observed that the damping quality factor and FS
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increase with the increase in non-local parameters §; and &, and decreases with increasing
thickness with distinct magnitude.

Damping and frequency shift are likewise detected under the TDP effect, and they
increase with length. Additionally, it is noted that the damping and frequency shift
diminish as the empirical material constant (a*) increases. These graphs show also it is
observed that as thickness increases, magnitude of damping and frequency shift decrease
under the impact of TDP. The damping quality factor and frequency shift increase with
length for both the DPL and LS versions although magnitude of these field variables for
LS remains smaller than DPL.

It is concluded that the impact of non-local and temperature dependent parameters
play a valuable role in processing and characterisation to improve the material property.
The work presented here is useful for the researcher working in thermodynamics,
engineering, material science and hyperbolic thermodynamic model.
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